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GLOBAL TRAJECTORY TRACKING THROUGH OUTPUT FEEDBACK
FOR ROBOT MANIPULATORS WITH BOUNDED INPUTS

A. Zavala-Rio, E. Aguifiaga-Ruiz, and V. Santibafiez

ABSTRACT

In this work, a globally stabilizing output feedback schefoe the
trajectory tracking of robot manipulators with boundedutgis proposed.
It achieves the motion control objective avoiding inputusation and
excluding velocity measurements. Moreover, it is not definesing a
specific sigmoidal function, but any one on a setsaturation functions.
Consequently, the proposed scheme actually constitutasiyfof globally
stabilizing output feedback bounded controllers. Furtiee, the bound of
such saturation functions is explicitly considered in thagfinition. Hence,
the control gains are not tied to satisfy asgturation-avoidancenequality
and may consequently take any positive value, which may besidered
beneficial for performance adjustment/improvement pugpoBurther, a class
of desired trajectoriegshat may be globally tracked avoiding input saturation
and excluding velocity measurements is completely cherized. Global
asymptotic stabilization of the closed-loop system sohgitowards the pre-
specified desired trajectory is proved through a strict Lyegy function. The
efficiency of the proposed scheme is corroborated througéréxental results.

Key Words:  Global tracking, bounded inputs, output feedback, robotrcd,
saturation functions.

I. INTRODUCTION design methodology3] to the manipulator dynamic
model. Through this technique, exact compensation of
Two classical controllers for the trajectory tracking the robot dynamics is carried out to impose a linear
of n-degree-of-freedomntDOF) robot manipulators  structure to the closed-loop system, expressed in terms
are the well-knownComputed-Torquealgorithm (see  of the error variable—defined as the position that the
for instance I, Chap. 10]) and the so-called manipulator keeps with respect to the current coordinate
PD+ scheme 7]. The former results from the vector of the desired trajectory on the configuration
application of theexact linearization via feedback space—, with globally asymptotically stable trivial
solution. The latter considers a continuous calculation
A. Zavala-Ro is with Instituto Potosino de Investigaci of a special form of the robot dynamics, where the
Cienffica y Tecnobgica, Apdo. Postal 2-66, Lomas current position vector is considered at every of its

4a. Secdn 78216, San Luis Potbs S.L.P.,, Mexico.
[azavala@ipicyt.edu.mx]
E. Aguifaga-Ruiz is with General Electric Infrastructure

terms (gravity, inertial, and centrifugal and Coriolis
calculated force vectors), the desired acceleration vector

Queretaro, Control Systems & Software, Av. Constituyentes IS involved in the computed inertial force vector,

120 Pte., Col. El Carrizal, Quéetaro, Qro., Mexico. and both the current and desired velocity vectors are

[emeterio.aguinaga@ge.com] . considered in the Coriolis and centrifugal calculated
V. Santiléfiez is with Instituto Tecnagico de la Laguna,  force vector. This gives rise to a strategic closed loop

Apdo. Postal 49 Adm. 1, 27001 Todme, Coah., Mexico.
[vsantiba@itlalaguna.edu.mx]

form wherefrom it is clear that the desired trajectory is

This work was partially supported by CONACYT-Mexico, & Solution of the closed-loop system. But such terms do
under grant 48281, and by DGEST-Mexico. not guarantee, by themselves, the (global) stabilization

(© 2009 John Wiley and Sons Asia Pte Ltd and Chinese Automatic Control Society
Prepared usin@sjcauth.cls [Version: 2008/07/07 v1.00]



2 Asian Journal of Control, Vol. 00, No. 0, pp. 1-10, Month 2009

towards the desired trajectory. This is achieved through such considerations, global tracking is achieved for
the additional consideration of position-error (P) and suitable trajectories.
velocity-error (D) linear correction terms. Two alternative dynamical approaches were pro-

A common characteristic of both conventional posed in L1]. Both consider P and D correction terms
controllers is that they are based on ideal assumptions.where the hyperbolic tangent of the tracking error
For instance, inputs capable to furnish any force or and filtered tracking error variables, respectively, are
torque value, the availability of accurate measurementsinvolved. The first one relaxes the system parameter
of all the system states, and the exact knowledge of dependence by including a bounded adaptive compen-
the dynamic parameters are supposed. However, it issation of the robot dynamics, but involves position
well-known that such assumptions are not compatible and velocity measurements. The second one, on the
with real-life implementations. Input capabilities and contrary, is free of velocity measurements, keeping a
the availability on the system data are generally Computed-Torque-like structure, which depends on the
limited. Moreover, the fact that such limitations are exact knowledge of the system parameters. It considers
not considered by the control scheme may lead to the same form of the gravity, viscous friction, and
unexpected or undesirable effects on the closed-loop Coriolis and centrifugal calculated force vectors used
performance —like input saturation and those related in [10], but a special form of inertial (complemented)
to such a nonlinear phenomenof],[noisy responses force vector where the bounded nonlinear P and D terms
and/or deteriorated performanceé],[ and inaccurate  are included. Semi-global tracking is achieved by both
tracking [p]— which sometimes give rise to serious or controllers.
dramatic consequences on the system respoBkds | More recently, revisited versions of the controller
§5.2], [8, §15.4]. in [10] have been developed ¥ and [13]. In the

