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Abstract

Considering nonlinear dynamics generated by a Piecewise Linear (PWL) sys-
tem based on the jerky equation that results in multistability is presented. The
different behaviours of the system are characterized by means of the Nearest
Integer or round(z) function to control the switching events and to locate the
corresponding equilibria among each of the commutation surfaces. These sur-
faces are generated by means of the switching function dividing the space in
regions equally distributed along one axis. The trajectory of this type of system
is governed by the eigenspectra of the coefficient matrix which can be adjusted
by means of a bifurcation parameter. The behaviour of the system can change
from multi-scroll attractors into a mono-stable state to the coexistence of sev-
eral single-scroll attractors into multi-stable state. Numerical results of the
dynamics and bifurcation analyses of their parameters are displayed to depict
the multi-stable states.
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attractor; round function; bifurcation.

1. Introduction

Throughout history, the scientific community has had the task of studying
the properties of different dynamical systems and their importance to the envi-
ronment where they are developed. For example, the fact that some dynamical
systems are chaotic and have a critical dependence on initial conditions is known
since late last century. This important characteristic has been correlated with
the coexistence of several possible final stable states for a given set of parameters
[1, 2, 3, 4, 5]. In dissipative systems, this property is called “generalized multi-
stability” so it can be distinguished from the ordinary coexistence of stationary
solutions [3, 5.

The term multistability was first used with respect to visual perception in
1971 [6]; nevertheless, the occurrence of multistability is very common in various
fields of science, such as chemistry [7, 8], optics [9, 10], physics [11, 12] and bio-
logical systems [13, 14]. Nevertheless, the importance of generating multistable
structures resides in the wide variety of applications that exist: synchronization,
complex networks, communication, climate, etc.

In this work it is taken advantage of the properties of the hybrid dynami-
cal systems [15, 16], such as the Unstable Dissipative Systems theory based on
Piecewise Linear (PWL) systems whose solution presents multi-scroll attractors
[17]. The method proposed here consists on designing systems taken from the
jerky equation which present the coexistence of multistable state if the follow-
ing conditions are met: i) if the distance between the commutation law and
the equilibrium point satisfies a specific ratio, ii)if the eigenvector of the
subsystem intersect in the commutation surface in a way that the
trajectory of one subsystem directed by the unstable escaping man-
ifold meets the stable attracting manifold on the second subsystem,
and iii) if the commutation law changes automatically regarding the value of the

Nearest Integer Function or round(z), dividing the space in equally distributed



subdomains given along an axis depending on the initial state applied to the
system and the values given to the round function.

This paper is organized as follows: In section 2, the unstable dissipative
system theory is introduced to generate scrolls along the x; axis and the function
for the commutation surface displacement. In section 3, the Nearest Integer
or round(x) function is analyzed as a basis for the commutation surface and
equilibria displacement. Section 4 contains the results about the transition
from multi-scroll attractors to multistability. In order to explain the behavior
of the system, bifurcation analysis of the parameters involved are studied along
with the variation of the eigenspectra of the system. The results are displayed
numerical depicting the multistable structures obtained. Finally conclusions are

drawn in Section 5.

2. UDS theory

Consider the dynamical systems which are defined by a class of linear affine

system given by:

X = AX + B, (1)

where X = (21, 79,23)7 € R3 is the state vector, B = (by,be,b3)" € R3
stands for a real vector and A € R3*3 denotes a linear operator that is not
singular with entries (ai;), ¢,j = 1,2,3. The equilibrium point of the system
results in X* = —A~!'B. The class of linear affine systems considered here,
are those that present oscillations around the equilibria due to the stable and
unstable manifolds E° and E“, respectively. These manifolds are defined in a
way that ¥ = (¥1,2,3) is a set of column eigenvectors such that Ad; = \;v;
with ¢ = 1,2,3; E* = Span{d1} and E* = Span{¥s3}. In order to present
such oscillations and following a similar mechanisms as in [17, 18, 19], two types
of dissipative systems with unstable dynamics have been studied which will be
called unstable dissipative systems (UDS), however only one type of both will
be considered here. This type is defined in the following way:



