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FIG. 6. (Color online) Symmetric case: this figure shows the projection on
the plane (x;,x,) of the chaotic attractor generated by Eq. (13), i.e.,

X ==X
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Notice that x;=—x3. Now, the switching law for the symmet-
ric multiscroll attractor is defined as follows:

Sl’ if x121/3
SWy=38,, if —1/3<x,<1/3 (13)
Sy, if x;=—1/3.

In Fig. 6 is shown the projection on the plane (x;,x,) of the
chaotic attractor generated by Egs. (10)—(13). Next, for the
asymmetric case, we locate x, # —x; under the same switch-
ing law (13). The projection on the plane (x;,x,) of the mul-
tiscroll chaotic attractor is shown in Fig. 7.

Study case (iii): Actually, it is possible to yield as many
multiscroll chaotic attractors as we wish to, for instance, the
asymmetric quintuple-scroll chaotic attractor given by the
next systems. For first system S, its matrix A is redefined to
be

FIG. 7. (Color online) Asymmetric case: this figure shows the projection
on the plane (x;,x,) of the chaotic attractor generated by Eq. (13), i.e.,
Xi# =X
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FIG. 8. (Color online) Asymmetric case: this figure shows the projection on
the plane (x;,x,) of the chaotic attractor generated in study case (iii). Note
that the hyperplanes are projected as straight lines for each switch
S;,i=1-+-5in Eq. (16). Also note that equilibrium point is denoted with * in
order to show the effect of position of equilibrium at domain Ds.
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where 06,=-10.0496, 7,=-1.3567, v,=3.2797, and its
equilibrium )(T:(l.lllS,O, 1.1115); for the second system S,
we consider A;=A, and B,=(006.1455)", which means
X>=(0.6115,0,0.6115). The third system S5 is taken as

0 1 0 0
-8.7429 -2.006 -1.1102 0

(15)

where 6;=-9.8531, 73=—1.3567, y;=3.2797, and its equilib-
rium is at x3=(0,0,0). The fourth system S, becomes such
that A,=A, and B,=(0,0,-61455)7, which means that
equilibrium is at )(Z:(—O.61 15,0,-0.6115). The matrices for
the last system S5 are given by As=A, and Bs=(-1.5,
-0.3698,-9.1545)", which locate the equilibrium at
Xs=(-1.2921,1.5,-0.5525). The switching law for this
quintuple—sc;oll chaotic system is chosen as

S, if Xy =k,
Sy, i Kk <x1 <Ky

SWs=9 S5, if —k =x =k (16)
Sy, 1f x; < -k
S5, if x; <-k

and x, <k,

\ and Xy = Ky,

where k;=1/3 and «,=4/5. The projection of the quintuple-
scroll chaotic attractor on the plane (x;,x,) for the asymmet-
ric case is shown in Fig. 8(a).

Note that if the position of x5 is moved on its first com-
ponent xs(1) near the first component of fourth equilibrium
Xi [i-e., xs(1)— x3(1)], the quintuple scroll disappears [see
Fig. 8(b)]. This fact can be explained in terms of the close-
ness of equilibrium x5 to the border of D, and its ration with
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oscillation rate induced by matrix As. That is, the position of
the equilibrium point x5 of Ss is close to the border defining
switching xs=(-0.6116,1.5,-0.6115). In order to depict
this, Fig. 8(b) includes the projections of the hyperplanes
delimiting the border of each domain D;. This last discussion
shows that a necessary condition to generate each scroll from
SW in form (2) is that the equilibrium point presents a one
negative real eigenvalue and two complex eigenvalues with
positive real part. However, intuitively, such a condition is
necessary but not sufficient, because it is required to have a
sufficiently large region where the scroll can occur.

IV. CONCLUSIONS

This work presents a study of very simple switched sys-
tems yielding multiscroll chaotic attractors. The degrees of
freedom to yield the multiscrolls are two: (i) entries of affine
matrices A and B and (ii) the borders of each domain defin-
ing hyperplanes, where each switching law is established. In
other words, by defining UDS within different domains and
each domain containing one equilibrium point. The paper
contributes at the issue of constructing switching systems
SW with chaotic behavior. Our contribution has a potential
application at interdisciplinary science as, for example, the
trajectories of flocks looking for feeding or resting places are
interpreted as PWL systems and the hyperplanes are given by
borders of distinct environmental conditions at the migration
region.

A natural progression is to address the following issue:
(a) the equilibrium x; € R” defined by a pair (A;,B,) lies
outside the borders of domain D; or (b) a pair (A;,B;) induces
multiple equilibria at domain D;. This makes sense, for in-
stance, if matrix A € R"*", n # m. Additionally, (c) the cou-
pling between switched systems opens the possibility to
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study what kind of synchronization occurs, e.g., multimodal
synchronization,17 asymmetric  synchronization, forced
synchronization,18 or any other."
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