In a bounded input context, there are several first of these works,12], gains scaling the argument
works proposing motion control schemes under the of the hyperbolic tangents are incorporated. In the
consideration of additional constraints (missing system second one,1[3], the hyperbolic tangents are replaced
information). For instance, an output feedback bounded by a more general class of saturating functions. In
dynamical extension of the PD+ algorithm is proposed both works, local exponential stability was proved
in [9]. First of all, the current velocity vector is replaced through singular perturbation theory. Contrarily to the
by the desired velocity trajectory in the computed previously mentioned works, the developed algorithms
Coriolis and centrifugal force vector. Hence, by were experimentally tested and compared to other
considering twice continuously differentiable desired bounded and unbounded schemes (beib§ nore
position trajectories whose 1st and 2nd time-derivative exhaustive at this point).
(i.e. velocity and acceleration) vectors are uniformly Let us note that by the way the bounded nonlinear
bounded, the computed (special form of the) system P and D terms are defined in the previous works,
dynamics turns out to be bounded. Further, the P the P and D gains are tied to satisfysaturation-
and D gains are applied to sigmoidal functions — avoidanceinequality (since these define the bounds of
specifically, the hyperbolic tangent— of the closed the P and D terms). Consequently, such control gains
loop error variables, giving rise to bounded nonlinear cannot takeany (positive) value, which restricts their
P and D terms. Moreover, an auxiliary (internal) performance-adjustmematural role. Let us further
dynamical subsystem is considered for the asymptotic note that the above-cited works do not completely
estimation of the system velocity error variables. characterize the class desired trajectorieghat may
Consequently, only position measurements are involved be globally tracked through their proposed algorithms.
in the developed algorithm. In a frictionless setting, In this work, a globally stabilizing output
such a control scheme was proven to semi-globally feedback controller for the trajectory tracking of robot
stabilize the closed-loop system solutions towards manipulators with bounded inputs is proposed. It
suitable trajectories. includes saturating-proportional (SP) and saturating-

By considering viscous friction in the open-loop computeederivative (SR) correction termsplus (+)
dynamics, a globally stabilizing version of the control the continuous calculation of a special form of
law in [9] was achieved in J0. The developed the robot dynamics (actually the same one used in
scheme keeps the structure of the controller 9h [ [10]) —in view of which we refer to the proposed
but the viscous friction force vector is added to algorithm as theéSP-SO.+ controller— as well as an
the computed robot dynamics, replacing the current auxiliary dynamical subsystem whose output is fed
velocity vector by the desired velocity trajectory. Under back as an estimation of the system velocity error
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variables. It may be seen as an improved generalizationrespectively. We denoté™(.4;¢) the set ofm-times

of the scheme proposed inl(]. As a matter of continuously differentiable functions fromi to £ (with
fact, it is not defined using a specific sigmoidal differentiability at any point on the boundary of,
function, but any one on a set s&turationfunctions. when included in the set, meant as the limit from the
Consequently, the proposed scheme actually constitutednterior of .4). Consider a continuous-time function
a family of globally stabilizing output feedback & e C?(R.;€). The time-derivative and second-time-
bounded controllers. Furthermore, the bound of such derivative ofs are respectively represented/aandh,
saturation functions is explicitly considered in their je.j :¢+— %h andh : t — j—;h.

definition. These are consequently applied to the whole Let us consider the genera-DOF serial rigid

linear P and D expressions, giving the P and D gains rohot manipulator dynamics with viscous frictioh4]
the liberty to adopt any positive value. Such a freedom g6 2], [15, §2.1]:

to select any combination of control gains together

with the generalizedsaturation function formulation D(q)i+C(q,q)i+ Fg+g(q) =7 (1)

give rise to an infinite variety of possibilities to adjust

or improve the closed-loop performance. Further, a where ¢, ¢, ¢ € R® are, respectively, the position

class of desired trajectories that may be globally (generalized coordinates), velocity and acceleration

tracked avoiding input saturation and excluding velocity vectors, D(q) € R™*™ is the inertia matrix, and

measurements is completely characterized. Global C(q,{)q, F'4, g(q), T € R™ are, respectively, the vectors

asymptotic stabilization of the closed-loop system of Coriolis and centrifugal, viscous friction, gravity,

solutions towards the pre-specified desired trajectory is and external input generalized forces, with being

proved through a strict Lyapunov function. This does a constant, positive definite, diagonal (viscous friction

not only give an interesting analytical character to the coefficient) matrixj.e. F = diag[fi, ..., f»], with f; >

proposed contribution but it also states an important 0, Vi € {1,...,n}. The terms of such a dynamical

difference with the work in10] where a stability proof =~ model satisfy some well-known properties (see for

was not developed. The efficiency of the proposed instance I, Chap. 4]). Some of them are recalled here.

