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Abstract: A Saturating-Proportional Saturating-Derivative type global continuous control
scheme with desired gravity compensation for the finite-time or (local) exponential stabilization
of robotic systems with constrained inputs, avoiding velocity variables in the feedback, is
presented. The proposed output-feedback controller proves to need a closed-loop analysis with
considerably higher degree of complexity, and entail more involved consequent requirements,
than in the on-line compensation case. Other analytical limitations are further overcome through
the developed algorithm. Simulation tests corroborate the efficiency of the proposed approach.
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1. INTRODUCTION

A global continuous output-feedback scheme for the finite-
time and exponential stabilization of mechanical/robotic
systems with bounded inputs has been recently proposed
and thoroughly motivated in (Zamora-Gémez, Zavala-Rio
and Lépez-Araujo, 2017). Guaranteeing the corresponding
formulated control objective under the explicit consid-
eration of input constraints and the explicit choice on
the system trajectory convergence, under the exclusive
consideration of position variables in the feedback, are
among the main characteristics that distinguish such an
approach from continuous finite-time controllers developed
for mechanical /robotic systems before its appearance, e.g.
(Hong, Xu and Huang, 2002; Sanyal and Bohn, 2015;
Zhao, Li, Zhu & Gao, 2010) (see for instance (Zamora-
Gémez et al., 2017) for a brief description of such previous
works). But there is still an important distinction: while
the previous works are mainly state-feedback approaches
that rely on the dynamic inversion technique (except
for one of the two controllers presented in (Hong et al.,
2002)), and the only output-feedback extension (formu-
lated in (Hong et al., 2002)) is based on (model-based)
finite-time observers, the scheme in (Zamora-Gémez et
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al., 2017) exploits the inherent passive nature of mechan-
ical systems avoiding state reconstruction. This is done
by keeping a (saturating) Proportional-Derivative type
structure with exclusive compensation of the conservative-
force (vector) term; damping is further injected through
a (model-free) dynamic dissipation subsystem whose out-
put is involved in the feedback as a damped-derivative
action. Through such a control scheme, the system model
dependence of the designed algorithm is considerably re-
duced, consequently simplifying the control structure and
decreasing the inherent inconveniences of modelling in-
accuracies as well as the implied computation burden.
But these advantages could still be potentiated by re-
placing the (unique) on-line compensation term by the
conservative-force/gravity term exclusively evaluated at
the desired position. Such a desired gravity compensation
idea was first developed in an unconstrained-input conven-
tional (infinite-time) stabilization framework by (Takegaki
and Arimoto, 1981) and, ever since its introduction in
the literature, it has been widely appreciated in view
of its simplicity and simplification improvements. This
constitutes the main motivation of this work which aims
at developing a desired-gravity-compensation extension of
the output-feedback SP-SD-type (Saturating-Proportional
Saturating-Derivative) finite-time/exponential stabiliza-
tion scheme from (Zamora-Gémez et al., 2017) for robotic
systems. Far from what one could expect, such a design
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task is not as simple or direct as a simple replacement
of the on-line compensation term by the desired one.
Contrarily to the on-line compensation case, in the desired
compensation case further design requirements prove to be
needed so as to ensure that the control-induced potential
energy component dominates the open-loop one (in order
to guarantee uniqueness of the desired closed-loop equi-
librium configuration). This was already pointed out in
the unconstrained-input conventional case (Takegaki and
Arimoto, 1981), where such a domination goal was shown
to be achieved through a P control (vector) term with a(n
absolutely) stronger growing rate than that of the open-
loop conservative force term in any direction (at every
point) on the configuration space; in particular, under the
simple consideration of uncoupled linear P and D control
actions, this was shown to be achieved by simply fixing
P gains higher than the highest (induced) norm value of
the Jacobian matrix of the gravity term (assuming that
such a Jacobian matrix is bounded). But the solution
of the referred uniqueness issue cannot be that simple
in the analytical context considered here, in view of the
special functions involved in the SP-SD terms to guarantee
the achievement of the formulated stabilization goal. This
represents an important analytical challenge to which this
work succeeds to give a solution.