Definition 2.1. A linear system X = AX , where X € R3 is the state vector,
A € R?*3 is a linear operator and \;,i = 1,2,3, are the eigenvalues of A. If
Zle Ai < 0, and one A\ is real negative Ay < 0, and two Ao 3 are complex
conjugated with positive real part (Re{A23} > 0) then the linear system will be
called a UDS of the type I.

If the linear affine system given by eq. (1) satisfies the Definition 2.1 with
B = 0 then it is possible to generate an attractor 2l by means of a PWL system

under the following considerations for the vector B:

X = AX + B(X),

B, leEDh (2)
B,, if X € Dy;

B(X) =
B, if X € Dy.

The affine vector B must be a switching function that changes depending
on which domain D; C R? with R® = U¥_D; the trajectory is located. The
equilibria of system (2) are given by X = —A~1B;, withi = 1,..., k, and each
vector B; of the system is considered in order to generate a multiscroll attractor
of system (2).

The idea of the method lies on defining vectors B; in order to assure stability
of a class of dynamical systems in R?® with oscillations within the attractor 2.
In a way that for any initial condition X € B C R?, where B is the basin of
attraction, the system given by eq. (2) induces in the phase space R" the flow
(¢%)¢er. Thus, each initial condition X € 9B generates a trajectory given by
¢*(Xp) : t > 0 which is trapped in an attractor 2 after defining at least two
vectors By and Ba, as it is described in [18].

This class of systems can display various multi-scroll attractors as a result
of a combination of several unstable “one-spiral” trajectories. The number of

scrolls depends on the number of vectors B;, i = 1,...,k introduced in the



system, thus the equilibrium points are given by X = —A~!B; and which
trajectories oscillate around them. This is a consequence of an important feature
of this kind of UDS, where they can result in one scroll attractor for each
equilibrium point appropriately added in the domains D; C R"™ in which the
system is divided [18].

2.1. Generation of scrolls along x1

A convenient approach to building the matrix A and vector B is based
on the linear ordinary differential equation (ODE) given by the jerky form:
T +assd + dazs + az1x + B8 = 0.

The location where the scrolls are positioned can be understood from the
following example which implies the coefficient matrix A from the jerky equation

[20] and the affine vector B as follows:

0 1 0 0
—as;p —a3z2 —as3 bs

According with Definition 2.1 the following entries of the matrix A will be

considered:

0 1 0
A= 0 0 1 |- (4)
-10.5 —-7.0 -0.7
And for the affine vector B, the value of b3 will commute according to the

value of z1 as follows:

e, if oy > e
by(a1) = (5)
co, otherwise.
Here cp,1 € R determine the values of the equilibrium points since X7 =
(bs/az1,0,0)T = (¢;/10.5,0,0)T]i = 0,1, and x4, , stands for the location of

the commutation surface given along z; axis regarding the position that it



Figure 1: Projections of the attractor given by egs. (2) with (4) and (5) onto the (z1,z2)
plane for a) and c), and the (z1,z3) plane for b) and d). The commutation law given by
eq. (5) for a) and b), and eq. (7) for ¢) and d). Marked with red asterisks the equilibria
of the system and with black dashed line the commutation surface. The direction of the
eigenvectors are marked with red and blue lines for the stable and unstable manifolds E* and

EY, respectively.

takes with respect to the positive or negative axis and with i € Z. Consid-
ering ¢ = 0 and ¢; = 0.9 the equilibria are located at X§ = (0,0,0)7 and
X% = (0.6,0,0)T displacing only along the positive z; axis. In order to con-
sider an equally distributed scrolling around the equilibria, the distance between

the equilibrium points is calculated with the euclidean distance a(X{,X7) =

V(@g —217)2 + (225 — 227)2 + (2335 — 237)2, resulting in o = 0.6. Therefore,
the commutation surface that generates two equally distributed scroll trajecto-
ries is given by z1,, = a(X{, X})/2 resulting in a surface located at the z1 = 0.3

plane. The eigenvalues and corresponding eigenvectors result in:



A={-1.3372,0.3186 £ i1.754} .

