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Abstract—The main goal of this paper is to model and control
a fuel cell/supercapacitor power source system to feed a DC-
bus with a constant output voltage despite load changes. The
fuel cell is modeled as a nonlinear current-dependent voltage
source through a power equation meanwhile, the supercapacitor
is represented as an ideal capacitor. The power converters are
modeled using a nonlinear averaged model based on Kirchhoff
laws. Furthermore, the proposed nonlinear state feedback control
method is inspired from backstepping technique and Lyapunov
stability analysis to ensure all error signals equal to zero. Also,
a load estimator using Immersion-Invariance (I&I) theory to
track load changes through available measurements is considered.
Finally, simulation results show that the proposed control scheme
stabilizes the system when sudden load changes are introduced.

Index Terms—Fuel cell, supercapacitor, DC-DC power con-
verter, nonlinear control systems.

I. INTRODUCTION

Currently, the main form of power generation depends on
fossil fuels such as oil, coal and natural gas, whose release
to the atmosphere affects global warming and human health.
Thus, industrial and academic communities are researching
alternative sources of energy, to supply power consumption
and to decrease pollutant generation as well. Nowadays, fuel
cells (FC) technology has been of great interest for its ability
to transform chemical energy into electrical energy [1]. Par-
ticularly, proton exchange membrane FC are remarkable for
mobile and stationary applications due to its capabilities such
as reduced noise pollution, low-temperature operation, high
power density, low weight, and compactness [2]. Additionally,
FC are more efficient and green than other power generation
sources, since heat and water are the only by-products [3].

On the other hand, fuel cells output voltage presents some
drawbacks such as a nonlinear dependence to electric current,
temperature, pressure and humidity. Moreover, the fuel cell
membrane can be degraded or damaged if the demanded
current slope is significantly high in shorts periods of time
[4]. For this reason dynamically fast storage devices, such as
supercapacitor (SC) or battery bank, are required to supply
(or absorb) electrical power surplus imposed by the demand-
side. To this end, current research studies are being focused

on advanced control schemes to improve accurate regulated
conditions for a proper FC operation in combination with
a supercapacitor bank [5]–[9] and also with a battery bank
[10]–[12] for electric transportation and power distributed
generation applications.

The contribution of this work relies on the combination
of current-mode techniques and nonlinear feedback control
to solve the output voltage regulation problem for a fuel
cell/supercapacitor power conversion system. The proposed
multi-loop scheme contemplates; first, an inner current loop
employed to ensure a current reference tracking, and second,
an outer voltage loop used to generate a proper current
reference. Different from the above references, this work splits
the dynamics of the system into two, current (fast) and voltage
(slow). The overall strategy results in a nonlinear adaptive state
feedback controller, which ensures asymptotic convergence of
all error signals to the origin. Moreover, a load estimator using
immersion-invariance (I&I) approach is used, to improve the
robustness of the outer loop. In this way, the estimator design
stage is based on the sum an integral, and a proportional term
to represent the parameter estimation and it uses in a certainty-
equivalent way this estimation in the control scheme [13],
[14]. The proposed controller performance has been evaluated
through numerical simulation, where a good output voltage
regulation is observed despite sudden load changes.

The rest of this work is organized as follows. In Section II,
the mathematical modeling of the multi-source is presented.
The controller design and the analysis are given in Section III.
Section IV presents numerical results. Finally, conclusions are
given in Section V.

II. MATHEMATICAL MODELING OF THE MULTI-SOURCE
SYSTEM (MSS)

The MSS under study is shown in Fig. 1. Notice that this
configurations has been considered in [5], [7], [8], [15], [16].
The FC, boost, buck-boost and output currents are represented
by IF , ILF , ILS and IO, respectively. Meanwhile, the voltage
in the FC, SC and in the output are represented by VF , VS
and VO, respectively. Additionally, LF and LS are converters
inductors, CF and CO are the capacitors of the converter and



Fig. 1. Configuration of the multi-source system under study.

Fig. 2. Fuel cell stack polarization curve.

the output. The diode DF is used to prevent a reverse current to
the FC. U1, U2 and U3 denote the control signals. Furthermore,
switching frequency limiters (SFL) and gate drivers are used
to commute the switches S1, S2 and S3 of the converters.
In the present case, a DC-bus is supplied by an FC (main
source) through a conventional boost converter. Furthermore,
an SC bank is used as an auxiliary source to supply fast
transient power demand. To this end, a bidirectional “buck-
boost” converter is used. Finally, it is assumed that the DC-bus
feed a purely resistive load R.