After the publication of (Zamora-Gdémez et al., 2017), con-
tinuous output-feedback finite-time stabilization of Euler-
Lagrange systems was treated in (Cruz-Zavala, Nuno and
Moreno, 2017). In that work, four particular controller
cases were presented differing on the type of compensation
of the gravity term, among desired and on-line, and on the
bounded or unbounded control structure. The bounded
controller versions were characterized by the use of specific
saturation functions and the application of the control
gains to the shaped error correction actions. In particular,
such ezternal weighting leads the control gains to act on
the PD-action bounds, generating the need (at every set-
ting or change on the control gain values) for an additional
verification and eventual adjustment on the considered sat-
uration function bounds to guarantee the input saturation
avoidance requirements. Further, in the desired compensa-
tion case, local exponential stability cannot be concluded
through the analytical procedure developed therein. Such
limitations are surpassed through the proposal developed
in this work, characterized by the direct application of
the control gains to the error variables (which avoids the
above mentioned control gain tuning readjustment incon-
venience) and the more thorough closed-loop analysis and
consequent requirement specifications, including the suit-
able solution given to the proof on its ability to include ex-
ponential (in addition to finite-time) stabilization among
the control design choices. Simulation tests corroborating
the analytical developments are included.

2. PRELIMINARIES

Let X € R™*™ and y € R". X;; stands for the element
of X at its i*" row and j* column, X; for the i*" row of
X and y; for the i*" element of y. With m = n, X > 0
denotes that X is positive definite; for a symmetric matrix
X, A (X) and Aps(X) respectively stand for its minimum
and maximum eigenvalues. 0,, represents the origin of R”
and I, the n x n identity matrix. RY,; and R%, denote

the set of n-tuples with positive and non-negative entries,
respectively. || - || stands for the standard Euclidean norm
for vectors and induced norm for matrices. Let ST~ ! =
{z € R : ||z|| = ¢}: an (n—1)-dimensional sphere of radius
¢ > 0 on R". We denote D, f the directional derivative of

- d
f:R" = R along g : R = R", i.e. Dyf(z) = a—ig(x).
We consider the sign function sign(-) to be zero at zero,
and denote sat(-) the standard saturation function, i.e.

sat(s) = sign(s) min{|s|, 1}.
2.1 Robotic systems

Consider the n-DOF robot manipulator dynamics

H(Q)i+Cla,9)q+gla) =T (1)
where ¢, ¢, § € R™ are the position (generalized co-
ordinates), velocity, and acceleration vectors; the iner-
tia matrix H(q) € R™™ is a continuously differentiable
positive definite symmetric matrix function, such that
H(q) > pmI,, Yq € R™, for some u,, > 0; the Coriolis
and centrifugal effect matrix C(q,¢) € R™*™, defined
through the Christoffel symbols of the first kind, satisfies

1.
2T §H(:U7y)—C(x,y) z=0

(2a)
Va,y, 2 € R, where H : R" xR" — R™*" with Hij(q,q') =
OH,;; oL
g]‘] (q)q) Z’] = 1""7”’
1C (@, y)ll < ¥()llyl

for some ¢ : R* — Rsg, and C(z,y)z =
Vx,y,z € R™, whence we have that

C(g;ag)bg = C(q,bg)aq = C(q,abq)q = C(g; g)abg  (3)
Yq,q € R™, Va,b € R; g(q) = VU (q), with U, : R™ — R
being the potential energy due to gravity, or equivalently:
Uo(q) = Uoi(a0) + [, 9" (2)dz, for any ¢,q0 € R™; and
7 € R™ is the external input (generalized) force vector.

(2b)
C(x, 2)y,

We consider the bounded input case, where each input 7; is
constrained by a saturation bound T; > 0. More precisely,
letting u; represent the control variable (controller output)
relative to the i*" degree of freedom, we have that

7; = Tysat(u;/T;) (4)
Assumption 2.1. H(q) is bounded, i.e. |H(q)|] < par,
Vq € R", for some ppr > pm > 0.
Assumption 2.2. 1(-) in (2b) is bounded and consequently
IC(x, )| < kellyll, Vx,y € R™, for some ke > 0.
Assumption 2.3. The gravity force vector is a continuously
differentiable bounded vector function with bounded Ja-
cobian matrix, or equivalently: |g;(q)| < Bgi, i =1,...,n,
Vg € R", for some non-negative constant Bg;; g—g(q)H <

kg, Yqg € R", for some non-negative constant k,, and
consequently [|g(z) — g(y)[| < kgllz — yll, Yo,y € R".

Assumption 2.4. T; > nBg;, Yi € {1,...,n}, with n > 1.

Assumptions 2.1-2.3 apply e.g. for robots having only
revolute joints.