0.4087 —0.1160 + i0.0269 )
U={d123} = —0.5466 0.0379 + i0.3316
0.7309 0.9351

The commutation surface must be located taking into consider-
ation the direction of the real part of the manifolds E°, E* and be-
tween Xg ;, otherwise the trajectory of the system can escape and the scrolls
are not formed (this is described in Figure 2 and Figure 3 of the references
[17, 18], respectively). The trajectory of the system given by the initial condition
Xy = (FALTA_ AGREGAR CONDICIONES INICIALES)? and eqgs. (2)
with (4) and (5) presents a double scroll attractor as it is depicted in Figure 1
a) and b). Marked with red asterisks the equilibria of the system, and with red
and blue lines the eigenvectors corresponding to the stable E® and the unstable
E* manifolds (i.e. E® = Span{t1}, E* = Span{Real(¥2),imag(d2)}), respec-
tively. It is important to mention that the eigendirection determined by the two
complex conjugate eigenvalues has been represented only as the projection of a
line, however this manifold corresponds to a plane, also these manifolds end at
the commutation surface but they were projected to the other domains in order
to clarify their directions with respect to the other manifolds.

Between both scrolls, the commutation surface at the plane x; = 0.3 is
marked with a black dashed line, dividing the space in two domains Dy ;. No-
tice two important facts about the system, first that the scrolls are increasing
their size due to the unstable manifold, this can be better appreciated at the
projection of the attractor onto the (z1,x3) plane from Figure 1 b). Second,
that the trajectory of the system escapes from the domain Dy with z; < 0.3
located in the left side of the commutation surface. This occurs near the E*
manifold where it crosses the surface in the lower part of the Figure 1 b) and
it is attracted by E® towards the equilibrium point in the domain D; located
at the right side of the commutation surface. The process is repeated in the

inverse way forming scrolls around each equilibrium point.
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Figure 2: Function b3 given by (9). The distance between each step is given by a.

This property of the UDS can be easily extended for the generation of any
number of scrolls along any of the axes if the above considerations are made when
designing the system and locating equilibria along the axes in the following way
[21, 22]. First, start considering ¢y = 0 (in case that the first equilibrium point
is located at the origin) and the value of ¢; # 0. Thus the commutation surface
21,, that can result in two symmetric equilibrium points X7,¢ = 0,1, is given
as x1,, : 1 = (X, X7)/2, resulting in the two symmetrical scrolls. Now in
order to extend it along the z; axis, the distance a(X{,X3) = 0.6 between
the equilibria must be considered between adjacent equilibrium points in the
system.

This idea of introducing more equilibria to the system can be done by con-
sidering the values cy; = +(asz1a(Xf, X7)k) = £(10.5a(X§, X7)k), resulting
in the consecutive equilibria along the z; axis X%, = (fa(X§,X3)k,0,0)T
with i,k = 0,...,n (i,k € Z*). The number of scrolls that are introduced
in the 1D-grid along z; is 2n + 1. The commutation surfaces also should
be located according to the value of the distance, in this case they are at

T, = Ta(XG, X7)(1 + 2k)/2. Therefore the commutation law for a 5 scrolls
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Figure 3: Projection of the trajectory of the system (2) given by egs. (3) (4) and (9) onto
the (z1,z2) plane with ¢ = 6.3 and a = 0.6. Marked with red asterisk the equilibria of the

system, and with gray line the commutation surfaces generated by the function (9).

attractor is given by

c2, ifx >, ;
cr, ifmxy,, <z <ao, ;
bs(z1) =4 co, ifx_q., <z <. ] (7)

c_1, if T_g,, <x1 <T_1

cs )

c_g, ifax1<z_g, .

