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In this work, we present an approach to design a multistable system with one-directional (1D), two-directional (2D), and three-
directional (3D) hidden multiscroll attractor by defining a vector field on R* with an even number of equilibria. The design of
multistable systems with hidden attractors remains a challenging task. Current design approaches are not as flexible as those that
focus on self-excited attractors. To facilitate a design of hidden multiscroll attractors, we propose an approach that is based on the
existence of self-excited double-scroll attractors and switching surfaces whose relationship with the local manifolds associated to
the equilibria lead to the appearance of the hidden attractor. The multistable systems produced by the approach could be explored
for potential applications in cryptography, since the number of attractors can be increased by design in multiple directions while
preserving the hidden attractor allowing a bigger key space.

1. Introduction

Piecewise linear systems that display scroll attractors have
been studied since the publication of the well-known Chua’s
circuit. The attractor exhibited by Chua’s circuit is an ex-
ample of chaotic attractor whose chaotic nature has been
explained through the Shilnikov method. Some works have
extended this system in order to obtain a greater number of
scrolls or different geometries. According to [1], an attractor
with three or more scrolls in the attractor is considered a
multiscroll attractor. Recently in [2], the generation of scroll
attractors via multistable systems have been observed.
According to [3], there are two classes of attractors, one
of them is a class called self-excited attractors that includes
all the attractors excited by unstable equilibria, i.e., the basin
of attraction intersects with an arbitrarily small open
neighborhood of equilibria [4]. Examples of this class are the
well-known Lorenz attractor [5] and the scroll attractor of
Chua’s circuit [6]. The other class is called hidden attractors
and their basins of attractions do not contain neighborhoods
of equilibria. Some hidden attractors have been studied in

[7-19]. There are some works focused on control systems
with hidden attractors, as in references [20, 21]. Most works
related to multiscroll attractors are based on the first class.
Multiscroll ~ attractors  have  been  reported in
[12, 13, 18, 19, 22-26]. In [27], a system with a multiscroll
chaotic sea was introduced.

Multistability can be considered undesirable for some
applications, so some works focus on how to avoid this
behavior. For example, in [28], a method that allows to
transform a periodic or chaotic multistable system into a
monostable was studied, and some experiments were carried
out with a fiber laser doped with erbium. However, for some
applications it may be considered desirable to be able to
switch from monostable to bistable behavior, for example, in
[29], a parameterized method to design multivibrator cir-
cuits with stable, monostable, and bistable regimes was
proposed.

Some works deal with multistable systems with infinite
number of equilibria and their electronic realization [30, 31].

A study on the widening of the basin of attraction of a
class of piecewise linear (PWL) systems was recently


mailto:eric.campos@ipicyt.edu.mx
https://orcid.org/0000-0002-1098-1610
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/7832489

performed in [2]. In this work, a bifurcation from a bistable
system with two self-excited double-scroll attractors to a
multistable system with two self-excited attractors and one
hidden attractor was reported. Other study on the emer-
gence of hidden double-scroll attractors in a class of PWL
systems is reported in [32].

Based on the observations made in previous works, a
question of whether or not it is possible to generate a hidden
multiscroll attractor with scrolls along more than one di-
rection emerges. Depending on the number of directions in
which the scrolls in the attractor extend, they are usually
referred to as one-directional (1D), two-directional (2D),
and three-directional (3D) grid scroll attractors.

Here, we introduce an approach for the construction of
multistable PWL systems that exhibit hidden multiscroll
attractors with 1D, 2D, and 3D grid arrangements. In
Section 2, a system with a chaotic double-scroll self-excited
attractor is introduced. In Section 3, the construction is
extended to 1D grid scroll self-excited attractor; then, the
equilibria are separated by pairs to generate multistable
systems with hidden and self-excited attractors. In Section 4,
the construction is generalized to 1D grid scroll hidden
attractor. In Section 5, the construction is generalized to 2D
and 3D grid scroll hidden attractors; in Section 6, conclu-
sions are given.

