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Abstract

Robust controlled synchronization is investigated for networks with uncer-
tainties in both their node dynamics and their connections. We consider two
situations: In the first case, the effect of uncertainties is assume to vanish
as synchronization is achieve. On the second, the disturbances are assume
non-vanishing but bounded. To achieve robust synchronization on these sit-
uations, local feedback controllers are design, which are smooth in the first
case, and discontinuous in the latter. Synchronization criteria are establish
for these situations, and some new observations on the design of synchroniz-
ing controllers are presented. Numerical simulations are use to illustrate our
results.

Keywords: Synchronization, Dynamical networks, Robust control.

1. Introduction

In recent years synchronization of dynamical networks has become a very
active area of research [1, 2, 3]. In particular, studies on the synchronization
of networks with small-world and scale-free[4] and scale-free [5] topologies
have significantly advanced our understanding of the synchronization phe-
nomenon in real-world complex networks; highlighting their potential appli-
cations to the Internet, electric power distribution, social and economical
groups, and even biological systems [6, 7, 8, 9]. In contrast to their wide
potential applicability, the bulk of research on network synchronization has
concentrated on networks with identical nodes, linearly and diffusively cou-
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pled, where full knowledge of both the dynamical description of its nodes
and the structure of their interconnections is available. Under these condi-
tions, approaches like the master stability function (MSF) [10, 11], and other
methods based on linearized analysis of the network’s transverse dynamics
6, 12, 13], can be used to determine the stability of the overall synchronized
behavior of the network. Unfortunately, when considering more realistic sit-
uations, where complete knowledge is not available linearized approaches are
not directly applicable.

Although dynamical networks may become synchronized spontaneously,
in most cases is necessary to take actions to force the network into a synchro-
nized state. This situation is referred to as controlled synchronization. In
[14], an adaptive robust controller was proposed to achieve synchronization
on uncertain networks that preserve their diffusive structure under pertur-
bations. That is, networks where perturbations and control inputs vanish
at the synchronized solution. For this type of uncertain networks in [15],
synchronization is robustly achieved designing the coupling functions of the
network. In [16], the problem of adaptive synchronization of uncertain net-
works is reconsidered describing local and global synchronization designs.
Linear feedback controllers to achieve robust synchronization on uncertain
networks with uniform and nonuniform inner coupling matrices are proposed
in [17]. The effect of coupling delays on the synchronization of uncertain
networks is considered in [18]. Following a linearized analysis under vanish-
ing perturbations in [19] and [20] conditions for synchronization of a network
with slightly different nodes were derived using the MSF approach. In the
above results is require that the uncertain network remain diffusive under the
effects of perturbations and controls. When considering that the topology
can be perturbed, the problem becomes more complex. In [21], adaptive syn-
chronization is considered in the context of networks under the action of slow
varying time dependent network topology. In another paper [22], a similar
solution is found from a MSF approach. In this paper we extend previous re-
sults by relaxing the requirements of identical nodes and vanishing coupling
functions. In particular, we proposed controllers for two situations: vanish-
ing and non-vanishing perturbations. In the first case, smooth synchronizing
controllers are designed, while for the latter case, we propose discontinuous
local feedback controllers to achieve robust synchronization. The proposed
controller designs allow us to derive several criteria for robust synchroniza-
tion of uncertain networks, which relate emergence of synchronization to: the
dynamics of an isolated nominal node, topological features of the nominal
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network, and bounds of the uncertainties affecting the network.

The paper is organized as follows: In Section 2, the synchronization prob-
lem for uncertain networks is stated in detail. In Section 3, synchronizing
controllers are designed for two distinct situations; namely, vanishing and
non-vanishing perturbations. Our results are illustrated with numerical sim-
ulations presented in Section 4. Finally, the paper is concluded with some
closing comments and remarks.

2. Uncertain Dynamical Network Model

The state space description of a network with uncertain couplings, where
each node is a dynamical system with uncertain parameters and a local con-
troller, is given by:

where x; € R" are the state variables of the ith node; X = [xq,...,2y] €
R™¥ is a row vector form by the state variables of all the nodes in the
network; and u; € R" is a local feedback controller to be designed.