scheme is corroborated through experimental tests on

a 2-DOF robot manipulator. Property 1 The inertia matrix D(q) is a positive
The work is organized as follows. Sectidrstates definite symmetric matrix satisfying,, I, < D(q) <

the generah-DOF serial rigid robot manipulator open-  d,,1,,, Vg € R", for some positive constands, < d,;.

loop dynamics and some of its main properties, as

well as considerations and definitions that are involved Property 2 The Coriolis matrixC/(q, §) satisfies:

throughout the study. In Sectiofil, the proposed

controller is presented. Sectiov states the mainresult, 2.1 27 |1D(q,¢) — C(q,4)| « =0, Vz,q,¢ € R™;

where the stability analysis is developed and the control St . T, . . n.

objective is proved to be achieved. Experimental results 2'%' g((z)’ %C) J: C)V,iq’:q)cf(rwcx)(gf)é?i’ q )GZ R

are presented in Sectiovi. Finally, conclusions are ' IVw :; y Zy€ R ’ Yz

given in SectiorVI. 24. Cl,y)> = Cla. 2)y, Vo, y, > € R™;
2.5.|C(z,v)z| < E|ylllz]l, Vz,y, 2z € R™, for some
II. Preliminaries constantk. > 0.

The following notation is used .throughout the Property 3 The gravity vector satisfiedg(q)|| <,
paper.R, denotes the set of nhonnegative real numbers Vg € R", for some positive constant or equivalently,

and R"! represents the set of—d_imensional vectors every element of the gravity vector(q),i = 1,...,n,
whose elements are nonnegative real numbers. Wegatisfies 9:(q)| < v, VgeR", for some positive

denote0,, the origin of R™, andI,, the n x n identity constantsy;,i = 1,....n.
matrix. Let z € R® and A € R™™. z; represents v Y
the i element ofz. ||| stands for the standard

; . . Property 4 The viscous friction coefficient matrix
Euclidean vector norm and induced matrix norm

’ iofi 2 T g 2 n
. - 1/2 1/2 satisfiesf,, ||z||* < ' Fz < fa||z|*, Yz € R™, where
Le. ||z = [, 27] 7 and[|All = Amax(ATA)] 7, 0< fn 2 ming{f;} < max;{fi} 2 far.
wherel,.x (AT A) represents the maximum eigenvalue
of ATA. Let A and £ be subsets (with non- Let us suppose that the absolute value of each
empty interior) of some vector spaces and E input ; is constrained to be smaller than a given
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saturation boundl; >0, i.e. || <T;, i=1,...,n
In other words, ifu; represents the control signal
(controller output) relative to th#" DOF, then

u;
7; = T;sat <Tz) (2)

1=1,...,n, where sat() is the standard saturation
function,i.e.sat(s) = sign(s) min{|s|, 1}.
The control scheme proposed in this work involves

a special type of (saturation) functions satisfying the

following definition.

Definition 1 Given a positive constant/, a function
c:R—-R:¢—o(s) is said to be ageneralized
saturation with bound M, if it is locally Lipschitz,
nondecreasing, and satisfies:

1. co(s) > 0,Vs #0;
2. lo(s)| < M,Vs e R.

A strictly increasing continuously differentiable func-
tion fulfilling Definition 1 has the following properties.

Lemmallet c:R—R:¢—o(s) be a strictly

increasing continuously differentiable generalized sat-

uration function with boundV/, k£ and &k, be positive
constants, and’ : ¢ — ‘3—2. Then

1. lim|§|_>oo O'/(§) =0;

2. ¢'(c) is positive and boundedl.e. there exists a
constani’,, € (0,00) such that < o'(s) < o/,
Vs e R;

2

G < [ a(hryar < A

. Js o(kr)dr >0, Vs # 0;

. J5 o(kr)dr — co as|s| — oo;

. o(kx + koy) — o(koy)| < o)y klz|, Yo,y € R.

. o(kx)| < oy k||, Vo € R.

Proof.