2. Heteroclinic Chaos

Let P = {Pl, . ’Pq} (#>1) be a finite partition of X ¢ R3,
thatis, X = U, P,and P;,NP; = & fori+# j. The approach
to generate hidden attractors is based on the existence of
self-excited attractors; thus, the class of systems considered
in this work are those that present a saddle equilibrium point
in each element of the partition P that is called an atom.

We denote the closure of a set P; as ¢l (P;). For each pair
of adjacent atoms P; and P i#j,SW;; = c(P,)n cl(Pj) is
the switching surface.

Consider a dynamical system T: X — X whose dy-
namic is given by

x = Ax+ f(x)B, (1)

where x = (x,,%,,x;)" € R® is the state vector and

A= {oc,-j} € R*3 is a linear operator whose matrix is as
follows:
a 2 2¢ 2a
i p =222
3 3 3
b 2b
a=| 2oL 2 2
3 3
c a 2
ca 2 c
3 3 3 3

where a,b € R, and ¢ € R™. Thus, the linear operator A has
a negative real eigenvalue A, = ¢ with the corresponding
eigenvector v, and a pair of complex conjugate eigenvalues
with positive real part, A, = a +ib and A; = a — ib, with the
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corresponding eigenvectors v, and v, respectively. The ei-
genvectors are given by

(3)

B=(B,,B,,B,)  €R® is a constant vector, and
f: X — R is a functional such that f(x)B is a constant
vector in each atom P;, and there exists an equilibrium point
Xp = (xltq,.’x;gq[’xiq,.)T =-f(x)A™'B, withi=1,...,7, in
each atom P;. Thus, in each atom P; there exists a saddle
equilibrium point with a local stable manifold of dimension one
given by W3. = {x + X X € span{vl}}. A two-dimensional
local unstable manifold is given by Wy, =
{x+x;: x €span{vy,v;}}. !

We begin to explain the generation of chaotic
attractors by first considering a partition with two
atoms P = {P,, P,} and the constant vector B € R’ given

by

a2
3 3
=| 2| 4)
3
373
and the functional f given by
-a, Xx€P,
f= (5)
® X€P,,

with 0<a € R.

Please note that the vector —B is the first column of the
linear operator A, and thus, system (1) can be rewritten as
x=A(x, —f(x),xz,x3)T. Then, the functional f(x) de-
termines the location of the equilibria along the x,-axis. So,
X:qi = (xf;qi,xz*eqi,xiqi)T €P,i=12.

Proposition 1. If the PWL system (1) is given by (2), (4), and
(5), then the functional f(x) determines the location of the
equilibria along the x,-axis.
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Proof. Let A= [A,, A,, A;] be the linear operator so that
each A;, i =1,2,3, is a column vector. Since B = —A,, then
X = Ax + f (x)B can be rewritten as

x=(x; — f(X)A; + 5,4, + x3A;, (6)

and then

x=A(x, - f(x),xz,x3)T. (7)
Now, in order to find the equilibria, we equate the vector
field to zero:

0=A(x, - f(x),xz,x3)T. (8)

P ={xeR*: x;>0,
P,={xeR*: x;>0,

Assumption 1. The switching plane SW intersects the
x-axis at the midpoint between the equilibrium points x;

4,
and x;

;"

Proposition 2. Under Assumption 1, each atom P; given by
(10), i =1,2, contains an equilibrium point of the PWL
system (1) given by (2), (4), and (5).

Proof. We want to prove that if a system is given by (1), (2),
(4), and (5), then EIx:ql € P, and Elqu2 € P,. From (9) and
(5), the two equilibrium points are

x;, =(-2,0,0" and x =(a0,0)". (11)

From Assumption 1, the parameter D can be defined as

D = —xg, A, where x, € (x] ,x] ) is the intersection of
eq1 eqy

SW with the x,-axis:

N.-x' =-aA,
eq, ~ (12)
N-x,, =aA
Thus,
N-x, <-D,
i‘h (13)
N-x,, > - D,
from (10) x;, € P, and x;, € P,. O
Proposition 3. If SW =cl(P;)ncl(P,) = {x € R*: 2x,-

x5 = 0}, the stable and unstable manifolds of the PWL system
(1) given by (2), (4), and (5) intersect at two points given by
= ((a/3),0, (2a/3))" and x;, = (—(a/3),0,-(2a/3))".
Proof. The equilibrium points are located at
= (-,0,0)7 and x* = (,0,0). In each atom P;, the
has a local stable manifold (14) of
{x +x*

dimension one given by Wi WED span{vl}} and
a two-dimensional local “unstable manifold given by

equlhbrlum point x_,

N-x"< -Djufxe R*: x, <0,
N.-x'> -D}jufx e R*: x, <0,

Since A #0, it follows that
x; = (f(x),0,0)". (9)

Thus, the equilibria is determined by f (x) given by (5) along
the x,-axis.

According to f (x), the first components of the equilibria
fulfill that x1 <xy

The sw1tch1ng Plane SW has associated an equation
Ax1 +Bx2+Cx3+D N-x"+ D=0, with A>0, and

= (A, B,C) is the normal vector. Then, the atoms P,

i = 1,2, are defined as follows:

N-x'< -D},

N-x"> -D} (1

O
Wi {x+xeq X € span{vz,v3}} Thus, the local mani-
folds are given as follows:

Wi;ql ={x € P,: x; + & = 2x3,x, = 0}, (14)
Wz;ql ={xeP:x +x;3=-a}, (15)
Wi;qz ={xeP,:x; —a=2x;, x,=0} (16)
Wi ={xeP,:x; +x;=a} (17)

eq

According to (18), the stable and unstable manifolds, and
the intersection points are given by

Xjy, = cl( X, >ﬂcl<
X;, =cl(Wf‘* )nal(
2 eds

These points belong to SW. O

) = ((a/3),0, 2a/3)T,  (18)

)—( (a/3),0, 2a/3)T. (19)

Assumption 2. The parameters a and b control the oscil-
lation around the equilibrium point x,;, , and we consider
bla > 10.

Proposition 4. The hyperbolic system given by (1), (2), (4),
and (5) generates a pair of heteroclinic orbits if the switching
surface between the atoms P, and P, is given by the plane
SW =cl(P))Ncl(P,) = {x € R*: 2x; — x5 = 0}

Proof. We want to show that there exist initial conditions
Xg1,Xop € SW, such that two solution curves ¢ (x,;,t) and
@ (Xq, t) of the hyperbolic system given by (1), (2), (4), and
(5) tulfill that ¢(xy,,t) — x:q and ¢ (xy,,t) — x; , s
t — 00 and @(xg,t) — x;, and ¢(x,t) — X;, as
t — —o00; in particular, these initial conditions correspond
to the intersection points cl(WS )ﬂcl(W ) and
cl (Wf(Zq2 YNl (Wzqu ).
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From (2), the linear operator A can be expressed as
A=QEQ, (20)
where Q= [v; v, v;] and
c0 0
E=| 0a -b | (21)
0b a
The intersection points x;, and x;, belong to SW and
X;, € Py and x;, = P,. Because these po1nts x;, and Xx;,

belong to the stable manifolds W3. and W3, , respect1vely,
they are points whose trajectories remain in“atoms P; and
P,, respectively.

By definition, x1 = —xi then, the x,-axis belongs to

the plane SW. The sets cl(W“ )m SW, for i = 1,2, can be
written as follows:
{(0, €, O)T +X, 1 €€ R}, fori=1,2. (22)
Consider the following changes of coordinates
2D =Q (x- X, ) for i = 1,2. Then, the vector field in z
coord1nates for the space given by the atom P; is given by
=Ez®, with i = 1,2.
_Since Q 1(0,e, O)T = (0,-¢,0)7, the sets given by (22) in
2 coordinates are given as follows:
{ (0) €, O)T + Q_l(xini -

X;x_)l €€ IR}, for i=1,2,

(23)

where z;) 0~ Q- (xm -x) = ((-1 1)"'4a/3,0,0)" is a point
on the z; g -axis that corresponds to the transformation of the
intersection points x;, € P; to z(l) € { Ql'(x- Xop ) X € Pl}
fori=1,2.