The parameters of each dynamical node are assume to be p; = p+ Ap; €
RP, with A = 41, where p and p; are the nominal and uncertain parts
of the parameters of the ith node, respectively. The interactions of the
1th node within the network are given by the uncertain coupling function
Gi(X) = gi(X) + Agi(X) : RN — R"; where ¢;(X) describes the nomi-
nal coupling, and g;(X) the uncertain part of the interactions between the
ith node and the rest of the network. The uncertain function f; (z;, p;) =
Fxi, p) + Afi(x, p;) - R — R™ describes the dynamics of the ith node
in isolation (g;(X) = 0 € R"), i.e., disconnected from the network; with
the nonlinear Lipschitz function f(z;, p) describing the dynamics of the node
with nominal parameters, and the unknown but bounded function f;(x;, p;)
describing the effects of the parameter uncertainties on the 7th node dynam-
ics.

Remark 1. The uncertain dynamical network model in (1) is similar to
the one used in [14, 15, 17, 18]. However, our model differs in that it considers
uncertainty in both, dynamical description and coupling structure. Further,
we express the uncertainties as deviations from a nominal description which
directly depend on unknown parameters and perturbations. In this way dif-
ferent situations can be considered, including the case of perturbations which
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render the coupling structure not vanishing.

The nominal controlled dynamical network

is said to asymptotically achieve synchronization, if the state solutions of
every node in the network evolve at unison, in the sense that

lim ||z; —s|]| =0, fori=1,..,N (3)
t—00

where s € R" is the synchronized solution.

The existence of a synchronized solution for (2) depends on the properties
of the coupling function g;(X). In particular, in the case of diffusive coupling,
that is, a nominal coupling function such that ¢;(X) = 0 Vi when z; =

Ty = ... = xy, the nominal controlled dynamical network has a synchronized
solution with a dynamical evolution given by
$=f(s.p) (4)

where f(-) describes the dynamics of an isolated nominal node.
From (2) and (4) the synchronization error (&, = z; — s) for the nominal
network evolves according to:

Then, the synchronization of the nominal dynamical network (2) becomes
a control problem, where the objective is to design local controllers such that
(5) be asymptotically stable about its zero equilibrium point.

We assume that the perturbations affecting the uncertain dynamical net-
work (1) are small and independent of time, such that for appropriate choices
of the feedback control inputs u; the solutions of each node can be made to
remain close to each other. Then, the trajectories of each individual per-
turbed node are well approximated by the average trajectory of the network,

_ 1N\ ' ; ; .
8 = % 2_j=1 %j, which evolves according to:

§:%gx‘j:%§<ﬂ T, +9J(X)> (6)
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For the uncertain network (1) the dynamics of average trajectory becomes

which for a diffusive nominal coupling function and vanishing perturbations
when z; = x; Vi, j, becomes (4). Then, we can write:

5= f(s.0) +%;gj<s> ﬁZA (Fesin+3,0)  ©®

where S = (21, ...,xx) € R when x; = z; Vi, j.

Remark 2. Under potentially non vanishing perturbations the synchro-
nized solutions (4) is no longer possible for network (1), however, is a rea-
sonable to presume that under small perturbations and appropriate control
action the nearly identical nodes evolve on a near-synchronous state [20]
which is well approximated by their average trajectory. Furthermore, if the
perturbations vanish at the synchronized solution, the average trajectory be-
comes the dynamics of an isolated node. Then, our average trajectory can
be conceived as the synchronized solution of the nominal network plus the
average effects of the perturbations.

From (1) and (6) the dynamical evolution of the synchronization error
(e; = x; — §) is found to be:

éi = fi(wi, pi) + 3i(X) =5+, fori=1,...,N 9)

Then, the synchronization of the uncertain network (1) becomes a control
problem, where the objective is to design local controllers u;, such that the
error dynamics (9) be robustly stable about the zero equilibrium point.

3. Robust Synchronization Design

We start our design assuming that the nominal coupling functions, ¢;(X),
are diffusive linear combinations of the network state variables, such that:

N
gz(X) = CZCLUFI]' (10)
7=1

bt
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where the inner coupling matrix, I' € R" ", is a 0-1 matrix describing
the manner in which the state variables are coupled when two nodes are
connected. The network topology is described by the connectivity matrix,
A = {a;;} € R¥*N which is a matrix constructed as follows: if there is a con-
nection between the ith and jth nodes (5 # i), the entries a;; = a;; = 1; oth-
erwise a;; = a;; = 0, with the diagonal entries given by a;; = — Z;.VZL#Z. ;5.
The variable ¢ € R is the coupling strength between the nodes, which is
taken to be uniform for the entire network.