The resulting attractor can be appreciated in Figures 1 ¢) and d). Both
Figures present the commutation surfaces z; , marked with black line, along
with the equilibria X% ,. Each equilibrium point also depicts the E® and E*
manifolds regarding their eigenvectors which are parallel among them similar as

in the two scroll attractor.

3. Function for the commutation surface displacement

Adding more equilibria to the system can be easily implemented by using a

step function instead of generating commutation surfaces manually, i.e., using an



automatically step generating function as it has been applied in [23]. Here, the
round(z) function will be implemented to simplify and automate this process.

The function will be defined as follows:

x4+ 1/2|11/4(1422) € Z,
round(x) = ( /21174 ) (8)
|z —1/2]|1/4(-1+2z) € Z.
For example, in order to have similar commutation surfaces and locations of
equilibrium points that the ones described in eq. (7), consider the commutation

of the vector B = (0,0, b3)T given by the following function:

b3(z1) = ¢ * round(x1/a), 9)

where ¢ € R corresponds to the amplitude of the function which is similar
to the variable ¢;, and « corresponds to the length of the step given by the
round function centered in the origin, this is depicted in the graph of Figure
2. Notice that the value of « has the same representation as a(Xg, X7). If the
function (9) is considered as the commutation law of (3), then the commutation
surfaces are located at every change of the steps, i.e., x4;., = +a(1+2k)/2 with
i,k=1,...,nand i,k € ZT. The commutation surfaces and equilibrium points
introduced by the function are located when the corresponding domain D; is
being visited by the trajectory. It is important to mention that if o corresponds
to the distance between two continuous equilibrium points given a value of c,
then, each equilibrium point is located exactly at the middle of two consecutive
commutation surfaces. Besides, the equilibria of the system and the domains
are located from (—o0o,00) due to the fact that the function given by (9) is not
bounded as the commutation law in (5) or (7) are. This can be understand
in the following way, if the system increases the size of its scroll, eventually it
crosses to the next or previous D; changing the value of ¢ and increasing the
number of scrolls in the system. This number of scrolls continues increasing
according with t — oo.

In Figure 3 a projection of the trajectory of the system (2) given by egs. (3)

(4) and (9) into the plane (z1,z2) is displayed, presenting each commutation

10



surface and equilibrium point between —1.5 < x; < 5.5 generated from the
signal (9) considering ¢ = 6.3, a = 0.6 and X, = (—0.1,0,0)”. Notice that
the oscillating behavior is similar as the one based on the commutation surfaces
given by eq. (7), but 9 scrolls are presented in this case for 50,000 iterations
using the fourth order Runge Kutta method. If the number of iterations are
increased so will the number of scrolls.

The relationship between these two parameters satisfies ¢/a = 10.5 which is
equal to the entry az; of the matrix A, resulting in equilibrium points equally

located between the commutation surfaces.

4. Generalized Multistability via PWL systems

Now based on the previous method for generating multi-scroll attractors,

the following system is considered:

0 1 0 0
A= 0 0 1 ,B = 0 : (10)
—10.5xv —70xv —0.7xv v x bs

where v € R* is a constant parameter.

With this vector B the displacement of the equilibria is also along the x;
axis, where bs commutes according to the round function given by eq. (9).