When t>0, ¢(x;

transformatron of x,, under Q'(x, -Xg,) s

= (4a/3,0,0)T. In a similar way, when t >0, (p(xm , 1),
remains in the atom Pz, the transformation of Xip, under
l(xm2 -x;,) is l(nz = (—4a/3,0,0)". So, z belongs to

the stable man1fold W ., for i = 1,2; then, the trajectories
2D (1) = etz (l) —0 wlzlen t — co. This implies that

t) remains in the atom P, the

m’

Jim 0(3,00) = X5 »

hm go( Xin» )=xeq2.

When £ <0, ¢(x;,,t) leaves the atom P, and enters to
atom P,, the transformatron of x,, " under Q! (x;, * )to
zl(nz) € { Q '(x- o, X € cl(Pz)} is z(z) = (0,0, 20(/3) In
a similar way, when t<0, ¢(x;,,1) leaves the atom P, and
enters to atom P, the transformation of X, under
Q‘l(xmz—x ) to z( ) e {Q I(x - Xa) xecl( )} is

20 = (6,0,~3a/3)". Thus, z,) = (0,0, (-1)2a/3)" is a
pomt on the axis z; j and belongs to (W3, ) fori, j € {1,2}
and i#j .
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With the uncoupled system in z? coordinates, we can
analyze the flow on the plane z{” — z{ and see how the flow
converges at the equilibrium po1nt z* (’ when t — —o0:

2() = az{’ bz3(1 ,

=bz{" + az{", (25)

= o (0) +(=0)),

, then 77 = ar?

Zél)zz(t) +Z§l) (i) _

If 2 = (23) + (2")
¥ = ar, (26)

r=ree. (27)

As 0<a e R, so r —> 0 when t — — 0o. Then, the
trajectories z¥ (t) = e z() — 0 when t — —o0o. This
implies that

lim ¢(x

¥
=X
-0 (m’) eq,’

(28)

lim go( X » ):X:qz’ and

t— — 00

Thus, the heteroclinic orbits are defined as
HO, ={x € ¢(x;,,t): t € (—00,00)},

(29)
HO, —{x € q)( Xin,» ) te (—oo,oo)}.

As example, consider systems (1), (2), (4), and (5) with
the parameters a =0.2,b =5,c = -3,a =1, which fulfills
(10) with the switching surface SW =cl(P;)Ncl(P,)
= {x € R*: 2x; — x; = 0}. Then, heteroclinic chaos emerges
from this system, a double-scroll attractor is exhibited, as
it is shown in Figure 1(b), for the initial condition
x, = (0,0,0)7. O

3. Multiple Self-Excited Attractors

A study on the widening of the basins of attraction of
multistable switching dynamical system with symmetrical
equilibria is performed in [2]. In this study, the increment of
distance between the equilibria of the self-excited double-
scroll attractors increases the basin of attraction of both
attractors. The study also reveals that, for the system under
study, there is a distance at which a hidden double-scroll
attractor emerges.

Based on the idea of generating hidden scroll attractors
from sufficiently separated self-excited attractors, we con-
sider now a partition with more atoms P = {P,, P,, P;, P }
along with the PWL system (1), with A and B given by (2)
and (4), respectively. For this partition, the functional f (x)
is defined in the four atoms as follows:

-a-7y, X€P,
a-7, X € P,,
fx) = (30)
-a+7y, X€Ps
a+y, X€P,
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(a)

F1GURE 1: In (a) the heteroclinic loop of system (1), (2), (4), and (5) with the switching surface {x € R3: 2x,

(®)

— x5 = 0} and the parameters

a=0.2,b=5,c=-3,a=1and in (b) a double-scroll attractor that emerges from an heteroclinic loop using the following initial condition

= (0,0,0)".

where 0 <a,y € R and y > a. Now, there are four atoms and
each atom contains an equilibrium point, x; = (x1 B
x2 ,x3 ) eP, i=1,2,3,4. The first components of the
equ111br1um points fulfill that x* <xj ,i=1,2,3.