Remark 2.1. By the properties of H(q), its inverse matrix,
denoted H~'(q), exists and it is a continuously differ-
entiable positive definite matrix function, and actually,
under the consideration of Assumption 2.1: (1/par)l, <
H™'(q) < (1/ptm) 10, ¥g € R™. A
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2.2 Local homogeneity, finite-time / §-exponential stability

As in (Zamora-Gémez et al., 2017), this work is devel-
oped within the analytical framework of local homogeneity
(Zavala-Rio and Fantoni, 2014), which states a formal
analytical platform permitting to handle vector fields with
bounded components. Definitions and results in such an
analytical context are strongly related to family of dila-
tions 07, defined as 67(z) = (e"w1,...,e™ay,) , Vo €
R", Ve > 0, with r = (r1,...,7,)T, where the dilation
coefficients rq,...,r, are positive scalars. Subsequently,
an r-homogeneous norm —a positive definite continuous
function being r-homogeneous of degree 1— (M’Closkey
and Murray, 1997; Kawski, 1990), is denoted | - ||, and

= {r € R":||z||, = c}: an r-homogeneous (n — 1)-
sphere of radius ¢ > 0.

Consider an n-th order autonomous system

i = f(z) ()
where f is a vector field being continuous on an open neigh-
borhood of the origin D C R™ and such that f(0,,) = Oy;
let z(t; z) represent the system solution with initial condi-
tion x(0; 2g) = 2. A fundamental concept underlying this
work is that of a (globally) finite-time stable equilibrium,
as defined in (Bhat and Bernstein, 2005).

Remark 2.2. The origin is a globally finite-time stable
equilibrium of system (5) if and only if it is globally
asymptotically stable and finite-time stable. AN
Theorem 2.1. (Zavala-Rio and Fantoni, 2014) Consider
system (5) with D = R™. Suppose f is a locally r-
homogeneous vector field of degree o with domain of
homogeneity D C R™. Then, the origin is a globally finite-
time stable equilibrium of system (5) if and only if it is
globally asymptotically stable and a < 0.

The next definition is stated under the additional con-
sideration that, for some r € R%,, f in (5) is locally r-
homogeneous with domain of homogeneity D C D.

Definition 2.1. (Kawski, 1990; M’Closkey and Murray,
1997) The equilibrium point z = 0, of (5) is J-
exponentially stable with respect to the homogeneous norm
| - || if there exist a neighborhood of the origin, ¥V C D,
and constants @ > 1 and b > 0 such that ||z(¢;zo)[, <
allxo|le?, Vt >0, Vag € V.

Remark 2.3. If f in (5) is locally r-homogeneous of degree
a = 0 with dilation coefficients r; = rg, Vi € {1,...,n}, for
some 1o > 0, then the origin turns out to be exponentially
stable (in the usual or standard sense) if and only if it
is d-exponentially stable (Zavala-Rio and Zamora-Gémez,
2017, Remark 2.5). A

Consider an n-th order autonomous system of the form

= f(x) + /(=) (6)

where f and f are continuous vector fields on R™ such that
f(on) - f(On) = Op.
Lemma 2.1. (Zavala-Rio and Zamora-Gémez, 2017) As-
sume that, for some r € RZ,, f in (6) is a locally r-
homogeneous vector field of degree a < 0, resp. a = 0, with
domain of homogeneity D C R™, and that 0,, is a globally
asymptotically, resp. d-exponentially, stable equilibrium
of & = f(x). Then, the origin is a finite-time, resp. J-
exponentially, stable equilibrium of system (6) if

[ (ot
. 0L _

e—0t gt
i=1,...,n, Vo e St  resp. Vz € S;';!, for some ¢ >0

such that Sn=1 C D, resp. Sre LcD.

Remark 2.4. The condition requlred by Lemma 2.1 may
be equivalently verified through the fulfilment of

Egm |e~*diag[e ™™, ... ,s”"]f(és(x))n =0
Vo e 5Pt (vesp. SPct). A
2.8 Scalar functions with particular properties
Definition 2.2. A continuous scalar function o : R — R

will be said to be:

(1) bounded (by M) if |o(s)] < M, V¢ € R, for some
positive constant M;

(2) strictly passive if co(s) > 0, Vs # 0;

(3) strongly passive if it is a strictly passive function
satisfying |o(¢)| > n|asat(§/a)|b = n(min{\g\,a})b,
Vs € R, for some positive constants , a and b.

Remark 2.5. A non-decreasing strictly passive function is

strongly passive (Zavala-Rio and Zamora-Gdémez, 2017,

Remark 2.7). A

Remark 2.6. Equivalent characterizations of strictly pas-

sive functions are: so(s) > 0 <= sign(s)o(s) > 0 <=

sign(o(s)) = sign(s), Vs.

Lemma 2.2. (Zavala-Rio and Zamora-Gomez, 2017) Let

0 :R—=>R, 00 : R —= Rand o7 : R = R be strongly

passive functions and k be a positive constant. Then:

1) [ o(kv)dy >0, ¥s # 0;

2) [ o(kv)dy — oo as |s| — oo;
(3) 0g © 01 1s strongly passive.

