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Abstract: Several studies have shown that an adequate therapy for glycemic control in patients
with type 2 diabetes mellitus (T2DM) can delay or prevent complications derived from this
condition. To achieve the control objectives an adequate therapy should be performed by using
insulin alone or in combination with an oral hypoglycemic agent. However, the key point of
glycemic control is to determine the amount of insulin to be delivered. In order to achieve the
above different strategies have been proposed, one of them is the design of feedback control
algorithms. In this article a robust feedback control algorithm of glycemia in T2DM was
designed. The algorithm determines the continuous insulin infusion to be delivered to maintain
normoglycemia considering a combined therapy with a dose of metformin. The problem approach
was to find a controller that minimized in the sense of the Ho, norm: 4) the difference between
the glycemia of a T2DM patient and a healthy subject (tracking problem) and ii) the effect of
disturbances due to glucose intake and noise from a glucose sensor.
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1. INTRODUCTION

In a healthy human body insulin and glucagon are released
into the blood in response to rising and falling glucose
concentration (i.e. glycemia), respectively (Guyton and
Hall, 2006). When these processes do not work properly
and the homeostatic balance is disrupted then various
pathologies can be developed. One of the most common,
affecting one in eleven people in the world, is Diabetes
Mellitus (DM) (Diabetes Atlas, 2015). Mainly there are
two different types of DM: Type 1 diabetes mellitus
(T1DM) which occurs due to a lack of insulin secretion;
and Type 2 diabetes mellitus (T2DM) caused by defects
in insulin secretion and insulin action (Guyton and Hall,
2006). Both are characterized by an above normal glycemia
(i.e. hyperglycemic), which over time is responsible for
the development of disabling and life-threatening health
complications (Diabetes Atlas, 2015).

Although to date there is no cure for DM, several studies
have shown that an adequate therapy to regulate those
factors respomnsible for hiperglycemia in people with DM
may delay or prevent the occurrence of complications
and reduce the risk of mortality (Raskin et al, 2003;
Jennings et al, 1991). Consequently, a glycemic control
therapy is encouraged for patients with DM. According
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to the American Association of Clinical Endocrinologists
the glycemic control objectives in DM are: i) maintain a
fasting glycemia < 110 mg/dL, and 4i) a 2h postpran-
dial glycemia < 140 mg/dL (Handelsman et al, 2015).
In order to achieve these control objectives an adequate
therapy should be performed by using 4) insulin infusion
for T1IDM or %) insulin infusion alone or in combination
with oral hypoglycaemic agents for T2DM (Handelsman
et al, 2015). However, determining the dose of insulin to
be delivered is not a trivial problem, since an inadequate
amount can result in a dangerous decrement of glycemia
(i.e. hypoglycemia). In consequence, the development of
feedback control algorithms based on mathematical mod-
els of glycemic dynamics have been the focus of diverse
research for many years (Ajmera et al, 2013).

Mainly, feedback control algorithms have been focused on
glycemic control for T1DM (Aicha and Mourad, 2015;
Mourad et al, 2015; Huang et al, 2012; Quiroz et al,
2011). Whereas just a few glycemic control algorithms for
T2DM can be found (Ekram et al, 2012; Huang et al,
2012; Palumbo et al, 2012). One of the main challenges is
the wide variety of endogenous and exogenous conditions
that may affect glucose homeostasis. In this sense, the
development of glycemic controllers for DMT2 robust
under perturbations may be promising. Specifically, the
robust control technique by H., have been tested for
glycemic control in DMT1 (Aicha and Mourad, 2015;
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Mourad et al, 2015; Quiroz et al, 2011). However, until
our knowledge this technique has not yet been tested for
DMT?2.

In this article, a robust H, feedback control algorithm was
developed for glycemic control in T2DM. The control ob-
jective was to find a controller that maintain glycemic of a
T2DM patient as close as possible to a healthy behaviour,
while the effect of disturbances are reduced. To achieve
the above a continuous insulin infusion has been used as
control input with a single 500 mg dose of metformin.