There are three switching planés and each switching plane

| crosses the x;-axis and is located between the equi-
o, and x; " i=1,2,3.

SWI i+
librium points x;

The switching plane SW with 4, j € {1,..., 7} has as-
soc1ated an equation A]x1 + B;ix, + ij3 + DJ N;
x' +D;; =0, whereA >0 andN = (A, )1s the

ij2 z]’
normal vector. Then, in order to know ifa point x belongs to

a P; the following conditions are considered:
If xe{xeR’:x>0,N; -x'<-Dl,

then x e P, fora k<i,

If xe {X€R3:X3>O,Nij'XT> _Dij}’

then x e P, fora k=>j,

(31)
If xe¢ {x e R3: x3§0,Nij.XT2 _Dij}’

then xeP, fora k=>j,
If xe{xeR3:x3SO,NU-xT<—Di]-},

then x e P, fora k<i

If x € P, for a k>iand x € P, for a k<j, it follows that
X € P,

The equilibria are located on the x,-axis at

F(y+ )]
X, =l 0 |
L 0 ]
-(y-a)
xeqz = 0 >
-0 (32)
(y-a)
. =l 0 |
L 0 |
(y+a)
x:‘h = 0 >
L 0 |
so X;, € Py, x;, €Py,x; €P;andx; €P,

Assumption 3. The distance between the self-excited
attractors should be big enough to allow the existence of a
hidden double-scroll attractor, so we consider (y/a)=> 10.

Consider three switching surfaces with the following
orientation:

SWi, =c(P)ncl(P,) ={x € R*: 2x; — x5 = -2y},
SW,5 =c(Py)Nncl(P;) ={x € R*: 2x; — x; = 0},
SW,, =c(Py)ncl(P,) ={x € R*: 2x; — x5 =2y},

(33)



which fulfill that
SW; iy Nix e R*: x;>0} € P,

(34)
SW, i N{x € R?: x;<0} € Py,

The switching surfaces given in (33) along with the
condition given in (34) ensure the existence of the four
heteroclinic orbits. Moreover, cl(W” )DW;* + @ and
AWy )NW;, #O. “

As’ exampie, consider the system with parameters
a=02,b=5,c=-3,a=1, and y = 10, the system presents
two self-excited attractors; however, the hidden double-scroll
attractor is not present and a transitory double-scroll oscillation
is exhibited instead. Figure 2(a) shows in blue the trajectory for
the initial condition x, = (0,0, 0)7 for a time ¢ € [0, 150] a.u.
(arbitrary units). Thus, an enough separation of the self-excited
double-scroll attractors is not sufficient to produce a hidden
double-scroll attractor.

The absence of a hidden attractor is related to the
switching plane SW,; and how the trajectories of the
transitory double-scroll cross it near the stable manifolds.
Consider now the following switching surfaces:

SW,, =d(P))nc(P,) ={x € R*: 2x; — x5 = -2y, x; <0},
SW,5 =c(Py)Nncl(Py) ={x e R’: x; =0},
SW5, =cl(Py)Nncl(P,) ={x € R’: 2x; — x5 = 2y,x; > 0}.
(35)
With the change in SW,;, the intersections

cl(W”q )ﬂWS = as well as cl(W“ )ﬂWs =d.
Furthermore, the distance from ¢l (W“ ) N SW2 , to
W;;q NSW,; and by symmetry from cl(W” )ﬁSW23 to
Wi NSW,; allow the trajectories to cross SW2 5 far from
the ‘stable manifolds and allowing the existence of the hidden
double-scroll attractor.

As example, consider the system given by (1), (2), (4), and
(30) witha = 0.2,b =5,c = -3, ¢ = 1,and y = 10 and the new
switching surfaces given by (35). Figure 2(b) shows in blue the
trajectory for the initial condition x, = (0,0,0)” for a time
t € [50000, 51000] a.u. The trajectory reaches the hidden double-
scroll instead of converging to one of the self-excited attractors. A
trajectory has been simulated for a time ¢ > 1000000 to verify that
the double-scroll oscillation is not a transitory behavior and that
the trajectory does not converge to a self-excited attractor.

