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We use the Hölder regularity analysis to study the symmetry breaking and recovery due to a para-
metric potential generated via the strictly isospectral factorization method. The initial potential
is two-dimensional and periodic in the two Cartesian directions, with the symmetry group P4mm.
The resulting parametric isospectral potential display a Pm symmetry for values of the parameter
moderately close to the singular value �s. However, at large values of the parameter, visually around
� = �s+110, the original symmetry is recovered. For a much higher precision value of the parameter
for this symmetry recovery, we show that the multifractal spectrum of the parametric potential can
be conveniently used. In the latter case, we obtain � = �s+201.085 for three decimal digits precision.
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I. INTRODUCTION

In 1984, Mielnik [1] obtained the parametric Darboux isospectral potential V (x, �) = x2/2� d/dx
⇥
log(e�x2/2+ �)

⇤

for the case of the harmonic oscillator potential, Vharm = x2/2, and since then many parametric isospectral potentials
have been discussed in the literature [2]. Here, Mielnik’s method is applied to a periodic two-dimensional potential
with identical sinusoidal components on both Cartesian axes which is of interest in textures of energy landscapes. The
main goal is to obtain a very precise value (much beyond the visual one) of the Darboux deformation parameter � at
which the symmetry associated to the original potential is recovered. The feature of symmetry recovery in this case
is based on the well known fact that when � ! 1 the parametric deformation goes to zero. From the strict calculus
point of view this comes out from the fact that in equation (6) below, � stands in the denominator of � and as such
the � term goes to zero at increasing �. Physically, it is well known that � is related to the change of boundary
conditions from Dirichlet to Robin ones [3], and so the recovery of the initial symmetry can be controlled through
external fields. We notice that the issue of (super)symmetry breaking and recovery has been discussed previously for
relativistic quantum field models, but focused on the concept of mass generation, see e.g. [4, 5], while in condensed
matter physics, the same issue has been related to phase transitions, either of equilibrium or non-equilibrium type.
The symmetry operations for the chosen periodic potential are ⇡/2 rotations applied at the center of the cell and

reflections over the axis and diagonals, while the deformed potential landscapes only possess a reflection with respect
to the principal diagonal. When the deformation parameter takes a su�ciently high value the symmetry operations
for the deformed potential are very close to the non deformed ones with a high level of precision and one can say that
all the lost symmetries are recovered.
The e↵ect of the deformation parameter is to modify the local maxima and minima distribution in the deformed

potential, which physically implies that the probability density is redistributed over the landscape as a function of
the deformation parameter, and becomes the same as that of the original potential when the deformation parameter
is increased. In practice, the level of the achieved symmetry recovery is high already at moderate values of �, but
we are interested in much more precise values of this parameter such that the initial potential landscape and the
corresponding deformed one can be considered as indistinguishable.
To find such precise values, we use the multifractal analysis which allows to study in detail the distribution of

singularities of a function. The spectrum of singularities depends on the Hölder exponents that are used generically
in the signal processing area since they allow the characterization of the local regularity of a signal or a function
[6]. Moreover, our multifractal approach to isospectral potential energy landscapes and their symmetry recovery
displays similarities with Kolmogorov’s statistical theory of turbulence based on the concepts of energy cascades
and self-similarity, in particular with a symmetry model of multifractal cascades in fully developed turbulence which
incorporates intermittency e↵ects approached by multifractal techniques [7]. As quoted in [7], Onsager related the
Kolmogorov’s -5/3 scaling law of turbulence to the fact that velocity is Hölder continuous of exponent one third. In
addition, it is well known that the isothermal surfaces in a medium of fluid turbulence are fractal above an inner
scale which depends on the Reynolds number [8] suggesting that the same thing may happen with the fractality of
the isospectral landscapes in terms of some scale depending on the deformation parameter.
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II. METHODOLOGY

A. Isospectral texture of energy landscapes

We consider the very simple periodic two-dimensional Schrödinger equation of separable Cartesian variables [9]

2X

i=1

⇥
�r2

i + V�(xi)
⇤
 (xi) = 0, ri =

@

@xi
, (1)

where V�(xi) = cos2(xi) + sin(xi) is the periodic potential function and  (xi) are stationary solutions. Equation (1)
can be factorized by the operators

â†i = �ri + cos(xi), âi = ri + cos(xi) . (2)

Next, we use the isospectral condition [1]

ââ† = b̂b̂† (3)

to obtain the two Riccati equations

V+(xi) = �2
i (xi) + �0

i(xi), V+(xi) = cos2(xi)� sin(xi) (4)

whose general solution is

�i,g(xi) = cos(xi) + �i(xi) = cos(xi) +
e�2 sin(xi)

�i +
R xi

0 e�2 sin(x0
i)dx0

i

(5)

from which one can generate the deformed potential

V�1,�2(x1, x2) =
2X

i=1

[V+(xi)� 2ri�i,g(xi)] =
2X

i=1

[V�(xi)� 2ri�i(xi)] . (6)

From the last two equations, one can see that there is a value of � where the isospectral potential becomes singular;
this value is given by �s = �2⇡I0(2) [10], where I0 is the modified Bessel function of zero order.

The figures 1 (a,b) show the original potential V�(xi) and the deformed one (6), respectively. The contour plots
have been used to classify the symmetry groups related to these potentials.

(a) (b)

FIG. 1: Three-dimensional plots of (a) the original potential V�(x1,2) and (b) the parametric isospectral potential V�1,2=5(x1,2).