2. A MATHEMATICAL MODEL OF GLYCEMIC
DYNAMICS IN T2DM

We designed a robust H,, controller using the Jaco-
bian linearization of a non-linear physiological model of
glycemic dynamics in T2DM. The T2DM model was de-
veloped by a re-parametrization of a glycemic dynamics
model of a nondiabetic subject taken from Alverhag and
Martin (2006). The re-parameterization allows to repro-
duce the disturbances on glucose homeostasis that con-
tribute to hyperglycemia in T2DM, these are: a) insulin
resistance in liver and peripheral tissue, b) abnormalities in
hepatic glucose uptake, and c) impaired pancreatic insulin
release (DeFronzo, 2004).

2.1 Non-linear model description

The model of glycemic dynamics in T2DM is divided
into compartments where principal processes of glucose
regulation are carried out. As in drug modelling, a matter
balance is performed in each compartment to obtain an
ordinary differential equation which quantifies the solute
accumulation of glucose, insulin, glucagon or incretins. In
order to include the pharmacokinetic-pharmacodynamic
(PK-PD) effect of Metformin a previous model developed
by Stepensky et al (2004) was interconnected with the
T2DM model as in Sun et al (2011). Then the set of
equations of the whole model can be represented as:

i =F(x(t),ut),dt)),
Y= CJE

l’(t()) = 2o (1)

where z € R32*1 C € RY%32 y is the control input
defined as the continuous insulin infusion, d = [day,
deg|, represent the model disturbances due to ingestion
of 500mg oral metformin (dj;) and oral glucose intake
(dgr), and y stands for peripheral glycemic (i.e. y = xg).
The model in 1 is capable of emulating the glycemic
response in T2DM after external perturbations such as
i) intravenous glucose infusion, %) intravenous insulin
infusion, #4) oral glucose intake, and iv) a dose of 500 mg of
Metformin. For a complete overview of vector field (F) and
the mathematical functions representing metabolic rates
of 1 refer to Appendix A and Appendix B, respectively.
Appendix C contains the full list of model parameters and
their nominal values, whereas the model nomenclature can
be found in Appendix D.

2.2 Model linearization

For control synthesis a Jacobian linearization of 1 was
performed around an operation point [z*,u*,d*] that
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Fig. 1. Block diagram of a robust feedback control for
glycemic dynamics in T2DM to solve a tracking
problem considering disturbance rejection.

represents the basal state of a healthy human body given
by the the operation point of the proposed model in
Alverhag and Martin (2006) when v* = 0 and d* = [0, 0].
Based on the above z* has the following components:
x* =[7945 46.79 91.32 10044 91.32 89 86.22
89.23 91.32 15.29 15.29 21.64 10.71
13 535 1529 5346 1 0 0 1 1

0 031 025 1778 0 0 0 0 0 0T (2

)
Following the procedure defined in W. J Rugh. (1993)
the Jacobian matrices were defined as: A = OF/0x|,—p*,

p
d=d*
By = 0F/0u|y—p, and By = O0F/0d|,—,~. Then, the
d=d- d=d-
obtained linearized system was:
7y = Az + Biu + Bad, I'L(to) =T, (3)

yr =Czr

3. METHODS: ROBUST CONTROL SYNTHESIS

The H, robust control synthesis presented in this paper is
based on the close-loop system shown in Fig. 1 where the
reference signal (ref) represent the glycemic response of a
nondiabetic healthy subject and the controlled plant (P)
was taken as the transfer function in frequency domain of
the dynamic linear system defined in 3. The approach of
control objective is to find a robust controller (K) that
determines u such that y;, tracks ref as closely as possible
despite d and the measured noise in data reception from
the glucose sensor (dy). In order to achieve the above,
the signals u, e and the effect of d represented by weight
functions, W, (s), We(s) and Wy (s), these were minimized
in the sense of the H,, norm which guarantees internal
stability. The weight functions were defined as a variation
of the transfer functions presented in Quiroz et al (2011).
The resulted transfer functions are:

Wu(s) = [4s + 0.1]/[s + 20] (4)
W, (s) = [2s + 0.020]/[0.055 + 0.013] (5)
Wi (s) = 1/10000 (6)

The block diagram on Fig. 1 was simplified as Fig. 2
performing a linear fractional transformation (LFT) as in
Zhou et al (1996). Then, the generalized plant G(s) of the
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w—[fs?;] — ¢ = z=[7]
dy

u e

Fig. 2. Linear fractional transformation of the robust
feedback control for glycemic dynamics in T2DM.

feedback control system arises from Z = G(s)w by taking
z=1[Z. Z,)7, d=[ref dop dn]|T, and:

0 WePy 0 |WeP
Gis)=|0 0 0 | Wu (7)
0 —P» —-Wn|-P

where P; and P, represent the transfer functions of P
due to inputs v and dgg, respectively. From the previ-
ous discussion, the general control problem H., can be
formulated as follows: find a K such that ||G(s)||cc < 7-
With v < v := min||G(s)|| < 1. Under this formulation,
K was found by using the procedure defined in Zhou et al
(1996).

4. RESULTS AND DISCUSSION

The full order controller K was derived from an iterative
numerical process by using the tool hinfsyn of the Opti-
mization Toolbox of MatLab®. The obtained ~ value was
0.0079, ensuring robust internal stability and performance.
The order of the resulted controller was 131. Nevertheless,
a reduced model was obtained by means of Hankel values
inspection using the balmr function of the Optimization
Toolbox of MatLab®. The reduced controller order (K,.q)
was 7, and it is given by:
numg,.,(s)

Kred(s) = m (8)

where: numpg, _, =—144.1s5—-3035s°— 347854 — 113653 - 162.7s2 —
6.868s — 0.05676 and deny, , =s’ +9.884s5 +22.96s° + 26.18s* +
20.53s3 + 5.4965% + 0.2369s + 0.001705.

The performance of K,..; was proved by means of numeri-
cal simulations using Simulink by MatLab® in closed-loop
with the non-linear plant defined in 1. For simulations two
different kinds of ref were taken: i) a dynamical reference
where ref was the glycemic response of an oral glucose
intake of a non-linear model that emulates glucose home-
ostasis in a healthy subject, and ii) a static reference where
a constant glycemic of 90 mg/dl was used to represent the
normoglycemic fasting state.

For dynamical reference the glycemic response of an oral
glucose intake was taken from the non-linear model pro-
posed in Alverhag and Martin (2006). Figure 3 shows
a numerical simulation considering two glucose bolus of
71000 g at minute 0 and at minute 250. Whereas, at minute
0 a single metformin dose of 500 mg was given to the
controlled T2DM patient. As can be seen the glycemic
response of the T2DM patient with control action closely
tracks the reference, while the response of the T2DM
patient without control action reaches up to 150 mg/dL
as a response for an oral glucose intake.
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Fig. 3. The output of system 1 under action of the reduced
controller (blue line) tracks the time evolution of
the peripheral glycemia of a healthy human subject
(doted black line). The purple line shows the output
of system 1 without control action.
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Fig. 4. The proposed controller in 8 allows us to regulate
the peripheral glycemia of a T2DM patient. The blue
lines represent the output of system 1 under action
of the reduced controller while doted black line is a
normoglycemic fasting glucose concentration.

By the other hand, Figure 4 shows that starting from the
fasting stage at minute 0 a single metformin dose of 500
mg and a continuous insulin infusion were administered to
the T2DM patient in order to achieve the normoglycemic
fasting state at 90 mg/dl. As can be seen the closed-loop
allows that the T2DM patient to reaches a normoglycemic
state from a fasting state of 160mg/dL in around 50 min-
utes, which is a suitable time for a DM patient. Moreover,
although the blood glucose level is below the reference
before stabilization, it does not reaches a critical hypo-
glycaemic state (glycemia < 70 mg/dL). After achieving
stabilization, the glycemic response of the DMT2 patient
is maintained with a steady state error < 2 mg/dl.