By using this approach, the equilibrium points and the position of the com-
mutation surfaces are preserved. The parameter v is used to change the eigen-
spectra of the linear part of systems, mainly the directions of the stable and
unstable manifolds, so v can be taken as a bifurcation parameter. Figures 4
a) and b) show the bifurcation diagram of the maximum local of every scroll
depicted at x; for the range of the parameter 0 < v < 2 and a zoomed area at
0.95 < v < 1.5. Both diagrams were calculated by the same initial condition
Xo = (0.7,0,0), the difference is that Figure 4 a) was calculated for 10,000
iterations while Figure 4 b) for 1,000, 000 iterations. Additionally Figures 4 c)
and d) show the number of domains D; that the system visited for the same

values of v, respectively. Notice that, if the range of v > 1.1 approximately, the
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Figure 4: a) Bifurcation diagram of the system given by egs. (2) with (9) and (10) for
the value of 1 < v < 2 for Figure b) depicts the bifurcation for the range 0.95 < v < 1.5
for 1,000,000 iterations. Figures c¢) and d) show the number of domains D; visited by the
trajectory of the systems for the same values of the bifurcation parameters above. The initial

condition considered for both diagrams is Xo = (0.7, 0, 0).

number of domains D visited remain between the constant values of 3, because
the system presents only one attractor located in the inside domain as depicted
in Figure 5. This can be better appreciated in the zoomed area in Figure 4 d).

With these parameter values the equilibria of the system by means of X =
(b3/10.5,0,0)T. Therefore ¢ = 6.3 and a = ¢/10.5 are assigned to the function
in eq. (9). The spectrum of the matrix A depends now to the bifurcation

parameter v, which for the value of v = 1.42 is given by:

A(v) = {—1.4164,0.2082 + i3.2475},

0.3771 0.0892 + i0.0115 a1
I(v) = {V123)} = —0.5342 0.0187 4+ i0.2919 :
0.7566 —0.9520

12
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Figure 5: Projection of the trajectory of the system (10) with (9) onto the (x1,z2) plane with
c¢=6.3, o« = 0.6 and v = 1.42. Marked with red asterisk the equilibria of the system, and
with gray line the commutation surfaces generated by the function (9). The initial condition

of the system is Xo = (—0.1,0,0)T.

proving that the Definition 2.1 is satisfied. Considering these values, the system
results in an interesting multistable state phenomena due to the round function
and the direction of their eigenvectors as depicted in Figure 5 for the initial
condition Xy = (—0.1,0,0)”. The attractor is oscillating near the equilibria in
the origin marked in red asterisk due to the initial condition given. However
there is no oscillation near the adjacent equilibrium points, the reason of this
resides on the eigenvectors, as they are not located in the same way as in the
previous examples, i.e., the stable manifold of the oscillating domain, doesn’t
match and cross with the stable manifolds of the adjacent domains.

This can be easily observed in Figure 6 as it is next explained. Figures 6
a) and b) present a projection of a trajectory onto the plane (z1,xz2) for the
systems (2) with (9) and (10), both initialized with the same initial condition
near the origin Xg = (—0.1,0,0)7, but considering the values in the bifurca-

tion parameter of v = 1 and v = 1.42, respectively. Notice in the projections
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that as the time increases the oscillating clockwise trajectory on both systems
attractor grows larger, until eventually the trajectories on the scrolls cross the
commutation surface close to the unstable manifold of E* marked in blue lines.
Apparently both systems trajectory cross the commutation surface plane z1_,
marked with black lines in a neighbourhood near to the intersection of the un-
stable and stable manifolds marked with blue and red lines (depending if the
trajectory is escaping or entering the domain), respectively. However, by ob-
serving different projections of the attractors, for example the projection onto
the plane (z1,z3) in Figures 6 ¢) and d), it can be appreciated that the direction
of the manifold has been slightly changed due to the change of the parameter
from v =1 to v = 1.42. Take a closer look at the graph in Figure 6 c¢) between
—1 < x1 < —0.3. In this domain D_; the trajectory of the system is entering
from the upper part close to x3 ~ 2 where the black arrow depicts the direction
of the crossing in the intersection of the unstable manifold with the commu-
tation surface ( E* Nx_1, ). After entering to D_; the trajectory is directed
below the stable manifold E* in this domain marked with the red line, and then
crosses to the domain Dy near the intersection of the next stable manifold in
Dy in 3 ~ —0.9. Notice that some of the trajectories entering this domain
end up oscillating in to the scroll as the arrow in the lower part depicts (this
phenomena can also be seen in the projection of the multi-scroll attractor in
Figures 1 b) and d)). Nevertheless, some of the trajectories instead of reaching
the scrolling plane in Dy are redirected again to D_; and oscillate in the scroll
in the unstable manifold E*.