A. Fuel cell stack characteristics

As stated before, the FC output voltage depends in a
nonlinear fashion on the demanded current. This behavior
can be observed in Fig. 2, where the static V-I experimental
polarization curve of the 1.2 kW Nexa FC under study
is presented. Detailed mathematical descriptions using high-
order nonlinear models for thermal and chemical dynamical
behavior have been reported in the literature [2], [17], [18].
For feedback purpose, a simple FC stack model with electric
properties compatible with power conversion is used in this
work. For instance, a static expression for the output voltage,

VF , depending on the current, IF , is described by a two-termed
nonlinear power function as

VF (IF ) = aIF
b − c (1)

where a, b and c are constants to be computed. In par-
ticular, based on experimental data, these constants can be
approximated using a logarithmic transformation and a linear
regression of the averaged data [19]. Consider that, (2), holds
true for use in a dynamic condition present in the boost
converter operation. A similar expression has been used in
previous work [20]. Note that, Fig. 2 shows a comparison
between experimental data and the expression in (1), where the
accuracy of the method is confirmed. Additionally, this static
model provides a nonlinear characterization that satisfactorily
describes the FC stack behavior, successfully covering the
entire operation range of the fuel cell-based system, including
the three major losses, namely, activation, ohmic, and transport
[5]. For control purposes, other static models representing the
V − I polarization curve characteristics of a given stack have
been proposed in [15], [16], [20], [21]; however, the static
model (1) is more simple, since it only uses three parameters,
i.e., a, b and c, which could be obtained easily from the
aforementioned method.

B. Energy Management Strategy

For the MSS, four different operation modes are identified
from the literature [5]. These are summarized as follows:

• Delivery mode occurs when the main source supplies
power to the load during MSS steady state. Thus, the
signal U2 = U3 = 0.

• Support mode is present when the supercapacitor pro-
vides energy to the load during a power transient. Con-
sequently, U3 = 0 (Boost mode).

• Charge mode arise after support mode is finished. In
this case, the main source supplies power to the storage
device and load simultaneously. Therefore, U2 = 0 (Buck
mode).

• Recovery mode takes place when the load supplies power
to the storage device. Finally, U2 = 0 (Buck mode).

The main objective of the MMS is to provide accurate DC-bus
voltage regulation, despite load changes and ensuring smooth
variations of the FC current to avoid a lifetime degradation.
The last is assured by the design of two feedback control loops,
namely an inner loop for current tracking and an outer loop
for voltage regulation (see Fig. 3). It is important to remark
that the SC current reference is positive in the support (boost)
mode and negative in the charge (buck) mode [5].

C. Overall mathematical model of the system

The dynamic behavior of the system is represented by a set
of nonlinear differential equations that captures the average
value of the electrical variables and neglects the ripple effect
caused by the switching action. Such model is obtained from



current and voltage Kirchhoff laws when the switches are
ON/OFF, in this way, the MSS is represented by

CF V̇F =

(
VF − c
a

)1/b

− ILF ,

LF İLF = VF − VO(1− U1),

CS V̇S = −ILS ,
LS İLS = VS − VOU23,

COV̇O = ILF (1− U1) + ILSU23 − IO,

(2)

where VF , ILF , VS , ILS and VO are the state variables.
Moreover U23 = (1−U2)k+U3(1−k) represents an auxiliary
control signal, related to the pulse-width modulation (PWM)
duty cycles U1 and U2. Notice that, k is a binary signal which
defines the boost mode of the bidirectional (Bd) converter
when k = 1 and buck mode when k = 0. In this work, the
mathematical model (2) was obtained based on the following
assumptions:
• The state variables are measurable, and all parameters are

known except the load R.
• The system is operating under continuous conduction

mode.
• All passive elements are considered ideal.

In practice, these assumptions are unrealistic; nevertheless,
they are extensively used to simplify the control design stage.

In steady state, providing that the control signal remains
constant, i.e., U1 = Ū1 and U23 = Ū23, the average output
voltage V̄O is greater than the input V̄F and V̄S , also the
inductor current ĪLF equals to the fuel cell current ĪF ,
therefore the operating points of (2) are found to be

V̄O =
V̄F

(1− Ū1)
,

V̄S = Ū23V̄O,

ĪLF =
V̄O

R(1− Ū1)
=

(
V̄F − c
a

) 1
b

,

ĪLS = 0,

(3)

and once the nominal output voltage V̄O, the load resistance
R and duty cycle Ū1 are defined, V̄F is computed from the
numerical solution of

V̄F (V̄O) = a

(
V̄O

R(1− Ū1)

)b
+ c. (4)

Note that, in practice, the value of V̄F is difficult to obtain;
therefore, the control scheme needs to be designed avoiding
the usage of V̄F .