5. CONCLUSION

In this paper a robust controller of glycemic in T2DM was
designed by using the robust H., technique. Through the
use of a combined therapy of a continuous insulin and a
single dose of metformin, the designed controller shows
that it is capable of solving the tracking control problem
whether the reference represents the dynamics of a healthy
subject or a constant normoglycemic value. The control
approach allowed to find a controller that is robust under
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exogenous disturbances such as oral glucose intake or noise
due to the glucose sensor.
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Appendix A. MODEL IN STATE SPACE

The state space variables are defined:

1 =Gpy wx9g=G) x17 =1p Tos =L
zo=Gp; xo0=Ip w115=TV" T = @
r3=Gg zn1=Ig <Tp=w z97 = Gg
x4 =G, 12 =1, Too = W@ T2 = TOGA
25 =Gr wi3=Ix T =Mhgep z29=2
z6=Gpy xu=Ipy T2 =DMg, T30=2

7 =Gpr Tis=1Ipr x23=fo r31 = 23
xs=Gg Ti6=1Iag x204=P T2 = 24

Thus, the full 32-dimension vector field is as follows:

¥ = [m5[r3 — x1] — Mo [w1 — w2] /73] /71 (A1)

Tg = [ma[x1 — x2] /T3 — rBGU]/T2 (A.2)

T3 = [7T5171 + x4 + T7X5 + W8T — ToX3 (A,3)
—rrBcU +Trival/ma

T4 = [71'13503 + 1478 + M39T9 — TMeT4 (A4)

+ragp —rHGU]/TI10

L5 = [mr]xs — x5] — rroE]/T15 (A.5)
T = [ms[r3 — 26| — T17[T6 — T7]/T18]/T16 (A.6)
x7 = [mi7[ze — 27]/m18 — TPGU]/T17 (A7)
dg = [mslrs — 28] — raeu + rocal/mo (A.8)
Zg = m39[x3 — T9|/Ta2 (A.9)
T = Ta1[T11 — T10) /20 (A.10)
211 = [T21210 + T32X12 + T33T13 + T34T14 (A.11)

— 3511 + Trvr) /M2
T2 = [M36T11 + 37216 — M32Z12 + M38L17
—rr1c)/mos
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x13 = [ma3x11 — @13] — TR I1C]/T24
214 = [m3a[r11 — T14] — Ta6[T14

- I15V7726]/7T25
x5 = [Ma6T14 — T15] /726 — TPIC]/Ta6
Tie = T37[T11 — T16)/ M7
217 = [m3s]x11 — T17] + TPIR]/Ta0
Tis = ns3[rprr — T1s]/mos
T19 = [FGwr — TPwC]/Ta1
x20 = Ne50GCs — TGwR
TH = [MII_I"E;p — Zo1]/m11
Thy = (M, — Ta2)/m1
zhs = [[MyGp — 1]/2 — 23] /712
224 = 135[Pac — T24]
x5 = Na1[X — @os)
To6 = Na2[Na3 — Ta6] + NaaTos — S
$27 = 0GCS — .7027/7'(44
3527/[7T437T44] - IE28/7F43
Ta9 = —T29(Nes + Ne9) + 20
T30 = T297Me9 + T32770 — T30771
31 = Z30771 + T32772 — T317M73
x33 = 31773 — T32(N7r2 + N0 + N74)

o8

Appendix B. METABOLIC RATES

Glucose Subsystem rates

BGU = 7121
TRBCU = 7122
r G B
raap = TaaMpepMpeprhcr
G B
racu = Te2eMygcuTrcu
=ML MS.;r5E
rrpcu = MpguipcguTpPcu
ragu = 123