The construction can be further extended to the number of
scrolls desired just by adding two atoms for each scroll; for
instance, for a triple scroll attractor the partitionis P = {P,, ...,
P} and a possible set of switching surfaces is given by

SW,, =c(P))nc(P,) ={x € R*: 2x; — x5 = -4y, x; <0},

SWys =c(Py)Nncl(Py) ={x e R’: x; = -y},

SW,, =c(Ps)ncl(P,) ={x € R®: 2x; — x5 = 0,x; >0},

SW,s=c(P,)Nncl(Ps) ={x e R*: x, =y},

SWse =cl(Ps)Ncl(Pg) ={x € R*: 2x; — x; = 4y, x5 >0},
(36)

Complexity

with
-a-2y, X€P,
a—-2y, X€P,,
—-a, x € P;,
f(x) =1 (37)
o, x€P,
-a+2y, XE€P;
l a+2y, Xx€P,

Then, the equilibria are located at the xj-axis with

* — * —
xleq -2y -a, xleq -2y +a, Xlpg, =~  Xipg, =
Xleg, =2y — @ and x],, =2y +a.

4. Generalization

The number of scrolls for a hidden scroll attractor exhibited
by the system from the previous section depends on the
number of self-excited attractors. In order to simplify the
description for a large number of scrolls, a generalization is
introduced in this section. Consider a dynamical system
T: X — X whose dynamic is given by

x = Ax + BF (x), (38)

where x = (x,%,,x;)7 € R®> is the state vector,
A= {(xi j} € R*>? is the linear operator given by (2), and F is
a functional such that BF(x) is a constant vector in each
atom P;. The saddle equilibrium point of each atom is given
byx; = (x1 Xy ,x3 yY'= (F(x),0,0), withi = 1,. c 1.
F(x) is definéd as'follows:

F(x) =ag(2(x; — f1(x))) = x3,%3) + f1(x1), (39

where
N,
fi(x) =Y yu(x,+2y(G-D-y(N, -1)),  (40)
j=1

with N, € Z*. The parameters a and y fulfill Assumption 3.
The function u(y) is the Heaviside step function:

1, ify=>0,

“0) :{—1, if y <0, (41

and g is a step function defined as follows:

1, if y>0 and z>0,

-1, ify<0 and z=0,

»Z) = 42
90.2) 1, ify>0 and z<0, (42)

-1, ify<0 and z<0.

Note that g (y, z) is equal to u (y), when z < 0; while, for
z >0, it is similar to u(y) with the only difference that 0 is
mapped to 1 instead of —1.

Please note that —B is the first column of the operator A
and therefore system (38) can be rewritten as follows:

% = Ax - AB(x), (43)
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()

()

FIGURE 2: Simulation of the system given by (1), (2), (4), and (30) witha = 0.2,b = 5,c = =3,a = 1,y = 10, and « = 1 for the initial condition
x = (0,0,0)7 in blue. In (a) the surfaces are defined by (33) and (34), the simulation is shown for t € [0,300]a - u. (arbitrary units), and the
trajectory converges to one of the self-excited attractors in red. In (b) the surfaces are defined by (35) and the simulation is shown for

t € [50000,51000]a - u., and the hidden attractor emerges.

where B: X — X is a vector valued function defined as
follows:

B, ag (2(x; = f1(x1)) = x3.3) + f1(x1)
Bx) =| B, | = 0 ,
B, 0
(44)

such that AB(x) is a constant vector in each atom P;. The saddle
equilibrium point of each atom is now given by
Xe’:;‘ =(x] ,x) , x5 _)T =B(x),withi=1,...,7.

" To understand the form of B(x), it is useful to separate B,
and analyze the effect of each term of the sum, i.e., the effect of
the term ag(2(x; — f,(x;)) — x3,x;) and the effect of
Fr1(x).

First, consider the function f, (x;) whose plot resembles
a stair centered at the origin whose plateaus are of 2y in
height and width. Two examples for N, = 3and N, = 6are
shown in Figure 3.