VCER;

No o~ W

1. Since o is a continuous function that keeps
the sign of its argument (according to item
1 of Definition 1), and is strictly increasing
and bounded byM, there exists a positive
constant < M such thalim . |o(s)| = ¢, or
equivalentlylim|¢ ., o(s) = c- sign(s). Hence,
we have that

lim o(c) = lim lim ZEFM =)
[s|—o0 |[s| =00 h—0 h

a(s+h)—o(s)

=1 li
b \§|1£>noo h

i & sign(s) — ¢ - sign(s) _0
h—0 h

4. Strict positivity of [ o (

2. Since o is a continuously differentiable and
strictly increasing function, we have that(c)
exists and is continuous oR, and ¢’(s) > 0,

V¢ € R. Furthermore, in view of its continuity,
o’(¢) is bounded on any compact subset of
R. Thus, its boundedness will be uniform if
lim|¢| o 0'(5) < 00. Since lim| | 0’(c) =0,
according to iteni of the Lemma, we conclude
that ¢’(s) is uniformly bounded,.e. 3¢5, >0
such thav’(¢) < o/, Vs € R.

3. From continuous differentiability —implying

Lipschitz-continuity— of s and item2 of the
Lemma, it follows that
o' (ke)

— o (ko) < lo(ks)| < oy [ks]
oM

Vs € R, wherefrom, considering that has the
sign of its argument (according to iterh of
Definition 1), we have that

o(kr) : L
o (kr)dr < [ o(kr)dr < [ o) krdr

0 O 0 0
wherefrom we get

2 k S k /2
il /g) §/ o(kr)dr < A

Vs e R.

o(kr)dr onR \ {0} follows
from item 3 of the Lemma by noting (from item
1 of Definition 1) thato?(ks) > 0, Vs # 0.

5. From the continuous differentiability and strictly

increasing characters of, and its satisfaction
of item 2 of the Lemma, we have that'(k<)
is continuous, positive, and bounded @p £
[—a, a], for anya > 0, in such a way that

0 < inf o'(kr) < o'(ks) < sup o' (kr) < oy
r€Z, reZ,
®3)

V¢ € Z,,. Let us consider a positive constdnt <
inf,.cz, o’(kr). Then, from 8), we have that

(2)] = lotkol

Vs € R, wherefrom we get

Sa(g):/(:k asat(a>dr</0ga(k§)dr

V¢ € R, with

Sl 24 E vese
¢ kaa (Js| — %) V5| >a
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Thus, from these expressions we observe, where

on the one hand, thatlim||_ . Sa(s) < N )

limy(| o [5 o(kr)dr, and, on the other, that B; = {(¢,¢) € Ry | £ < Bui; ¢ < Bai}
Sa(s) — oo asl|s| — oo, wherefrom we conclude

=1,2,
that [ o (kr)dr — oo asls| — oc. ’
6. Letw,z,y,z € R. From continuous differentia- [ )
bility of o and item?2 of the Lemma, we have that By 2 M ke B ifk.>0 (5a)
o satisfies the Lipschitz condition globally G Bio if ko = 0
with ¢, as Lipschitz constant (see for instance )
[16, Lemma 3.3]),i.€. [o(w) — 0(2)| < o |w — B,, & Bm = keBay = fuBay (5b)
z|, Vw, z € R. By takingw = kx + koy and z = dr
koy, we getlo(kx + koy) — o (koy)| < o klzl, s fu i\’ A
Vz,y € R. B = ok + % i (5¢)
7. From item6 of the Lemma withy = 0, we have ¢ ¢ ¢
that|o(kz)| < o)y/k|x|, Vo € R. B 2 Am (5d)
[
O
We state thecontrol objective as the global and
stabilization of the robot configuration vector variable, a Am 5
q, towards a (suitable) desired trajectory vect(i), Baz = dy (6a)
through a bounded control scheme that only feeds back ey .
configuration variables from the robot —consequently ~ , =, Jmin {k ) 321} if ke >0 (6b)
disregarding time-derivatives @f of any order— and v B if L —0
avoids input saturatiorise. such thatr; (t)| = |u;(t)| < 20 °
T;yi=1,...,n,Vt > 0(see ). 5 é_fM Far 2+Am_dMBda 60
T2k, 2%k ke
l1l. Proposed Controller By & Am — dyBia (6d)
fum
The following assumption turns out to be crucial
within the analytical setting considered in this work: with R
Ay = min{T; — v} (7)
K3

Assumption 1 T > ;, Vi € {1,...,n}. Under Assumptiond and2, we propose a control

Further, in order to guarantee the achievement of Scheme —which we refer to as SP-SDcontroller—

the stated control objective, the proposed scheme isOf the form

restricted to desired trajectory vectors meeting the _ A

following. Jectory J w = —s3(Ksq) = 1(K19) + 7o(q darda)  (82)
where

Assumption 2 The desired trajectory vectog,(¢) is

a twice continuously differentiable function —igg. < 7e(¢; 4a, Ga) = D(q)da + C(q,4a)da + Fda + g9(q)