III. CONTROLLER DESIGN AND ANALYSIS

The proposed controller detailed in here, employs two
control loops (see Fig. 3). An inner loop is used to generate
the PWM U1 and U2, as well as ensures a proper current
references tracking. On the other hand, an outer loop is
used to generate the current references I∗LF and I∗LS required

Fig. 3. Block diagram of the proposed closed-loop system.

to drive the system to desired voltage levels. Both control
loops are inspired from backstepping technique and Lyapunov
stability analysis. Additionally, the proposed scheme employs
an adaptation law based on I&I theory to estimate the load
resistance, R, where the convergence rate of the estimator is
related to the slope of I∗LF . FC damage can be avoided if I∗LF
slope is slow. Notice that, in literature, it is often assumed that
the time scale between the current and voltage is significantly
large; therefore, singular perturbation theory can be applied
and a separation between current and voltage dynamics is
possible [8]. In the sequel, the design stage is given in three
parts, where the controller synthesis is fully detailed.

A. Current controller (Inner loop)

As stated before, due to the time scale differences, consider
the separation between the current and voltage dynamics. In
this way, the fast dynamics of (2) are

LF İLF = VF − VO(1− U1),

LS İLS = VS − VOU23,
(5)

where the voltages VF and VS are considered as constants.
Afterwards, define the inductor current error signals as

x1 := ILF − I∗LF ,
x2 := ILS − I∗LS .

(6)

Consequently, the error dynamics of (5) are

ẋ1 =
VF
LF
− (1− U1)

VO
LF
− İ∗LF ,

ẋ2 =
VS
LS
− U23

VO
LS
− İ∗LS .

(7)

Observe that, if the control signals are selected as

U1 = 1 +
1

VO

[
LF (−α1x1 + βx2 + İ∗LF )− VF

]
,

U23 = − 1

VO

[
LS(−βx1 − α2x2 + İ∗LS)− VS

]
,

(8)

the current error dynamics are rewritten as a linear time-
invariant (LTI) dynamical system of the form[

ẋ1
ẋ2

]
=

[
−α1 β
−β −α2

] [
x1
x2

]
. (9)

Note that, if β = 0, the system (9) results in an uncoupled
LTI system, where α1 and α2 represents the poles of the
current loop and need to be positive constants to ensure
the asymptotic stability of the origin. On the other hand,



the stability of (9) can be ensured by two methods. For
instance, the characteristic polynomial of (9) is obtained as
Px(λ) = λ2 + (α1 + α2)λ + (β2 + α1α2), from where is
possible to assign a desired root locus by selecting proper
values for the tuning gains. Since the control objectives of the
inner loop are

lim
t→∞

x1(t) = 0, lim
t→∞

x2(t) = 0, (10)

then, a candidate Lyapunov function V1 : R2 → R can be
proposed as

V1(x1, x2) =
1

2
(x21 + x22). (11)

After some computations, the time derivative of V1 along
the trajectories of (9) is

V̇1 = −α1x
2
1 − α2x

2
2, (12)

which result is to be a negative-definite function, assuring
the asymptotic stability of the origin of (9); consequently,
ILF = I∗LF and ILS = I∗LS as t → ∞. Observe that, the
control laws in (8) require that the output voltage VO remain
nonzero for all time. This restriction is nonconservative since,
in practice, VO is always positive and higher than the fuel cell
voltage. Observe that there is no restriction over β; however,
is selected as a positive constant. Furthermore, β improves
the loop performance, since its selection establish a level of
interconnection between both duty cycles.

B. Voltage controller (Outer loop)

Assuming current errors x1 and x2 equal to zero, then
ILF = I∗LF and ILS = I∗LS , therefore the slow dynamics
of (2) are given by

CF V̇F =

(
VF − c
a

)1/b

− I∗LF ,

CS V̇S = −I∗LS ,

COV̇O = I∗LF
VF
VO

+ I∗LS
VS
VO
− IO,

(13)

where I∗LS and I∗LF are control inputs to be designed. Af-
terwards, define the fuel cell stack, supercapacitor and output
voltage errors as

x0 := VF − V ∗F ,
x3 := VS − V ∗S ,
x4 := VO − V ∗O.