If the network is connected such that there are no isolated clusters, the
eigenvalues of A are real, nonpositive, and can be ordered as follows [2]:

O:)\1>>\22)\32...2)\N (11)

Further, the connectivity matrix can be rewritten as A = Q~'AQ, where A =
Diag(Ar, ..., Ay) and Q = [wy, ..., wy] € RVY, with w; = [wir, ..., win] " € RY
the eigenvectors of A.

Notice that with A constructed as described above, the nominal coupling
functions vanish when synchronization is achieved, i.e., g;(X) = 0, when
x; = x;,Vi,j. Then, ¢;(S) =0, Vj.

It follows that the synchronization error dynamics in (9) become

N
éi = ﬁ(LL’Z, ﬁl) + gZ(X) + cZaierj + Uy, for i = 1, ey N (12)
j=1

where fi(zi, p;) = f(xi,p) — f(s,p)+ A (fi(fb’iaﬁi) - Z;Vﬂ fj($jaﬁj>) € R"

and gi(X) = A (5:(X) — % £, 35(X)) € R
In what follows, the local controllers u; in (12) are designed such that
synchronization, in the sense of (2), is robustly achieved for two distinct
situation: In the first case, the perturbations due to uncertainties in the
network are assume to be bounded in terms of the synchronization error,

as such, they vanish as the network synchronizes. In the second case, we
consider these perturbations to be bounded but not vanishing.

3.1. Under Vanishing Perturbations
In this subsection we assume that the uncertain parts of the dynamical
network (1) satisfy the following bounds:

N N
|| Z fm ($m> ﬁm) wim” S O42” Z 6mwim||a and (13)
m=1

m=1
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N N
1D G (XD winll < D~ Bl Y emtopml (14)
p=1 m=1

m=1

for i = 1,..., N, where a; > 0 € R and (3, > 0 € R are nonnegative
constants.
In this case we have the following result:

Theorem 1: Suppose that (13) and (14) hold. If the local controllers u;
are constructed as

u=—ckTe, fori=1 .., N (15)
with the controller gain k& > 0, satisfying the bound
N(a+ )
c

where § = min{|\;|} 20, @ = max{«a;} and § = Nmax{f5;;}. Then, the
uncertain dynamical network (1) robustly synchronizes, in the sense that the
zero fixed point of (12) is robustly stable.

k> -4 (16)

Proof. Defining the vector variables e = [e,...,en] € RPN, f =
() v ()] € RPN and & = [g, (), g ()] € RPN the error dy-
namics (12) are rewritten as: € = f (X, p) + g(X) + cl'e (A — K); where p =
[p1, ..., pv] and K = Diag(k, ..., k) € RV*¥. In the transformed coordinates
n = e, the error dynamics become 7 = f (X, p) Q4+ g (X)Q+cl'n (A — K);
where n = [, ..., ny] € R™Y with n; = e w; € R™; or equivalently,

i =f(X,p)wi+8(X)w; +c(\s— k)T, fori=1,...,.N (17)

The stability of the error dynamics (12) around its zero equilibrium point
is determine using the Lyapunov candidate function: V = %Z;VZI annj, the
time derivative of V' along the trajectories of (17) is given by

) N N N B
Vo= Z”r];rc (Aj = k) Iy + an—r (Z m (Tms Pm) ij)

j=1 j=1 m=1
N N

LS (z gm<x>w]m) a8)
j=1 m=1
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The first term on the righthand side of (18) is bounded as:

N

N N
donjey =BT <Y al (=) < =D Ingl?
j=1 Jj=1

J=1

where —v1,, > ¢(\; — k)T for every j, with v > 0. Since the eigenvalues of
A are all nonpositive the bounds on v are —c(|A;|+ k)’ with A\; # 0. Letting
6 = min{|A;|}x,20 the bound becomes v < ¢ (6 + k). From (14) we have the
second term in the righthand side of (18) bounded as:

N N - N N N
Do D Fu @y ) i < )] gl D emimll < @Y ll?
j=1  m=1 j=1 m=1 J=1

with & = max{a;}. From (15), it follows that the third term in the righthand
side of (18) is bounded as:

N N N N N N N
Do D Gn (X wim <D 0] Y Bill D emwimll < B Nl
j=1 =1 j=1 =1 m=1 j=1 i=1

with 8 = N max{f;;}. Then, V can be rewritten as a quadratic function of
T N
9l = [l - [lnnll] € RY as:

V< —[nl"Qln|
where () is a N x N matrix whose elements are given by

=B for i # j
W=\ ~(a+p)+7y fori=j

By choosing v > N(« + (3), the matrix @) is positive definite (@) > 0) which
means that V < 0. Then, the error dynamics in the transform coordinates
(18) are globally uniformly asymptotically stable about the zero fixed point
(n = 0), which implies that the uncertain dynamical network (1) under as-
sumptions (14) and (15) with the controller (15), achieves robust synchro-
nization. From the above conditions on +, the relation in (16) is readily
obtained from:

c(6+k)>~v>N(a+p) (19)

8
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In a similar way, the following result is obtained directly from the previ-
ous theorem.