This behaviour is completely different in the projection of the attractor in
Figure 6 d) for v = 1.42. Here, when the trajectory escapes the domain Dy near
x3 ~ 3 and enters D_q, the trajectory is directed towards the location of the
stable manifold and crosses near the intersection E° Nx_y,, at approximately
x3 =~ 0.1. After crossing the trajectory is redirected towards the scroll in Dqy
as the arrows depicts the direction. This process repeats continuously from the
three consecutive domains in which the trajectory of the system lies (Notice this

also from Figure 4 b)).
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4.1. Transition from the multi-scroll to multistable state phenomenon

Now, in order to understand the phenomenon and visualize the exact location
of the intersection of E* and E* along with the points belonging to the attrac-
tor 2 at the commutation surface z;_,, a Poincaré plane was implemented
exactly at the commutation surface. First, the Poincaré plane is defined as
Y= {(z1,22,23) € R® : 121+ para+psws+ps = 0}, where puq, ..., ug € R are
the coefficients of an hyperplane equation whose values are considered depend-
ing on the location under study, which in this case it will be in the commutation
surfaces z;,. with i € Z guaranteeing 2N # (). The crossing events of interest
are {61 (Xo), 12, (Xo0), 612 (Xo), btt (Xo). - - 61~ (Xo), 6l (Xo)} € ¥ with
m € Z* then m corresponds to the total of crossing events in ¥, and quc cor-
respond to the j-th intersection of 2N Y in the f = in,out direction. The
sub-index out corresponds to trajectories that cross ¥ with dz/dt > 0,
and in corresponds to trajectories that cross ¥ with dx;/dt < 0.

Figures 7 a) and b) present the projections of ¥ = {(z1,z2,23) € R? :
x1 — x1,, = 0} for the values of v = 1 and v = 1.42, respectively. Three points

can be noticed from these projections.

1.- Distribution of the intersections with the Poincaré plane

When the trajectory of 2l is increasing its scroll size it exits the current
domain D; to D;y1 (or D; to D;_1) through the commutation surface near
the intersection of the unstable manifold with the Poincaré plane (E* N X), as
it can be appreciated with the intersection points of the trajectory ¢Z¢ (Xo)
marked in blue circles. The blue triangle corresponds to the intersection of
Real(92(v)) N X. The blue line appearing in both Figures 7 a) and b), cor-
responds to the intersection of the unstable manifold with the Poincaré plane
E* = Span{Real(¥2(v)), Imag(d2(r))} N . Notice that most of the trajec-
tories are crossing near this section due to the scrolling behaviour in or near

the unstable manifold. Nevertheless, Figure 7 a) presents a region of escaping
intersection points ¢Z’@t (Xo) not near the unstable manifold, which come out

as one of the main difference between the escaping points in Figure 7 b) for a

15
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Figure 6: Trajectory projections for the system given by eq. (10), with ¢ = 6.3 and o = 0.6.
For v = 1 a) onto the plane (z1,x2), ¢) onto the plane (z1,x3). For v = 1.42 b) onto the
plane (z1,z2), d) onto the plane (z1,x3). Marked with green line the commutation surfaces
generated by the function (9), with red line the complex eigenvector and with black line the

real eigenvector. The black arrows show the trajectory direction.

larger value of the bifurcation parameter. Also notice that the entering intersec-
tion points (bijl (Xp), marked with orange asterisks for v = 1 are located around
the intersection of the stable manifold £* N ¥ marked with the red triangle in
Figure 7 a), but in Figure 7 b), the events are located below this intersection in

an apparently ranked way.