(14)

Consequently, considering the above error definitions, the
error dynamics of (13) can be rewritten as

ẋ0 = −h(x0),

ẋ3 = −I
∗
LS

CS
,

ẋ4 =
1

CO

[
I∗LF

VF
VO

+ I∗LS
VS
VO
− IO

] (15)

where

h(x0) =
1

CF

[
−
(
x0 + V ∗F − c

a

)1/b

+ I∗LF

]
. (16)

Note that h(x0) is an odd function which satisfies h(0) = 0
and h(x0)x0 > 0 when x0 6= 0. The last feature will be
exploited later in the stability analysis [22]. Similar to the inner
control loop design, if the current references are selected as

I∗LS = CS [γ1x3 − δx4] ,

I∗LF =
VO
VF

[
CO(−δx3 − γ2x4)− I∗LS

VS
VO

+
VO
R

]
,

(17)

then, the voltage error dynamics are rewritten as

ẋ0 = −h(x0),[
ẋ3
ẋ4

]
=

[
−γ1 δ
−δ −γ2

] [
x3
x4

]
.

(18)

Now, to analyze the stability of (18) and to fulfill the control
objectives

lim
t→∞

x0(t) = 0, lim
t→∞

x3(t) = 0, lim
t→∞

x4(t) = 0, (19)

of the voltage loop, a continuously differentiable candidate
Lyapunov function V2 : R3 → R is proposed as follows

V2(x0, x3, x4) =

∫ x0

0

h(y) dy +
1

2
(x23 + x24), (20)

which after some computations, the time derivative of V2 along
the trajectories of (18) is

V̇2 = −h(x0)2 − γ1x23 − γ2x24, (21)

which results to be a negative-definite function if γ1 and γ2
are selected as positive constants; thus, assuring asymptotic
stability of the origin of (18), and consequently VF = V ∗F ,
VS = V ∗S and VO = V ∗O as t → ∞. The tuning gain
δ has been selected to be a positive constant for practical
purposes. Note that, this gain introduces the interconnection
of the errors x4 and x3 between the current references to
improve the performance of the loop. Besides, the online
computation of the current references (17) does not requires
the knowledge of V ∗F (which coincides with V̄F , whose value
is not known in practice), since the dynamics of x0 does not
need to be controlled. On the other hand, about I∗LF , it is
required the knowledge of IO = VO/R, which is unknown.
To overcome this issue, a load estimator design is considered
in the following.

C. I&I adaptation law for load estimation

In this part, an adaptation law based on immersion and
invariance (I&I) theory is detailed. The objective is to generate
the estimation R̂ of R and to use in a certainty-equivalent
way this estimation in the current reference generator (17).
This approach has been widely reported in the open literature
to design asymptotically stabilizing laws, state observers and
parameter estimators for nonlinear systems [13], [14], [23],
[24]. In the following, the methodology used to design the



adaptation scheme is shown in detail. To begin with, consider
θ = 1/R as the unknown parameter of (2), thus the output
voltage state equation is rewritten as V̇O = 1

CO
(1− U1)IL +

1
CO
ILSU23− 1

CO
θVO. Then, the estimation error of θ is defined

as following

z = θ̂ − θ, (22)

where, accordingly to I&I theory, θ̂ is formed by two terms;
an integral term ξ and a proportional term η(VO), this is θ̂ =
ξ+η(VO). Assuming that θ is an unknown constant parameter,
the time derivative of the estimation error (22) results in

ż = ξ̇ +
∂η

∂VO
V̇O = ξ̇ +

1

CO

∂η

∂VO

(
(1− U1)ILF

+ ILSU23 − θVO
)
.

(23)

From (22), it is known that θ = θ̂−z, then (23) is rewritten
as

ż = ξ̇ +
1

CO

∂η

∂VO

(
(1− U1)ILF + ILSU23

− (ξ + η(VO)− z)VO
)
.

(24)

Splitting (24) with respect to the error variable z, it is found
that

ż =ξ̇ +
1

CO

∂η

∂VO

(
(1− U1)ILF + ILSU23

− (ξ + η(VO))VO

)
+

1

CO

∂η

∂VO
zVO,

(25)

therefore, the adaptation law is selected as

ξ̇ =− 1

CO

∂η

∂VO

(
(1− U1)ILF

+ ILSU23 − (ξ + η(VO))VO

)
,

(26)

such that the dynamics of the estimation error is transformed
into ż = 1

CO

∂η
∂VO

VOz. Then, if η(VO) = −CσVO, with σ >
0, results in ∂η/∂VO = −Cσ, and the last expression for
ż is simplified as ż = −σVOz. From the last expression, a
candidate Lyapunov function W (z) = 1

2z
2 is proposed. The

time derivative of W along the error trajectory is computed as
Ẇ = −σVOz2, since by definition VO is always positive, then
Ẇ is always negative and it is possible to state that z(t)→ 0
when t→∞, consequently θ = θ̂.