Corollary 2. For the uncertain dynamical network (1) with no con-
trollers (u; = 0, for all i), assuming that the conditions on (14) and (15)
hold. If the coupling strength satisfies the following criterion

- N(a+5)
J

where § = min{|\;|},20, @ = max{«a;} and f = Nmax{f5;;}. Then, the
uncertain dynamical network robustly synchronizes to the solution §(¢) de-
scribed in (6), in the sense of (2).
Proof. From (20), when the controller is removed (k = 0), the criterion for
robust synchronization in (19) is obtained following a similar procedure as
in the proof of Theorem 1.

(20)

3.2. Under Non-Vanishing Perturbations

In the case where the perturbations in the network do not vanish at the
synchronized state, the bounds on the uncertain parts of the network can
not be expressed in terms of the synchronization error as in (14) and (15).
Instead, we assume that the perturbations are bounded as follows:

N
1Y~ Ffon (T o) wiml| < i, and (21)
m=1
N
1Y G (X wimll < by (22)
m=1

for i = 1,..., N, where a; > 0 € R and b; > 0 € R are small positive
constants.

To robustly achieve synchronization under these non-vanishing perturba-
tions, we propose the use of discontinuous local controllers as described in
the following result.

Theorem 3. Suppose that (21) and (22) hold. If the local controllers
are constructed as:

u=—ckl e —psgn(eQw;, fori=1,..,N (23)

9
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where e = [eq, ...,ex] € R™Y | the matrix Q € RV*Y is such that the con-
nectivity matrix can be rewritten as A = Q7'AQ, with A = Diag(\1, ..., An);
and w; € RY is the ith column of the matrix Q1. sgn(-) represents the con-
ventional sign function, sgn(e) = {1, for € > 0;0, for e = 0; —1, for ¢ < 0},
with sgn(eQ)) = sgn(n) = [sgn(m), ..., sgn(ny)] € RN with sgn(n;) =
[sgn(ni1), ..., sgn(nim)]" € R™. Furthermore, if the smooth k > 0 and discon-
tinuous g > 0 controller gains are designed such that

k> %—5, and (24)

w > a+b (25)
where v > 0, a = max{a;}, and b = max{b;}. Then, the uncertain dynamical
network (1), robustly synchronizes to the solution § described in (6).

Proof. In terms of the vector variables described above, the error dy-
namics in (12) under control (23) can be rewritten as: & = £(X, p) + g(X) +
cle(A — K) — pu sgn(n)Q~*. In the transform coordinates n = 2, the er-
ror dynamics become 7 = (£(X, p) + g(X))Q — p sgn(n) + cI'n(A — K), or
equivalently:

= (F(X, p) + &(X))wi — p sgn(n;) + c(N; — k)T, fori=1,..., N (26)

The time derivative of the Lyapunov candidate function, V = % Z;VZI annj,
along the trajectories of (26) is found to be

Zm k)Tn; — uZm sgn(nm:)
7=1
LS (z P (o) + gm<x>> o
j=1 m=1
N N
—72 [n;]1> + (a+ b — p) Z [|7;]]
et =1

where a = max{a;}, b = max{b;}, and as before —y < ¢(d + k) with § =
min{|A;|}x,=0. Then, V' < 0if g > a+b and v > 0, from which conditions
(24) and (25) follow directly. W

10
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4. Numerical Simulations

Case 1 Vanishing perturbations:
Consider a dynamical network where each node is a chaotic Chen system
given by [23]:

T = pl(l’z - xl)
Ty = (p3—p1)T1 — 103 + P3xa (27)
T3 = T1Ty — Pal3

with the nominal parameters p; = 35, p, = 3, and p3 = 28. Using (27) as
nominal nodes, the uncertain dynamical network (1) becomes:

Ti P1(xio — xi1)
Tio | = | (B3 —D1)Ta — Ta%is + Psxio | + Gi(X) 4wy, fori=1,..., N
Ti3 Ti1Ti2 — P23