11.- Distance of the intersections with the Poincaré plane and the intersection
of the manifolds

To determine the relationship among the bifurcation parameter and the
multi-scroll or multistable solutions, the distance between these crossing tra-
jectory events and the crossing of the corresponding manifold (whether the

trajectory is displacing in or out) was calculated as follows:

16



Figure 7: Intersections of the trajectory of the system (2) with (9) and (10) with the com-
mutation surface z1,, for a) v = 1, b) v = 1.42. Marked with blue circles the trajectories
exiting D1 near E* Nz1,.,. The orange asterisk represent the trajectories entering D1. The
red triangle stands for £ Nz, and the blue line corresponds to the intersection of unstable

manifold and commutation surface.

dy = d(8 (Xo), B* N2) = /(@ — oF)2 + (a§ — o) + (e — F)2,  (12)

where j € Z+ corresponds to the j-th crossing event of the trajectory in
the f = in,out direction for the k = s,u manifold intersection. The triplet
(xf, xf, xf) represents the coordinate of the j-th corresponding crossing event

of the trajectory, and (z¥,z 2%) the coordinate of the intersection EFNnY

17
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Figure 8: Distance calculated from eq. (12) between the crossing trajectory events and
the crossing of the corresponding manifold whether the trajectory is displacing inwards d;,
(continuous blue line) or outward doyt (dotted orange line). The initial conditions considered
are: a) Xo = (—0.9412,0.9143, —0.0292), ¢) Xo = (—0.1565, 0.8315,0.5844). Figures b) and d)
depict the standard deviation o from eq. (13) between the distances for the each corresponding

set of initial conditions.

(which were depicted with blue and red triangles in Figure 7). The results of
the distances for d,,; and d;, are depicted in Figure 8 in orange dotted line and
in blue continuous line, respectively. The range considered in the experiment
consists of values of the bifurcation parameter 0.1 < v < 2 with a spacing of
0.01 and an initial condition Xy = (—0.9412,0.9143,—0.0292) for Figure 8 a)
and Xo = (—0.1565,0.8315, 0.5844) for Figure 8 c).

Both distances present a common behaviour for z; > 1.2 (Revisa esto
porque se esta hablando del parmetro v), i.e., the distance dy; loses its
spiking variational behaviour and becomes smoother, while d;,, starts to incre-
ment in comparison with d,y:. To quantify this variations among the intersec-
tions points the standard deviation of the distances is represented in Figure 8
b) and d) for the initial conditions previously mentioned, and it is descried as

follows:
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where N corresponds to the number of values of v evaluated (for the range dis-
cussed above N = 1901), and p is the mean of d;. These values were calculated
by the std(d;y, dout) MATLAB function.

For both initials conditions Figure b) and d) present a relation between dy;
and d;,, depicted by the values of ¢ in the range of 0 and ~ 0.5 for v < 1.2.
However, v > 1.2 the standard deviation among the distances increases. This
correlates with the previous result of the bifurcation diagram in Figure 4 for
the same values of z; > 1.2 (revisa esto porque figura 4 esta en funcion

nuevamente del parametro v).

1I1.- FEigenspectra and manifold direction due to the bifurcation parameter v

The last point to address is that the distance between the stable and unstable
manifold crossings in the Poincaré plane (marked with red and blue triangles
for £ N'Y and Real(¥2) N X, respectively) is smaller in Figure 7 a) than the
one in Figure 7 b).