C?(R.;:R")— satisfyin
(BeiR7) ying d2q¢—qt); K, and K, are positive definite

sup [|da(t)]| < Baw (4a) diagongl matricesj.e. K = diag[k,...,k1n] and
t>0 Ky = diag [ka1, . . ., k2n] With k1, > 0 and ky; > 0 for
alli =1,...,n;disthe output of an auxiliary (internal)
and dynamical subsystem defined as follows
sup [|Ga(t)|| < Baa (4b)
£20 Cjc = _AKl_lsl (Kl(QC + BQ)) (8b)
for some (desired velocity and acceleration vector) ¥ =q.+ Bq (8c)

bounds such that
with A and B being positive definite diagonal matrices,

(Bay, Baa) € B1 U Bs i.e. A=diaglay,...,a,] and B =diaglby,...,bs]
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with a; >0 and b; >0 for all i=1,...,n; and
T
s; R = R" 1z — s;(z) = (01(x1),. .., 05n(xn)) ",
j=1,2, with o;(-), i=1,...,n, being strictly
increasing continuously differentiable generalized
saturation functions with boundsl/;; satisfying

My; + My; < T; — dpyBaa — keBj, — fiBaw — i
(9)
(see Properties, 2.5, 3, and4), Vi = 1, ..., n. Note that

g is not involved in any of the expressions in E¢3. (

Remark 1 Under inequalities (9), input saturation
is avoided globally in time, as will be shown in
SectionlV below. In this direction, let us note that the
satisfaction of Assumptiod guarantees the existence
of positive values\f;; and Ms; fulfilling (9). In turn,
Assumptionl renders possible théractable desired
trajectory characterization stated by Assumpti@n

Indeed, observe on the one hand that, under the

satisfaction of Assumptiof,, we haveA,, > 0 (see
(7)), which impliesB;; > 0 (see(50) and By > 0
(see (5d)), which in turn entail B,; > 0 (see (53),

By, < Bya if k. >0: By, < fM _|_

2
\/(gljcvi) _;'_Am—]tciiqua — (de+ fM) <

(M)Q + Am*gCMBda — Bﬁu + fM’fdv <

Sm—dnBie —s min {T; — v;} — dyrBag — kB3, —
fMde >0 = T; — dMBda — keB3, — fiBay —

v >0, Vi=1,... or similarly if k.=0:
By, < Sm—fubia — min{T; — 7} — dyr Baa —
frBaw >0 = Ty — dyrBaa — fiBay — i > 0,
Vi=1,...,n, or equivalently, for any k.>0:
T; — dMBda - kcBgv - finv - > 0, Vi =
1,...,n, ensuring positivity of the right-hand-side
expression of inequalitie€d) in this case too. Thus,
the satisfaction of Assumpti¢hindeed guarantees the
existence of positive valudg,; and M,; fulfilling (9).

we have,

V. Main Result

Proposition 1 Consider the systenil)—«(2) with the
control law in Eqgs.(8) under Assumptiond and 2
and the satisfaction of inequaliti€8). For any positive

which renders possible to state some positive value definite diagonal matriced(;, K>, A, and B, global

By, < B,1. With such a value ofB;,, we have,
f f A
M + ( Z\/I) _|_ TL
2 2
(Boo+ )" < (fe) + 42
A Am—keB], —frBay

if ke > 0: B, < —

— B§y+ .kafdv <

T T T >0, i.e. Bg >0 (see
(5b)), or similarly, if k.=0: Bg, < ?M .
A —fr Bao

v >0, or equivalently, for anyk. > 0:
Ap—ke Bdu_f]\/Ide

>0, i.e. By; >0, which makes
pOSSIble 'to state some positive valBg, < B,1, by
virtue of whichB; is non-empty. On the other hand,
observe that, under the satisfaction of Assumptipn
we haveA,, > 0 (see (7)), which implies B,s > 0
(see (68), which renders possible to state some
positive value By, < B,z. With such a value of
Bg., we have By, < A;” — A,, —dpyBgs >0,
which implies Byy > 0 fsee (6d)) and By >0
(see (60), which in turn entail B,» > 0 (see (6b)),

uniform asymptotic stabilization of the closed-loop
system solutiong(t) towards the desired trajectory
vector g4(t) is guaranteed withr;(¢)| = |u;(¢)| < T3,
i=1,...,n,Yt>0.