IV. SIMULATION RESULTS

The performance of the proposed multi-loop adaptive con-
trol scheme in closed-loop with the average model of the HES
(see (2)) under load step changes (R varies from a nominal
load of 5 Ω to 10 Ω every 20 seconds) is evaluated using
numerical simulation carried out in Simulink/Matlab using the
solver ode 23tb (stiff/TR-BDF2) and a variable integration step
whit relative and absolute tolerance of 1 × 10−6. All system
parameters are gathered in Table I. Note that, based on the
analysis of section 3, all the gains are selected to ensure the
best response of the closed loop system. For instance, α1,
α2 and β, are related to the current loop; meanwhile, γ1, γ2

and δ, are related to the voltage loop. The FC Nexa power
module considered in here, has 40.7 V open circuit voltage
and maximum power of 1.2 kW. The maximum acceptable
current ripple is 35% peak-to-peak at a switching frequenzy of
120 Hz. The SC bank consists of 12 capacitors in series. Each
capacitor of 150 F and a nominal voltage of 2.7 V, resulting
in a total capacitance of 12.5 F. Note that, V ∗S is set to 24 V
to avoid any overcharge in the capacitor. First of all, Fig. 4
(a) depicts the FC voltage, the inductor current tracking and
the MSS voltage regulation. Observe that VF varies smoothly
from 28 V (at nominal load) to 34 V, every load change.
On the other hand, ILF goes from 15.5 A to 7.5 A. It is
observed a proper tracking; therefore, the lifetime of the FC is
not affected. Lastly, the proposed controller ensures the output
voltage regulation at 48 V despite load changes. It is noticeable
that, in less than 5 s after the load variation, VO returns to the
nominal value. Due to the large load changes, there exists
small overshoot around 48 V. The SC current tracking and
voltage regulation are shown in Fig. 4 (b). It is noticeable that
each load transition, ILS is around ± 10 A to compensate for
the load changes. Otherwise, the SC current is zero. On the
other hand, each load transition, the SC voltage is (dis)charged
around ± 0.5 V over 24 V, and the voltage reference level
is reached after 10 s. The control signals are given in Fig.
4 (c). Meanwhile, U1 smoothly moves from 0.39 to 0.3 to
compensate the load changes, U23 abruptly changes to ensure
a proper SC current tracking. Finally, Fig. 4 (c), shows the load
estimation. Note that, the convergence rate of the estimator has
been chosen to be slow in purpose (σ = 0.01), since this is
directly related to the slope of the FC current reference. As
depicted in Fig. 4 (c), the convergence rate of the estimation
increaser, as σ increases as well.

TABLE I
SYSTEM PARAMETERS AND CONTROLLER GAINS.

Parameter Value Gains Value
V ∗
O 48 V a -2.219
CO 1.88 mF b 0.5848
R 5-10 Ω c 40.45
CF 11.2 mF α1 10x103

LF 135 µH α2 10x103

LS 135 µH β 1.5x103
CS 12.5 F δ 2.5

γ1 0.5
γ2 10x103

V. CONCLUSION

The problem of controlling the output voltage regulation of
the MSS under study using an adaptive multi-loop nonlinear
control scheme has been addressed. The system consists of
an FC and an SC as the primary and auxiliary sources,
respectively. Both sources are connected to a DC-bus through
a boost and bidirectional converters. The control methodology
was focused on the design of two feedback loops; the inner
loop for current tracking and the external loop for voltage
regulation, meanwhile the stability proof relies upon Lyapunov
stability analysis. Moreover, the robustness of the voltage loop
has been improved introducing an I&I load estimator, which



(a)

(b)

(c)

Fig. 4. Closed-loop time histories of the MSS under load step changes. (a)
FC voltage, Boost inductor current and MSS output voltage. (b) Buck-Boost
inductor current and SC voltage. (c) Control signals and Load estimation.

is useful to dictate the rate of change of the FC current and
preventing dangerous operation. A precise regulation, tracking
and robust behavior concerning large unknown load and FC
voltage variations were successfully proven. Future research
is toward to realize a practical implementation; therefore,
the improvement and performance evaluation of the control
strategy under measurement noise, external disturbances and
parametric uncertainty are mandatory.
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[13] D. Langarica-Córdoba, R. Ortega, and D. Casagrande, “Transient stabi-
lization of multimachine power systems: Towards a global decentralized
solution,” European Journal of Control, vol. 26, pp. 44 – 52, 2015.
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