B. Hölder regularity and multifractal analysis

Functions displaying singularities are characterized by the singularity spectrum which measure their strength
through their Hölder exponents ↵. The calculation of the singularity spectrum is performed only for one coordi-
nate since for the other one it is identical.
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It is known [11] that a function f has a Hölder exponent ↵ over (c+ ✏, d� ✏), if and only if for any ✏ > 0 there exists
a constant A > 0 such that for x0 2 (c + ✏, d � ✏) and for a > 0 we have |Wa,x0f(x)|  Aa↵+1/2, where Wa,x0 is the
wavelet transform of f , an integral transform with wavelets as integral nuclei [11]. In our case, with f(xi) = V�i(xi),
we have |Wa,x0V�i(xi)|  Aa↵+1/2, which is equivalent to

log |Wa,x0V�i(xi)|  logA+

✓
↵+

1

2

◆
log(a). (7)

The value of ↵ in (7) corresponds to the Hölder exponent of V�i(xi) at the point xi = x0 [11].
We will also use the fractal dimension of a function f defined as

D(↵) = � logN↵(s)

log s
, (8)

where N↵(s) is the number of intervals of size s intersecting the set S↵ of points where the function is Hölder
continuous, i.e., its modulus of continuity is bounded by |f(x0)� f(x0 + s)|  C|s|↵ for any point x0 2 S↵.

In this work, the Hölder exponents depend on the deformation parameters �i. Therefore we obtain a family of
singularity spectra related to the set of isospectral potentials.

III. RESULTS AND DISCUSSION

The plots in figure 2 (a-h) represent the evolution of the symmetry on the tiles as a function of the deformation
parameter �, starting with the tiles of symmetry group P4mm related to the original potential. Because of the
isospectral transformation, the group is modified to Pm symmetry group, but when the deformation parameter �
takes values bigger than a critical value a return to the original group P4mm can be seen in figure 2. The symmetry
group classification is according to [12]. Since the critical value of � cannot be determined only from the contour plots
of the parametric potentials, we analyze their Hölder regularity to find a very accurate value.

(a)Original potential (b)V�1,2=�s+5(x1,2) (c)V�1,2=�s+10(x1,2)

(d)V�1,2=�s+50(x1,2) (e)V�1,2=�s+100(x1,2) (f)V�1,2=�s+150(x1,2)

FIG. 2: Convergence to the original tile.

The original potential has an associated multifractal spectrum given in figure 3 that is used to find the approximated
critical value of the deformation parameter. The precision of this method can be seen in the figures 4 that show the
region where the multifractal spectra are di↵erent for the studied potentials.

The results show that the multifractal spectrum of the original potential is recovered when the deformation param-
eter takes rather big values. To establish a precise value for the deformation parameter in terms of local regularity we
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use the method of lines of modulus maxima with the Mexican hat wavelet. The method provides a full characterization
of the potential generating a table of Hölder exponent values for the considered potential whose positions vary as a
function of the deformation parameter. Moreover, we can introduce a condition of equivalence of two potentials as
follows:

Two potentials are equivalent when the number of singularities and Hölder exponents of the potentials are the same

and are located in the same neighborhoods.

We thus present in Table 1 the Hölder exponent values and their locations for the original potential and the
isospectral parametric potential at the determined values of the deformation parameter at which the values of Hölder
exponents (↵) are as close as numerically possible to the values of the original potential, while their position (x0) may
be considered in a small neighborhood of the original locations. Proceeding in this way, we find that the critical value of
� at which the symmetry group of the original potential is recovered is in the interval �s+201.084 < � < �s+201.085.

(a) (b)

FIG. 3: Convergence to the multifractal spectrum of the original potential V�(x).

(a) (b)

FIG. 4: Amplification of the convergence region for the multifractal spectrum.
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V�(x) �s + 10 �s + 50 �s + 100 �s + 201.084 �s + 201.085

x0 ↵ x0 ↵ x0 ↵ x0 ↵ x0 ↵ x0 ↵

5 1.978 32 1.575 5 1.909 5 1.955 5 1.975 5 1.975

170 1.963 118 1.844 172 1.959 171 1.959 170 1.963 170 1.963

314 1.960 193 1.958 313 1.960 314 1.960 314 1.960 314 1.960

459 1.966 310 1.956 460 1.964 460 1.965 459 1.966 459 1.966

619 1.999 459 1.954 599 1.924 609 1.996 617 1.998 617 1.999

For �s + 201.085, all ↵’s but one are identical to those of V�(x) up to three decimal digits.

TABLE I: Hölder exponents (↵) and their position (x0) for the original potential and five members of the family of parametric
isospectral potentials, of which the last two are separated by only 1 · 10�3 in the deformation parameter.

IV. CONCLUSION

We have shown through a simple illustrative example that the contour plots of parametric potentials which are
supersymmetric isospectral to periodic potentials provide interesting energy landscapes in which the electrons may
move in a material planar slab. They display symmetry properties of much interest in materials science such as
symmetry breaking and the recovery of the symmetry group related to the initial landscape.

As shown here, the multifractal analysis provides a high-precision measure of the convergence of the deformed
potentials to the original one when the deformation parameter takes big values. Using this kind of analysis, we can
establish a relationship between the multifractal spectrum and the symmetry breaking in terms of equivalence of
their multifractal spectra. Highly precise values of the critical deformation parameter can be obtained through the
convergence of Hölder exponents for the deformed potential to those of the original one.

In materials science, there are other issues that can be approached by multifractal analysis. An example of transition
of symmetry groups Pm ! P4mm as in our study occurs in a phase transition of ferroelectric type due to temperature
changes in a ceramic solid solution [13].

Furthermore, the parametric isospectral (supersymmetric) energy landscapes that we have introduced here have
potential applications to areas such as electron transport in semiconductor superlattices, optical superlattices, and
trapped ultracold atoms, to name just a few. Besides, more complicated isospectral energy landscapes can be con-
structed by using factorization operators with more periodic components.
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