Proof. From B3d), (9), Propertiesl, 2.5 3, and 4,
and the strict increasing character of the involved
generalized saturation functions, one sees|ihat)| <
Mi; + Ma; + dyBag + ke B2, + fiBaw + v < Ty, i =
1,...,n, Vt > 0. From this and %) it follows that
|7:(t)] = |wi(t)| < T3 i=1,...,n, Vt >0. We now
focus on the stability analysis. The closed-loop
dynamics takes the form

D(q)G + [C(g,4) +C(q,4a(t)) ]+ Fg
+ 51(K19) + s2(K2q) = 0,
V= —AK[ 's)(K19) + B (10b)

where Property2.4 has been used (observe from the
definition of g, stated in Sectiofil, thatg = g + q4(t)

(10a)

which makes possible to state some positive valueandg = ¢ + ¢4(t)).” Let us define the scalar function

By, < B,o, by virtue of which By is non-empty.
Thus, the satisfaction of Assumptioh renders
possible to choose a desired trajectogy fulfilling
Assumption2. Further, observe that with a value of

2
Bgq < Bg1, we have By, < A””’kchf’I’fMBd“ =
mini{Ti — 'Yi} — dMBda — kicBgv — fMde > 0 =
T, — d]\,dea — kcBgv — finv — Y > 0,Vi = 1,....n

ensuring positivity of the right-hand-side expression
of inequalities (9), while with a value of

i 1. i a
V(t.0.4.0) = 30" D(@)i + | S5 (Kar)ar
9
11
+/ st (Kyr)B~tdr (11)

n

+e4" D(q) [s2(K2q) — s1(K10))]

*For the sake of simplicity, throughout the prod#(q) andC(q, -)
will be used instead ab (7 + g4(t)) andC (g + qa4(t), ).
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A. Zavala-Rio, et al.: Output Feedback Bounded Robot Motion Control 7

where foi Sg KQT)dT = Z;ﬂ 1 foqi O’Qi(inri)dTZ‘,
foli sT(Kyr)dr =30 1f0 o1i(kiirs)dr;, and e is a
positive constant satisfying

“mi a a am
£ < min
!/ ’ / I )
kanob barkinoly  2barkin

fm - kCBd’U
2 (keBar + darkaralyy) + (2keBaw + far)”

am(fm - kchv)
barkine (2keBg + far + aMdMG'/u\/I)2

12)

with o £ ;‘fﬁ, oy £ maxi{o);,,} (see item2 of

Lemmal) andk;y £ max;{k;;}, j = 1,2, andBy =
2 n

Zj:l \/ Zi:l MJQ’L

2. Let us note, from Propert§ and
items3 and7 of Lemmal, that

W11(q, ) + Wha(g,v)
S V(tv Qa Q7 19) S W21(67 Q) + W22 (67 19)
with

e iy 1 [
Wisla.d) 2 S a2+ 5 [ o (caryar

n

I52(K>0)|” . )

dkorohy ednr||ql]|s2(K2)||
2M

= A dm 12 1 9 T »
Wia(q,9) = T”QH + B s1(Kyr)B tdr
[|s1(K19)]| i

Soarhiage -~ Sl (Fa)l]

TRIME1 M

_ dy koot
Woi(q,q) & —— H lI” + TWH il

+€de2M02N[||q|||‘d||

A dy kino]
D= L 11 + =292

2b,
+edarkin oy [ ll]19]]

W22 (q_v

tObserve that the satisfaction of Assumptibguarantees positivity
of the fourth term within the braces inlZ) and of the expression
within the square root of the fifth term, consequently engutine
existence of a positive fulfilling inequality (12). Indeed, note that for a
desired trajectory with velocity vector bound such thgt, < B, or
Bay < Buy2, we have (see5g) and 1), if ke > 0: Bg, < 2 =
fm — keBg, > 0. From this and the consideration of Propetfywe
have, for anyk. > 0: fm, — kcBg, > 0, wherefrom positivity of the

fourth term within the braces inLg), and of the expression within the

square root of the fifth term, is guaranteed.

Moreover, note that these functions may be rewritten as

. 1 (9
Wii(q,q) = 5/ s3 (Kyr)dr

1 (|s2(Kq)l\" . (Ils2(Ka29)]
*4( Il )P( lal )

. 1 19
Wia(q,9) = 5/ s1 (Kir)B™tdr
O
Loa " Ial
1 P
- <||51(K119)| F s (Ka0)l
1 |Q||) (llfil)
W- ) 9 F i
21(7,4) = 2<|q|| Al
1 /|G |> <|§|>
Wa2(q,9) = 5 g
(3, 0) 2<|19|| S\l
where
1 _
P11 _ kon oy, 2€dM
—2ed s dm,
dm —2EdM )
P =
12 (28dM m
P = koniog edarkan gy
21 — ednrkani oy, dTM
dg] 5dM/€1MUI1M
Py = / bana iy
edykinviol m

1 3 a (6]
Further, since e < min {\/kwa;M ) \/ka.lMg;M}

(see (2), one can verify (after several basic
developments) thaP;;, P12, Po1, and Py, are positive
definite symmetric matrices. From this and itess
and 5 of Lemma 1, one sees thal/(¢,q,q,9) is

positive definite, radially unbounded, and decrescent.