3. THE PROPOSED CONTROL SCHEME

Consider the following SP-SD type controller with desired
gravity compensation

u(q, V) = —51(K17) — s2(K29) + 9(qa) (7)
where § = ¢ — qq, for any constant (desired equilibrium

configuration) ¢4 € R™; ¥ € R" is the output vector
variable of an auxiliary subsystem defined as

V.= —Ass(V.+ Bg) , 9 =19.+ Bq (8)

K; = diaglk;1, ..., ki), 1 = 1,2, A = diaglay,...,a,],
B = diag[bl,...,bn], with k‘ij >0, a; >0, bj >0,V =
1,...,n; for any x € R", s;(z) = (oﬂ(xl), .. .,am(mn))T,

i =1,2,3, with, for each j = 1,...,n, 03; being a strictly
passive function, while o1; and o,; are non-decreasing
strictly passive functions such that

B, émax{ lgglo [015(<) + 024(5)]

lim —[01]( )+02j(§)]} <Tj— By (9)

S—r—
all three being locally Lipschitz-continuous on R \ {0};
and with, for each j = 1,...,n, ki; and o; additionally
required to be such that, for all ¢ € R,
o1 (krj<)| > min {kglc|, 2B, } (10)
A block diagram depicting the proposed control scheme is
shown in Fig. 1.
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Mechanical
System

l Actuator

R R R o B2 == I Y 7

Controller

_adl

Je = Asz(9. + Bg),
9 =19.+ Bq

Auxiliar subsystem

Fig. 1. Block diagram of the proposed control scheme

Remark 3.1. From the above formulation, we have that
2By; < |o1j(k1j¢)| < Bj < Tj — By,
V|s| > 2By;/kg, whence one sees that Assumption 2.4 with

n = 3 is a necessary condition for the feasibility of the
simultaneous fulfilment of (9) and (10). A
Remark 3.2. Inequality (10) implies the existence of con-
stants klj > kg and bj > 2ng such that |O'1j(]€1j§)| >
min {kq||,b;} > min {kyc|,2B,;}, Vs # 0. A
Proposition 3.1. Consider system (1),(4) in closed loop
with the proposed control law (7)-(8), under the above
stated Assumptions and design specifications. Thus, global
asymptotic stability of the closed-loop trivial solution
g(t) = 0, is guaranteed with |7;(t)] = |u;(¢)] < Tj,
j=1,...,n, Yt >0.

we have that, for any (¢,7) € R™ x R™ and any ¢
R™: u;(g,9)| < "71] k1j@;) + 025(ka;0; | + 19;(qa)
B + B,; < Tj. From this and (4), one sees that T; >
lu;(q,9)| = |uj| = |75, ¥(¢,9) € R™ x R™, which shows
that along the system trajectories, |7;(t)| = |u;(t)] < T

j =1,...,n, YVt > 0. Hence, the closed-loop dynamlcs
takes the (equlvalent) form

H(q)i+ C(q,4)q + g(q) = —s1(K1q) — s2(K29) + g(qa)
0 = —As3(9) + Bg

By defining v1 = ¢, 22 = ¢, v3 = ¥, and z = (27,21 21)T|
the closed-loop dynamics adopts the form of (6) with

Proof. Observe that —for every j = 1,...,n— by (9),
d €
| <

fay(z) X fo (@)
f@)=|foE) ]| , fl@)= f(2)($) (11)
fo(@) f<3>(:c>
where f)(z) = @2, floy(x) = —H '(qa)[s1(Kiz1)
s2(Kaw3)], fiz)(x) = —Ass(x3) + Bxa, fu ( ) = fa)(x )

0y, and

fo)(@) = —H(z1 + q2)[C (21 + qa, 72)T2 + 9(z1 + qa) — 9(qa)]

—7‘[(11)[81(1(1(21)+82(K2$3)] (12)
with H(x1) = H (21 + q4) — H'(gq). Thus, the closed-
loop stability property stated through Proposition 3.1
is corroborated by showing that x = 03, is a globally
asymptotically stable equilibrium of & = f(z) + f (z),
which is proven through the following theorem.

Theorem 3.1. Under the stated specifications, the origin is
a globally asymptotically stable equilibrium of & = f(x)+
(f(z) for £ € {0,1}, with f(z) and f(z) stated in (11).