(28)
where the uncertain parameters are p; = (1 + A0.1)p; (i = 1,2,3), and the
uncertain component of each node is given by

R Pr(Tio — i)
filwi, pi) = | (b3 — Pr)xan — iz + Paae (29)
T Tig — Palis

The uncertain coupling functions are g;(X) = (1 + A0.1)c Z;VZI a;;I'x;, that
is, the nominal coupling function is ¢;(X) = czyzl a;lz; with ¢ = 1 a
nominal uniform coupling strength, and A = {a;;} a 0-1 matrix satisfying
the diffusive conditions such that its eigenvalue spectrum can be ordered as
in (11). While the uncertain component of the coupling function for each

node is:
N
§i(X)=2¢) a;Ta; (30)
j=1

For simplicity, the internal coupling matrix is taken to be the identity (I' =
I3), and the connectivity matrix A is constructed following the scale-free net-
work model algorithm described in [6] for N = 50. Under these conditions
the uncertain components of the network (28), satisfies the bounds in (14)
and (15), as both vanish at the synchronized state. In order to satisfy the
conditions of Theorem 1, the feedback controller gain is k& = 50, the syn-
chronizing controller is activated at ¢ = 4. As shown in Figure 1, robust
synchronization is achieved shortly after the controller is activated.

11



Figure 1: Synchronization on a scale-free network of fifty Chen’s systems under vanishing
perturbations using the controllers described in Theorem 1.
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Case 2 Non-Vanishing perturbations: Next, we consider that each node
is a chaotic Chua circuit:

1 = q(rs — 21— h(21))

i’g = I — T2+ T3 (31)
T3 = —Qai2
where h(z1) = mox1 + (3)(m1 — mo)(l2y + 1| — |21 — 1) and the nominal

parameters are ¢; = 9, ¢o = 100/7, m, = —5/7, m; = —8/7. As such, the
uncertain dynamical network (1) becomes:

Ti Gi(wio — w1 — h(xil)) + Ad,
Tig | = | ®in — Tio + Tiz + Ads + 3i(X) + us, (32)
$i3 _6255@'2 + Adg

for: =1,...,N. The uncertain component of each node are given by

. 621(1’@'2 — i — h(zn)) + Czl
fi(fEi, f?i) = ds . (33)
—(oTio + d3

where the uncertain parameters are G = (1+ A0.1)g; (i = 1,2) and d; = 0.2
( = 1,2,3) are constant value perturbations affecting the uncertain nodes.
The uncertain coupling functions are given by

N
3i(X) = 1+ A0.1)e > a;Tz; + AagT'; (34)
j=1
where ¢ = 1, I' = I3, and A is a 0-1 diffusive matrix constructed with the
scale-free network model algorithm of [5] for fifty nodes as in the previous
case. The uncertain component of the coupling functions has the additional
perturbation a; = 0.05 (Vi). Under these perturbations, the uncertain parts
of the uncertain network (33) do not vanish at the synchronized solution.
However, since the the perturbations remain bounded, the bounds in (21)
and (22) are satisfied. Then, a discontinuous local controller (23) can be
designed to robustly synchronize the uncertain network to the average tra-
jectory of the network. The synchronizing controller is designed with smooth
and discontinuous gains set to k£ = 10 and p = 5, such that the conditions in
(24) and (25) of Theorem 3 are satisfied. Numerical simulations are carried
out, with the control action applied at t = 40. As shown in Figure 2, ro-
bust synchronization is achieved even in the present of these non-vanishing
perturbation.

13



Figure 2: Synchronization on a scale-free network of fifty Chua’s circuits under non-
vanishing perturbations using the controllers described in Theorem 3.
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5. Conclusion

This paper considers the problem of synchronization in uncertain dynam-
ical networks with uncertainties on both their node descriptions and their in-
terconnections. Two cases are presented, in the first uncertainties vanish at
the synchronized solution, in the second perturbations are bounded but not
vanishing. For the first case, its shown that local smooth feedback controllers
can synchronize to the dynamical evolution of an isolated nominal node. In
the second case, a discontinuous feedback controller is proposed to robustly
synchronize the network even under the effect of non vanishing perturbations
to the average trajectory of the network. Some new conditions are derive to
ensure that the states of the uncertain dynamical network asymptotically
synchronized. These conditions relate the stability of synchrony with the
dynamics of the nominal node, bounds on the uncertainties, and topological
features of the network. Finally, Chen system and Chua circuit are use to
show the effectiveness of the proposed designs.
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