Its derivative along the system trajectories is given by
V(t,4,4,9) = —4"C(a,dat))§ — 4" F§

— 51 (K19)B Y AK s (K19)

— es3 (K24)C (¢, 4a(t)) G — es3 (K20) F

— es3 (K2q)s2(K2q) + €51 (K19)C(q,4)q

+ st (K19)Fq + es (K19)s1(K19)

+ 4" C(q, 4) [s2(K2q) — s1(K19)]

+eq" O(g, da(t)) [s2(K2q) — s1(K19)]

+eq" D(q)s5(K2q) K24

1 (

+ 23" D(q)s} (K19)[Asy (K1) — K1 B

with s,(K>q) = diag[ob; (k21q1), - .-
s1(K19) = diagloy; (k1191), . ..

, 0y, (k2nGn)] @and
Lo (ki,9,)], where
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D(q)¢ has been replaced by its equivalent expression

from the closed-loop dynamics@g, and Properties
2.1-2.3 have been used. From Properties.5 and 4,
and the satisfaction of inequalityd), we have that

V(ta (ja (ja 19) S W31((ja (j) + W32 ((jv 19) + W33 ((ja 19)
with

k Bd .
= lql* - m||Q||2

+ Ekchv||Q||||82(K2<i)||
+efullallls2(K2q)| — %llsa(Kzt?)ll2
+eBanrke||dlI* + ekeBao | dll | s2(K2q) |
+ eBiarke||q))* + edarotrkon |4l

Wa1(q,q) =

_ (2759 g _
Wia(q,0) & — m”sl(f{l'ﬂ)n2 - §||=92(K2¢1)||2
+ ells1 (K10)]?

k Bd'u

Wis(q,0) & === m||‘j||2

Ils1 (K19

|| qlI* ~

W
+ ek Bay ||| || 51 (K19) |
+efullallisi (K1)l
+ ek Bay ||| || 51 (K19) |
+ edna’ pranl|gll]s1 (K19)||

whereB;y = (/> M7, j = 1,2, and the facts that

Is2(K2q)|| < Baas and |[s5(Kag)|| < obyy, ¥ € R,
as well as||s1 (K19)|| < Biy and||s7(K19)|| < ol
v9 € R, and item2 of Lemmal, were considered.
Notice that these functions may be rewritten as

(||52<H§|Tq>||>TQ1 <||82?|2<”2q>||>
_ T _
(itcemt) @ (o)

_ ﬂ>||>TQ3 (||sl<”f(j<|1|ﬂ>||)

W33((j: V) =— (||81(||I%|;|1

with

W31(Q7 Q> = -

Wsa(q,0) = —

s —e (keBay + 13t)
—£ (kCde + f7M> Q122

0
QQ = ( Am >
0 2barking €

Q1=

N|m

Fig. 1. Experimental robot arm

Q3 _ (fm_,;chv Q312 )
Q312 2bM7€11M
where
m T kcB v
Q122 = de — e(keBuy + darkaniobyy)
and

!
Q312 = —¢ (kCBdU + far + aMdMUlM)

2

Further, since

fm_k Baw
Sorrkine 2(ke Br+dakan oty )+(2ke Bav+far)?”

am(fm_kchv)
p)
ka1M(2kchu+fM+aMdMU'1M)

(see (2), one can verify (after several basic
developments) thait),, Q., and Qs are positive
definite symmetric matrices. Hencé'/,'(t,zj,cj,q?) is
negative definite. Thus, from Lyapunov’s stability
theory (applied to non-autonomous systems; see for
instance 16, Theo. 4.9]), the proposition follows. O

E<min{

V. Experimental results

Aiming at verifying the effectiveness of the
proposed controller, real-time experiments were carried
out on a well-identified two-axis planar robot arm. This
manipulator was built keeping the same mechanical
structure of the one described and used if];[ see
Fig. 1. The actuators are direct-drive brushless motors
operated in torque mode, so they act as torque sources
and accept an analog voltage as a reference of torque
signal. The control algorithm is executed at a 2.5 msec
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sampling period in a control board (based on a DSP 32-

bit floating point microprocessor) mounted on a PC host
computer.