To study in more detail this displacement in space of the manifolds, an
analysis of the system’s spectra due to the variation of the bifurcation parameter
was implemented. The manifolds direction and their crossing position with the
commutation surface was analysed with the Poincaré plane. The range of the
bifurcation parameter considered is of 0.25 < v < 3, from which for a step of 0.01
the set of eigenvectors were calculated. Figure 9 displays the crossing locations
due to this variation. And it can be appreciated that the intersection of the
manifolds E* N'Y with 4 = s,u (marked with asterisk and circles,respectively)
are increasing their separation regarding the variation of v shown in the color
gradient. This result correlates with the previous analysis of the distance and
the escaping locations of the system’s trajectory.

In the same context, in Figure 10 are depicted the eigenvalues of the system
(10) A; with ¢ = 1,2,3 for the same range of 0.25 < v < 3 resulting in an

interesting contrast in their values. The complex conjugate eigenvalues start to
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Figure 9: Intersections of the stable and unstable manifolds E® and Real(E™) with the

commutation surface 1., for 0.25 < v < 3.

decrement their real part until they become negative for values of v > 2.1 (not
satisfying Definition 2.1), and at the same time the imaginary part of the com-
plex conjugate increases (ensuring an augment in the frequency of oscillation).
On the other hand, \;, remains negative with a decreasing magnitude. This
results in unstable UDS of the type I equilibria (for v < 2.1), that present a
stretch oscillation in the scroll with a stronger attraction towards E*.
Summarizing, the variation of the number of scrolls and domains visited
due to the values in the bifurcation parameter (Figure 4), the distance of the
intersecting locations of the system’s trajectory in the commutation surfaces
with respect to the location of the intersection of manifolds (Figure 7), are
caused by the variation of the eigenvalues of the system (Figure 10), resulting
in the transition between multi-scroll structures and the multistable structure.
This comes as a mayor advantage in the proposed system as one may consider
different initial conditions for values of 1.1 < v < 2.1, and for each initial
location given the system will oscillate near those continuous domains along

the x; axis from (—o00,00). Consider the different sets of initial conditions
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Figure 10: Eigenvalues of the system (10) with (9) for 0.25 < v < 3. Figure a) depicts the

real eigenvalue A1, while b) depicts the complex conjugated A2 3.

Xy = (—2,0,0)T, X, = (0.01,0,0)7, Xy = (1.0,0,0)” and X, = (2.21,0,0)T
for v = 1.42. The resulting trajectory of the system given these conditions are
depicted in Figure 11, each scroll presented is a unique experiment for a given
number of iterations in time. Notice that the orbit doesn’t form attractors
on the neighborhood domains. Resulting in a multistable system for the a3
axis from (—oo,00) which oscillates around the equilibria in which the initial
condition is set, and the trajectory is bounded by the dynamics of the left
and right equilibrium points although there are no oscillations around them.
Additionally, the largest Lyapunov exponent of the attractor was calculated
throughout the algorithm proposed by Rosenstein et. al. in [24], taking a value
of MLE = 0.113669 demonstrating a chaotic behaviour in the system.

5. Concluding remarks

Using the Nearest Integer or round(z) function it has been proved that mul-
tiple final states can be acquired in PWL systems considered in the UDS of
the type I theory. The multistability phenomena is acquired by means of the
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Figure 11: Projections of the trajectories of the system (10) with (9) onto the (z1,z2)
plane with v = 1.42, ¢ = 6.3 and a = 0.6 for the initial condition sets Xo = (—2.0,0,0)7,
Xo = (0.01,0,0)T, Xo = (1.0,0,0)T and Xo = (2.21,0,0)7.

changes in the bifurcation parameter v, which correlate directly with the direc-
tion and location of their stable and unstable manifolds as wel as the values of
their eingenvalues. It has been proven that with specific v values the system
may present multi-scroll attractors if their eigendirection satisfies the specifica-
tions discussed here. Otherwise the systems trajectory will be trapped between
the adjacent equilibria regarding on the initial condition given to the system.
Thus resulting in a multistable system along the z; axis. The methodology
discussed here may be applied to further axes in order to obtain multistability

along R? or R3. The results of this may be reported elsewhere.
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