B _
THgp =™

rkGE = M2 + Nertanh[ns(zs — na)], x5 < 460

TKGE = M58 + N59T5, T5 >= 460
TEIGU =M1
B _
pgu = "5
Insulin Subsystem rates
rLIc = T31[T36T11 + 37T 16 + M3sT17)
TKIC = T30[T33%11]
rprc = T15/[[1 — m29]/T29m34 — 26 /Tae]
TPIR = S/SNTEIR
rhrr = T11[mss /(1 — w31) — w36 — ma7 — (1
— m39)/(1 — m31)m3a — w21 /(1 — m31)
— m33(1 — m30) /(1 — m31) — m3s]
Glucagon Subsystem rates
TgFR = MgFRMJIDFR
TpPrCc = TMrCcZie
rmrc = 133

© 00 J O Ut = W N =

FETETEE TR

(B.17)
(B.18)
(B.19)

Incretins Subsystem rates

TGwR = T20/T45
TPwC = TMwCT19
TMwC = 764

Where:

M};IGP = M}L}UGP — T23
MISOGP = natanhnszys)
Mfap = na — nstanh[ne(za/mas — 17)]
M qu = ns + neotanhng(x4/mas — 110)]
Mpay = mr + mstanh[nio[z1s/mae — n20]
MlgGU = x7/me
G _
MEprR = 124 — Nastanhnee (v3/Na7 — 127)]

95

Mprp = 128 — maotanh[nso
M2 = 154 — sstanhnse(T12 /151 — Ns7)

M2 = nsatanh(nsszia/ms1)
Egi = (n75(n69229)"°) /(

E; = (7778(77719031)"79)/(

E, = (ﬁ81$32

4
S = [NasY + nas[ X — 5625]0
Y = P, = X0 + ngox19
X = x3/[n33° + nasws

Nsa€ —ngst _ Ns6e —ng7t
OGC [OGCQ/??(;(;H(t — 7767)u(t — 7767)—

20

($11/7750 - 7731)]

+ (M69729)"™°)
+ (M71231)")

(
(
(
(
+ne3z19]ras  (B.36
(
(
(
(

— (t —me7 — D)u(t —ne7r — 1)—
— (t —me7 — 4)u(t —ner — 4)+
+ (t —m67 — 5)u(t — ne7 — 5)]

Appendix C. PARAMETERS

Hemodynamical parameters

T = 3.5 dL

w3 = 2.1 L/min
75 = 5.9 dL/min
77 = 10.1 dL/min
g = 43.7 dL/min
T11 — 25 min

T3 = 2.5 dL/mln

5 — 6.6 dL

T17 = 63 dL

19 = 11.2 dL
21 = 0.45 L/mm
23 — 1.07 L

o5 — 0.735 L
o7 = 0.945 L
29 — 0.15

m31 — 0.40

33 = 0.72 L/mm

T35 — 3.12 L/min

737 = 0.684 L/min

39 = 0.5 dL/mlH
41 =9.930 L

T43 = 22 min

T45 = 25 min

T = 4.5 dL

my = 13.8 dL

76 = 12.6 dL/min
7g = 15.1 dL/min
™o — 23.5 dL

T2 = 65 min

T14 = 9.6 dL/mln

T — 10.4 dL
T8 — 5 min
T20 — 0.265 L
o9 — 0985 L
T4 = 0.051 L
o = 20 min
o8 — 9930 mL
T30 — 0.30