Proof. For every £ € {0,1}, let us define the continuously
differentiable scalar function

1
W($1,33271’3) = *igH(&L‘l +qd)$2+Z/lg(SC1)+I2(IE3) (13)

where
Up(z1) £ Ty (21) +£U($1) (14)
I1($1) é Il T(Klz)dz = Z;L 1 0 Ulj(kljzj)dzj,
To(zs) 2 fﬂfs T(Ky2)B1dz = Sy fy et s,
U(x1) 2 Ut (21 + q4) — Uoi(gqa) — 9" (qa) 21 (15a)
— [l a0 - g(an] iz (15b)
x1 z 8 T
:/ [ 89(Z+Qd)d] dz (15¢)
" 0,

Observe from Egs. (15) and Assumption 2.3 that

u(x1)</?{/2 99

. oq

Xy n T1j
S/ ngTdZ = Z/ ]ﬂngde (16)
j=1"79

n

T
dz] dz

(Z+qa)

Vzy € R™ (from (15¢)), and simultaneously that

Ul < Z/ sign(z;)]g; (= + 4a) — 9;(¢a)|dz;
j=1

n T1;
< Z/ sign(z;)2By;dz;
j=1"0

Va1 € R™ (from (15b)). From these inequalities, Eq. (14),
the satisfaction of (10) and Remark 3.2, we have that

o(z1) >Z/ sign(z;) mm{ k:lj Lkg)|z;|,

(bj — 2By;) bdz;

> ng] (w15) £ Se(z1) (17a)
with
Kej 42 if 21| < be; /Ko
wej(T1j) = 2 "l B B 7= ~ 7 - J (17b)
b[j lej‘ — bgj/(Zkgj)] if |Ct71j| > bgj/kgj

for some k:lj > kg and b; > 2B,;, and any positive
lky and byj < b; — 2(B,;.

Remark 3.53. One sees from expressions (17) that Sy, £ =
0,1, are positive definite radially unbounded functions of

x1. Observe further that (involving previous arguments
and Remark 2.6)

constants kg < kij —

Dothyr) = o [s1(Kaz1) + £(g(n + a0)  g(a) |

> Z |215] Udlj(kljxlj)’ —f|gj(41?1 +4a) _gj(Qd)”

j=1
22|x1j|min{fcgj|x1j\, Egj} >0 (18)

j=1
Vz; # 0,, whence one sees that, for every ¢/ = 0,1,
Vo Up(z1) = s1(K121) + £g(z1 + qa) — 9(qa)] = 0, <=
A

T — On
Thus, from (17) and the inertia matrix properties, we get
Vi, ag,w3) > B as|* + Su(wn) + Tofws)  (19)

whence, under the additional consideration of Lemma 2.2
and Remark 2.5, positive definiteness and radial unbound-
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edness of V;, ¢ = 0,1, is concluded. Further, for every
¢ € {0,1}, the derivative of V; along the trajectories of

z = f(x) +€f(:£), is obtained, after basic developments, as
—S;(Kg.rg) _1A53(.Z‘3)

-3

where, in the case of € = 1, (2a) has been applied.
Note, from the strictly passive character of o9; and o3,
j=1,...,n, that W(ml,x27x3) <0, Y(x1,x2,23) € R™ X
R® x R", with Z, 2 {(z1,22,23) € R" x R® x R :
Vi(z1, 29, 23) = 0} = {(x1, 22, 23) € R® x R* x R" : 23 =

0,}. Further, from the system dynamics & = f(z) + £f(z)
—under the consideration of the positive definiteness of

W(l’l,l‘Q,Z’?,) =

‘721 (k2jxs;)os;(ws;)

H and Remark 3.3— one sees that z3(t) = 0, =
z3(t) =0, = x2(t) =0, = iz(t) =0, =
sl(lel(t))+€[g(a:1(t)+qd)fg(qd)] 0, < 561( ) =0,

(which shows that (z1,22,23)(t) = (0p,0,,0,) is the
only system solution completely remaining in Z;), and
corroborates that at any (z1,x2,23) € Zs \ {(0n,0n,0x)},
the resulting unbalanced force terms act on the closed-
loop dynamics [& = f(x1,22,0,) + Kf(xl,x%on) with
(x1,22) # (0,,0,)], forcing the system trajectories to
leave Z;, whence {(0,,0,,0,,)} is concluded to be the only
invariant set in Zy, £ = 0, 1. Therefore, by the invariance
theory (Michel, Hou and Liu, 2008), x = 03, is concluded
to be a globally asymptotically stable equilibrium of both
the state equation & = f(x) and the (closed-loop) system

&= f() + f(x). o
Finite-time/exponential stabilization

Proposition 3.2. Consider the proposed control scheme
under the additional consideration that, for every j =