Thus, f, (x;) generates N, switching planes of the form
{x € R?: x; = € € R}, which are parallel to the plane x, — x;.

Then, f, (x,) generates a partition R = LRI, .. Ry g rofX.

Now, consider the term ag (2 (x, — f; (x;)) — x?, x3), and
this term generates a switching plane {x € R;: 2(x;—
fi(x)—x3=0} fori=1,...,N, + 1. Since f,(x;) takes
N, +1 values, then ag(2(x; - f,(x;)) — x3,x;) generates
N, + 1 switching planes, one for each element of the partition
R. Thus, the elements R; are split and the partition

P= iPl, Py +2} is generated.

In this way, B(x) locates two equilibrium points with a
separation of 2« in the middle of each element R; (along x,)
fori=1,... N, +1. In the partition P, B(x) locates an
equilibrium point in each P; fori=1,...,2N, +2.

Thus, the equilibria along the x;-axis is located in N,
pairs, each pair of nearby equilibrium points have a sepa-
ration of 2a. Let us denote the midpoint of the line that joins
a pair y of nearby equilibriaas cp, withpy = 1,..., (N, +1).
Then, the distance from cp; to c¢p;,, is 2y. The purpose of this
distribution for the equilibria is to allow the existence of
double-scroll self-excited attractors that are separated
enough from other double-scroll self-excited attractors in a
way that these resemble equilibria for the generation of a
bigger scroll attractor at a larger scale. This larger scroll
attractor is indeed the hidden scroll attractor.

The equilibria are located along the x,-axis as follows:

xre‘h = (0)2}/ - Y(le) -
xike% = (1)2)/ - ]/(le) - %
xike% = (2)2y - Y(le) - %

Flegun, 4 = (N, -1)2y-y(N, ) -,
e, o = (N )2y = V(N ) -
Xieg, = 02y —y(N,,) + o,
Xleg, = (2y —y(N, ) +a,
Xleg. = 22y —y(N, ) + @,

xre%le = (le B 1)2)} - V(le) ta

xrequlu = (le)Zy - Y(le) ta
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— N,=3 — N,=6
(a) (b)
FIGURE 3: The plot of the function f, (x,) for (a) N, =3 and (b) N, =6.
The switching planes located in the middle of the self-
excited attractors are given as follows:
3 * *
SWi, ={x eR”: Z(x1 —(xleq1 + a)) —x3=0, x;<xp, +(y- oc)},
SWi, ={x eR’: 2(x1 —(xfeq3 + oc)) - x; =0, x;‘eqz —-(y-—a)<x,< xr% +(y- oc)},
’ (46)

3 * *
= : - —_ = - - < .
SWZI\,XIH,ZJ\,)c1+2 {x eR 2<x1 <xleqwn+1 + rx>> x3 =0, Xequn o (y-a)< xl}

The rest of the switching surfaces are
SW,5 ={x eR’: x= Xygg, (V= oc)},

SWys ={X eR’: x = xfe% +(y- oc)},

3. _* _
SWZNX;Z»ZNX;I = {x eR’: x = Xleg, +(y oc)},

3 *
SWszl,szln = {x eR’: x = Xlegay, +(y- oc)}.
(47)

To illustrate the construction, consider the parameters
a=02,b=5c=-7and N, =1, the system presents two
self-excited attractors and a hidden double-scroll attractor,
which is shown in Figure 4(a).

According to the definition, the attraction basin of a
hidden attractor does not intersect neighborhoods of
equilibria. Figure 5 shows the cut of the numerically eval-
uated basins of attraction given by the plane x; = 0. Each
double-scroll self-excited attractor has its own attraction
basin shown in red and green. Also, the attractor around
these double-scroll self-excited attractors has its own at-
traction basin shown in blue and the intersection of this
basin with the attraction basins of the self-excited attractor is

the empty set. Because all equilibria of the system belong to
the attraction basin of the self-excited attractors, the at-
traction basin of the attractor around the self-excited
attractors does not contain an equilibrium point. So, the
attractor around the self-excited attractors is a hidden
attractor.