T32 — 0.9 L/min
734 = 1.05 L/min
36 — 0.18 L/min
38 = 0.036 L/min

T40 = 0.07 L

42 — 1.6 dLL

T44 = 156.59 min
T46 = 6.3 L
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Metabolic parameters
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m = 155 mg/min Ny = 2.7
3 = 0.39 na = 1.42
17 = 0.497 ng = 5.66
g = 2.4 Mo = 1.48
11 = 20 mg/min N =71
713 = 0.011 14 = 460
75 = 35 mg/min e = 86.2 mg/dL
N1y = 7.03 mg = 6.52
mo = 0.338 20 = 5.82
721 = 70 mg/min n22 = 10 mg/min
23 = 20 mg/mln MN24 = 2.93
N25 = 2.10 Noe = 4.18
127 = 0.61 n2g = 1.31
729 = 0.61 130 = 1.06
n31 = 0.47 732 = 9.11 mg/min
733 = 910 ml/min N34 = 18.69 mU/min
135 = 0.0482 n36 = 3.27
N3y = 132 N3s = 5.93
N39 = 3.02 Nao = 1.11
741 = 0.931 1/min N42 = 0.00794 1/min
M43 = 6.33 U N4 = 0.575 U/min
a5 = 0.00797 1/min a6 = 0.136 1/min
a7 = 91.3 mg/dL n4g = 100.4 mg/dL
Na9 = 5.3 mU/L M50 = 15.2 mU/L
M51 = 21.6 mU/L M52 = 2
Ns3 = 0.95 M54 = 1.21
nss = 1.14 N56 = 1.66
157 = 0.89 N5 = 330
N59 = 0.872 Neo = 5.66
N1 = 71 ne2 = 0.003 1/pmol
ng3 = 0.0001 1/pmol nea = 0.14
nes = 0.009 Nee = 4 min
Ng7 = 0 min nes = 0.00188 1/min
Ngo = 0.00185 1/min N70 = 4.13 1/min
771 = 0.458 1/min 772 = 0.0101 1/min
773 = 0.910 1/min 774 = 0.509 1/min
n75 = 0.486 N6 = 2
nrr = 431pug nrs = 0.378
N9 =5 ngo = 521ug
N81 — 0.148 182 = 5
ns3 = 1024ug Ng4 = 63578ug/min
ngs = 0.0067 nge = 63632ug/min
ng7y = 0.0072

Appendix D. NOMENCLATURE
Variables:

G = glucose concentration

I = insulin concentration

I" = glucagon concentration

w = incretins concentration

we = quantity of incretins in the gut above normal
r = metabolic rate

S =Secretion rate

M = Multiplier of basal metabolic rate

t = time

P =Potentiator

L =Inhibitor

() =Labile insulin

Z1=Metformin quantity in GI lumen

Zy=Metformin quantity in GI wall

Z3=Metformin quantity in liver

Z,=Metformin quantity in periphery

fa=Lowering effect of glucagon in HGP

G s=Glucose quantity in stomach

OGCy=Quantity of ingested glucose

Eg=Metformin stimulation of glucose absorption in GI
E;=Metformin inhibition of glucose production in liver
E,=Metformin stimulation of glucose

absorption in periphery

X,Y, P, =Intermediate variables

First Subscript:

B =Brain

G =Gut

H =Heart and Lungs
L =Liver

P =Periphery
p =Pancreas
K =Kidney

Second Subscript:
I =Intersticial space
V =Vascular space

First Superscript:

G =Glucose model

I =Insulin model

I' =Glucagon model

B =Basal value

N =Normalized value (divided by basal value)

Second Superscript:
0 =Initial value (normalized value as t — 0)
oo =asymptotic or final steady state value (normalized)

Metabolic rate Subscripts:
BGU =Brain glucose uptake

GGU =Gut glucose utilization
HGP =Hepatic glucose production
HGU =Hepatic glucose uptake
KGFE =Kidney glucose excretion
PGU =Peripheral glucose uptake
RBCU =Red blood cell glucose uptake
KIC =Kidney insulin clearance
LIC =Liver insulin clearance

PIC =Peripheral insulin clearance
1V G =Intravenous glucose infusion
IV I =Intravenous insulin infusion
OG A =O0ral glucose absorption
PT'R=Pancreatic glucagon release
PT'C'=Pancreatic glucagon clearance
GwR =Gut incretins release

PwC =Plasma incretins clearance
PIR =Pancreatic insulin release