1,...,n, 04, ¢+ = 1,2, are locally 7;-homogeneous of
(common) degree o; = 2rg — 11 —t.e. r1j = 1, Ty; = T2
and oy =g =2rp—1my =ap =g forallj=1,...,n—

with dilation coefficients such that 21“2 —r1 > 0> 19 —
r1 and domain of homogeneity D;; = {¢ € R : [¢] <
L;; € (0, oo]} and o3; is locally r1-homogeneous of degree

a3 =19 —i.e r3; = r3 =1 and as; = ag = ry for all
j€{1,...,n}— with domain of homogeneity Ds; = {5 €
R :|s] < L3j € (0,00]}. Thus, global finite-time stability
of the closed-loop trivial solution g(t) = 0,, is guaranteed
with |7;(t)] = |u;(t)| < T}, 5 =1,...,n, ¥t > 0.

Proof. Since the proposed control scheme is applied,
Proposition 3.1 holds and consequently |7;(t)| = |u;(t)| <
T;, 7 = 1,...,n, ¥t > 0. Then, all that remains to
be proven is that the additional considerations give rise
to the claimed finite-time stabilization. In this direction,
let ’f‘l = (Til,...,Tin)T, i = 1,2,3, r = (f{,f%,fg)T,

f{(:cl,xg,xg)ER"xR"xR” Kix; € Dip x --- X

Dy, i=1,2,3} = {(scl,xg,xg) ER™ x R" x R™ : |a;] <
Lij/kij, 1—1,2,3 j=1,...,n} —with K;, i = 1,2,
as previously defined and K3 = dlag[k;gl7 ooy ksn] = Ly —

and consider the previously defined state (vector) variables
and the consequent closed-loop state-space representation

= f(2)+f(z), with f and f as defined through Eqs. (11).
Since D defines an open neighborhood of the origin, there

exists p > 0 such that B, £ {x € R3 : |z|| < p} C D.
Moreover, for every « € B, and all ¢ € (0, 1], we have that
0l (z) € B, (since ||0Z(x)|| < [|z|, Ye € (0,1)), and, for
every j =1,...,n,

[i(02(x)) = €™ ay; = glra=rmy fi(x)
fnt;(02(2)) = *Hj_l(q(i) [s1(e™ K1) + s2(™ Koxy)]
_52T27T1Hj_1(Qd) [s1(K121) + s2(Kaws)]
= glrz=ri)+rz; Frri()
Jon4j(6L(x)) = —Assz(e™x3) 4 €™ By
=g [ — Asz(x3) + Bscg}

= e fy i (a)

whence one concludes that f is a locally r-homogeneous
vector field of degree o« = 7y — 71, with domain of
homogeneity B,. Hence, by Theorems 2.1 and 3.1, the
origin of the state equation & = f(x) is concluded to be a
globally finite-time stable equilibrium since ro < r1. Thus,
by Theorem 3.1, Lemma 2.1, and Remarks 2.2 and 2.4,
the origin of the closed-loop system @ = f(z) + f(x) is
concluded to be a globally finite-time stable equilibrium
provided that ro < rq, if

Lo = Elir(?+ g—a(;;fz (f(2)(6§(m))) H = sli%l+ e— T2 f(2)(5§(m))H
= tim o272 g @@ =0 (21)
for all z € S2"~! = {z € R3 : ||z|| = ¢}, for some ¢ > 0

such that S3"~1 C D. Hence, from (12) and (3), we have,
for all such z € S3n—1:

| [y 26|

< H — H Y™z 4 qq)C(e™ @1 + qq, ©2)e2 2 20

+‘ H™ (™21 + qq)

Hg(a”m + qa) — 9(q4)
+HH(ET1931) [eo‘lsl(lel) + €a252(K2333):| H

<2 || H7 e ey + qq)C(em w1 + qa, 22)22

+ HH_I(s”xl + qa)

kge™ [l |

+ 627‘2 -7y

'H(erll‘l) [31 (lel) + SQ(KQIL'?,)] H

and consequently, from (21) (recall that rqy > ro > 0):

Lo < lim €™ ||H Y™ a1 + qa)C(e™ 21 + g4, T2) T2

e—0t

+ kgllarl] tim 21D HT (M ga)
E—r

+ lim HH(E”m)[m(KUm)+s2(K2x3)}H

< ||H (94)C(qq, x2) $2|| 11m+z-: (22)
+kg |x1H||H 1(qd |‘Eg%1+ 82(7"1 T2)
+ H81(K1$1)+52(K2x3)H lim H’H(E”ml)H
e—0t
< H81(K1$1) +S2(K2$3)H . H'H(On)H =0
which completes the proof. O

Corollary 3.1. Consider the proposed control scheme tak-
ing 0;5,1=1,2,3, j =1,...,n, such that

oij(c) = sign(<)|s|”¥  V|¢| < Ly; € (0, 00)

(23)
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with constants 3;; = B8; such that
1+ 6

0<B <1, Bo=p , fP3= > (24)

Thus, |7;(t)] = |u;(t)] < Tj, 5 =1,...,n, Vt > 0, and the
closed-loop trivial solution g(t) = 0, is:

(1) globally finite-time stable if 0 < 81 < 1;
(2) globally asymptotically stable and (locally) exponen-
tially stable if 5; = 1.