For the considered experimental manipulator, the
various terms characterizing the system dynamic$)in (
are given by

2.351 4 0.168 cos g2

Dbla) = {0.102 +0.084 cos g2 0.102

0.102 + 0.084 cos qQ}
—0.084¢5 sin g2

0.0844¢; sin g2 0

. —0.084(q¢1 + ¢2) sin
C’(q,q) — |: ((h Q2) q2:|
B {38.465 sin g, + 1.825sin(g; + Q&)]

9(q) 1.825sin(q1 + ¢2)

and F' = diag[2.288,0.175]. Thus, Propertied—4 are
satisfied withd,,, = 0.07 kg m?, da; = 2.5 kg m?, k. =
0.1422 kg m?, v; = 40.29 Nm, ~, = 1.83 Nm, f,, =
0.175 kgm?/sec, and fy; = 2.288 kg m?/sec. The
maximum torques allowed af§ = 150 Nm and7y =

15 Nm for the first and second links respectively.
Observe that Assumptiahis fulfilled.

For comparison purposes, additional experiments
were run considering the controller inl(] —
referred to asS-K'01— which may be seen as a
special case of the proposed SP:$Dscheme in
EqS. 6) taklng Uji(g) = kji tanh()\g/k'ji), V(Z,]) €
{1,...,n} x {1,2}, with A = 1 sec, andk;; such that
ki; + ko; < T; — dyg Baa — ke B3, — frBaw — i, Vi =
1,...,n (the saturation-avoidancenequalities). The
desired trajectory vector, for both controllers, was
defined as

_(qai(t)) &
Qd(t) = <qd2(t)) = (
For such a desired trajectory, inequalitie$) (are
satisfied withB,, = 1 rad/sec andB,, = 1 rad/seé.
The initial conditions at every test were;(0) =
Gi(0) = ¢.;(0) =0, ¢ = 1,2. The generalized saturation
functions were defined as

%—i—sint
cost

(13)

p;i(c) if¢<—Lj
S if || <Lj
pﬁ(g) if ¢ > Lj;

0ji(s) =

where pﬁ(() = :tL]Z + (Mﬂ — Lﬂ) tanh (]\;JTEJLL]l)’
with L;; < Mj;, V(i,j) € {1,2} x {1,2}. The control

gains were adjusted in the SP-Sixase aski; = 150,
k12 = 10, ko1 = 500, and koo = 150 (Wlth k1; in
Nm sec andky; in Nm, i = 1,2); and in the S-K'01
case asky; = 14, k12 = 0.5, ko1 = 90, and koo = 7.5

10

~ B

Fig. 2. Position errors

(all of them in Nm)i while, for both controllers,
the auxiliary dynamic parameters were fixed as:
a1 = 150, ay =150, b; =10, and b, =15 (all of
them in sec!). The saturation function parameters
(in the SP-SD+ case) were defined asu/,; = 65,
Mo1 =25, Mio =5, Moy = 2.5, and Lji = OQMJZ,
V(i,7) € {1,2} x {1,2} (all of the in Nm). One can
easily verify that Assumptio as well as inequalities
(9) are satisfied.

Fig. 2 shows the evolution of the shoulder and
elbow joint position errorg,e. g, (t) andg:(t), and Fig.
3 shows the applied inputs; andr,, for both tested
schemes. Observe that both algorithms avoid input
saturation and that the control objective is achieved
through the SP-S[> controller while disappointing
closed loop responses are obtained through the S-K'01
scheme. This highlights the disadvantage of a controller
that constrains the control gains to satisfy saturation-
avoidance inequalities with respect to one that gives
them the liberty to adopt any (positive) value.

VI. Conclusions

In this work, a globally stabilizing output feedback
scheme for the trajectory tracking of robot manipulators
with bounded inputs was proposed. It achieves the
motion control objective avoiding input saturation and
excluding velocity measurements. Moreover, it was not
defined using a specific sigmoidal function, but any

In every case, the selected control gain combination was iiee o
giving rise to the best closed loop response obtained afterenous
trial-and-error tests. In the S-K'01 case, this tuning pdwre was
performed by additionally considering the satisfactiorhef $aturation-
avoidance inequalities.
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Fig. 3. Control torques

one on a set ofaturationfunctions. Consequently, it
actually constitutes a family of globally stabilizing out-
put feedback bounded controllers. Suchemeralized
formulation permitted the developed algorithm to adopt
a suitable structure where the control gains were able
to take any positive value, which may be considered
beneficial for performance adjustment/improvement
purposes. Furthermore, a classdgfsired trajectories
that may be globally tracked avoiding input saturation
and excluding velocity measurements was completely
characterized. Global asymptotic stabilization of the
closed-loop system solutions towards the pre-specified
desired trajectory was proved through a strict Lyapunov
function. The efficiency of the proposed scheme was
corroborated through experimental tests carried out on
a 2-DOF robot manipulator. The proposed algorithm
satisfactorily proved its ability to achieve the tracking
control objective avoiding input saturation and without
the need of velocity measurements.
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