Another numerical approach to verify that it is a hidden
attractor consist in performing a long-time simulation of a
trajectory and make sure that the trajectory does not con-
verge to a self-excited attractor. In Figure 6, it is shown that
the simulation for the initial condition x, = (0,0, 0)" with
t € [1000000, 10001000]. This last approach requires less
computing time, so it was the approach used in all the
examples in the manuscript.

For a second example, consider N, = 4; then, the system
presents five self-excited attractors and a hidden 5-scroll
attractor shown in Figure 4(b). Thus, the number of scrolls is
equal to the number of self-excited attractors, which is
N, +L

5. Extension for 2D and 3D Grid Scroll
Hidden Attractors

The approach presented in Section 4 can be further extended
for 2D and 3D grid scroll hidden attractors. The idea is to
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() (d)

FIGURE 4: Simulation of the hidden attractor (in blue) and the self-excited attractors (in red) exhibited by system (43) with parameters
a=0.2,b=5,and ¢ = -7. In (a) and (b) B(x) is given by (44) with N, =1 and N, =4, respectively. In (c) B(x) is given by (48) with
E,=0,E;=1,N, =2, andN =2. In(d)B(x)1sg1venby(48)w1thE2—1E3—1N =2,N,=2,N, =2, and w = 0.2.

add switching surfaces, which are parallel to the planes x; — N,,
x, and x; — x5. f=E, Zyu(xz +2y(k- 1)—y(Nx2— 1)) , (49)
This requires the modification on B(x), for simplicity, k=1

the functions f;(-) are written as f:

f4+f1_w_f2 3—E3<Zyu<< }{)+2y(l—1)— y(N 3—1)>>,
B(X) = f2 > (48) (50)
Ny, LUf
. 7S () a0t -)
fi+—= J=1 14
14
(51)

where
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= lat x; = 0. Red and green dots belong

1
to the basins of attraction of self-excited attractors, and blue dots belong to the basin of attraction of the hidden attractor. In (a) grid of 0.5

and in (b) and (c) grid of 0.1.

=22
X1

Figure 6: Simulation of the hidden attractor exhibited by system (43) with parameters a =0.2, b=5, c=-7, and N

t € [1000000, 10001000].

w w
f4:“9( (M“L%_ 1) <x3—$— 3>’
(52)
(=-4-1))
Y
0
x;,le = x:quD + 0

(Eql)2y - yN,,

where k=1,...,2N, +2 and I=1,...,2N, +2. The
switching surfaces are now restricted on x, and x; and
located according to the new equilibria.

As example, consider the parameters a =0.2, b =5,
c=-7andw=02withE, =0,E3=1,N, =2,andN, =
2 for a 2D-grid scroll hidden attractor shown in Figure 4(c)
andE, =1,E;=1,N, =2,N, =2,and N, =2 for a 3D-
grid scroll hidden attractor shown in Figure 4(d)

=1 for

where (52) w>0, E,, E; € {0,1}, and N, ,N, ,N, € Z".
Let us denote the equilibria found in Sectlon 4 as x*lD

*1D ,.x1D .*1D
Teq;> X2eq;> X3eq, )" for j=1,...,2N, +2. Then, the new

equilibria for the new B(x) in (48) are found from

(x

_wfz ()
0 14
(Exk)2y —yN, |+ 0 , (53)
0 wf,(y)
14

6. Conclusions

In this work, the question of whether or not it is possible to
generate a hidden multiscroll attractor with an arrangement
of scrolls along more than one direction from multiple self-
excited attractors was addressed. It was found that the
separation between self-excited double-scroll attractors and
the switching plane between these self-exited attractors lead
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to the emergence of a hidden attractor. A generalized
construction was proposed for the generation of multistable
systems with self-excited double-scroll chaotic attractors and
a hidden multiscroll/grid attractor. The coexistence of self-
excited attractors and a hidden attractor is presented via
PWL systems and the approach considers for each scroll in
the hidden attractors a self-excited attractor inside the scroll.
As future work, we envision working on the answer to the
following question: is it possible to generate multistability
with more than one hidden attractor?
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