Item 1 of Corollary 3.1 is proven by corroborating that,
under the stated conditions, for every 7 = 1,...,n and
any r; > 0, by taking i =T, T = T2 = (1 + 61)7‘1/2
and r3; = 73 = 1, the requirements of Proposition 3.2 are
satisfied with 0 < 1 <1 = 79 — 71 <0< 2r; —ry. On
the other hand, note that with ro = r; —or analogously
B1 = 1 in the context of Corollary 3.1— we have that
€™~ = 1, Ve > 0. Hence, in this case, developments
analog to those giving rise to inequalities (22) lead to
Ly < kgllzi||[[H*(qa)||, and consequently, Lemma 2.1
(under the consideration of Remark 2.3) cannot be applied
to conclude (local) exponential stability (contrarily to the
on-line gravity compensation case of (Zamora-Gémez et
al., 2017)). However, while the global asymptotic stabil-
ity follows from Proposition 3.1, the (local) exponential
stability stated through item 2 of Corollary 3.1 is proven
by showing that, for sufficiently small and high positive
values of € and g, respectively,

Va(w1, 22, 73) = Vi (21,22, 23)+ex] H(xy )2 —eegrs B w3
—with V7 as defined through Eq. (13)— is a suitable

strict Luapunov function of the closed-loop system, on a
neighborhood of the origin 0s,,. In particular, with

€0 > kcor + pur
1/2

e < min{ey, ea}

_ _ Elmlz?m,um
kaH?\/j + klm(€0/bm)2

__ _l_€1m7227~€2m

B k{m722’133 + kim(723/2)% + 722(713/2)?

klm = minj{klj}, kgm = minj {kgj/bj}7 bm = minj{bj},

€1

€2

Yoz = €0 —kco1 — pinr, 113 = koar + (k1 + kg)eo/ (bmbtm,),
Y23 = eolam + kooz/(bmpm)], V33 = €okans/(bmpim),
k’gm = minj {kzjaj/bj}, klM :7 man{klj}7 kQM =
Hlan{k’Qj}, ay = Hlan{aj/bj}, koy = Hlan{ij/bj},

any 02 > 0, o1 = maxg,co, |21, @1 = Qu N Qia,

Qu = {z1 € R" : |z < byj/kyy, 5 = 1,...,n},
ng = {Jfl c R"™ : |$1j| < Llj klj)j. = 1,...,7’1},
Q31 = {z3 € R" : |1’3j| < LZj/k2j7 j = 1...,n},

Qzp = {w3 € R" ¢ |w35] < Lgj, j=1,...,n}, Q3 = Q31 N
Q32, B = {z € R" : [[z < 02},

kim — —epn 0
Q1= | —eunm  pm  —€€0/bm
0 —eeo/bm  kom
ki +ky euns 0
Q2= €M par €€o/bm
0 €co/bm  kanr
kim 0 —ev13/2
Q3 = 0 €Y22 —€723/2

—em13/2 —€y23/2 kom — €733

we have, on Q; x By x Qs, that
arllz]? < Va(z) < eoflz||®

Va(z) < —c3z|?

with ¢; = Am(Ql)/Q > 0, co = )\M(QQ)/Q > 0 and
c3 = A (Q3) > 0, whence we conclude —by (Khalil, 2002,
Theorem 4.10)— that the origin (z1, 22, z3) = (05,05, 0,)
is a (locally) exponentially stable equilibrium of the closed-
loop system. The details omitted in this sketch of the proof
of Corollary 3.1 will be thoroughly developed in future
communications with more relaxed space limitations.

4. SIMULATION RESULTS

The proposed scheme was tested through computer sim-
ulations considering the model of a Phantom™ (model
1.5) haptic interface robot. Thorough technical description
and model derivation of such a 3-DOF robotic device
are presented in (Cavusoglu and Feygin, 2001) (available
at https://www2.eecs.berkeley.edu/Pubs/TechRpts/2001/ERL-01-
15.pdf), where H, C and g in (1) are obtained as

h11(q) 0 0
H(q) = 0 24.26 —4.56sin(g2 — g3) | x 107*
0 —4.56sin(g2 — q3) 9.32
c11(q,9) c12(q,4) c13(q,q)
Clq,4) = | ca(q,9) 0  caz(q, ) | x107*
c13(¢,4) c32(q,4) 0
0
g(q) = | —162.98cos(g2) | x 1074

—737.55sin(g3)
with
h11(q) = 28.33 + 11.32 cos(2¢2) — 3.91 cos(2q3)
+9.12 cos(g2) sin(g3)

c11(g,q) = — [11.32sin(2¢2) + 4.56 sin(g2) sin(g3)]¢2
+ [3.91sin(2q3) + 4.56 cos(g2) cos(q3)]qd3

c12(q,4) = —c21(g, 4) = —[11.32sin(2qg2) + 4.56 sin(g2) sin(g3)]d1

q)
c13(g,4) = —c31(g, 4) = [3.91sin(2g3) + 4.56 cos(g2) cos(g3)]g1
c23(q, 4) = 4.56 cos(q2 — g3)qs

c32(q, ¢) = —4.56 cos(q2 — g3)q2
Assumption 2.3 is thus fulfilled with By; = 0, By =
162.98 x 107* Nm, By = 737.55 x 107* Nm and k, =
737.55 x 10~* Nm/rad. Input saturation bounds were
further valued as 7; = 1.8 Nm, j = 1,2,3, whence

Assumption 2.4 can be taken to be fulfilled with = 3. For
the sake of simplicity, units will be subsequently omitted.

For the application of the proposed design methodology,
let us define the functions
ouls; B, @) = sign(s) max{|s|?, als|} (25a)
ob(s; B, &, M) = sign(s) min{low(c; 8, @)|, M} (25b)
for constants 8 > 0, @ € {0,1} and M > 0. Examples are
shown in (Zamora-Gdémez et al., 2017, §5).
Based on the functions in Eqgs. (25), we define, for every
j = 1,2, those involved in the simulations as
0ij(s) = ou(S; Bi, ig, Miz) =12
035(c) = ou(s; B3, a3;)

(26a)
(26Db)
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Fig. 2. Finite-time vs exponential stabilization

with a;; = 0,4 =1,2,3, 5 = 1,...,3. Conditions on their
parameters under which (10) is fulfilled are:
kij > kg(2Bg;) 170/ (27a)
Mlj > 2ng (27b)
Let us note, from the involved functions, as defined
through Eqgs. (26), that B; = M+ Mas;, j = 1,2 (see (9)).
Thus, by fixing M;; = 0.4, 7 = 1,2, j = 1,2, the inequal-
ities from expressions (9) and (27b) have been simultane-
ously satisfied. The rest of the control gain/parameter val-
ues were chosen taking care that the design requirements
were always satisfied. All the implementations were run

taking the desired configuration at ¢4 = (7/6 7/4 71'/6)T
[rad] and initial conditions: ¢(0) = ¢(0) = (0 0 0)7.

We implemented a test where the aim is to focus on the
performance of the finite-time stabilization in contrast
to analog exponential regulation implementations. Figure
2 shows results obtained taking f; = f2 = 1/2 and
B3 = 3/4, for the finite-time controller, and the remaining
control gain/parameters were taken, for both (finite-time
and exponential) controllers, as: Ky = diag[1,1, 1] (satis-
fying (27a)), Ko = diag[0.1,0.1,0.1], A = diag[65, 65, 65]
and B = diag[20,20,20]. One sees that both tested con-
trollers achieved the regulation objective avoiding input
saturation and with the corresponding types of trajectory
convergence. In particular, while the finite-time conver-
gent trajectories attain the desired position fast enough
and remain there thereafter, the exponentially convergent
responses keep on oscillating entailing a longer practical
stabilization.

5. CONCLUSIONS

Global SP-SD-type continuous control of robotic systems
with input constraints guaranteeing finite-time or expo-
nential stabilization has been made possible avoiding ve-
locity variables in the feedback and further simplified
through desired gravity compensation. Far from what one
could have expected, this output-feedback controller is not
a simple extension of the on-line compensation case but it
has rather proven to need a closed-loop analysis with con-
siderably higher degree of complexity. Simulation results
have shown the actual ability of the proposed approach to

guarantee the considered types of convergence avoiding in-
put saturation. A more detailed implementation test study
focusing on further aspects on the closed-loop performance
is intended to be presented on future communications with
more relaxed space restrictions. In particular, comparison
with observer-based algorithms has been performed in the
on-line compensation case in (Zamora-Goémez et al., 2017).
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