o A
IPICYT

INSTITUTO POTOSINO DE
INVESTIGACION

CIENTIFICA Y TECNOLOGICA, A.C.

POSGRADO EN CONTROL Y SISTEMAS
DINAMICOS

Coexistence of stable states in a biparametric
family of bimodal maps.

Tesis que presenta
Francisco Alejandro Jiménez Valdivia
Para obtener el grado de
Maestro en Control y Sistemas DinAmicos

Director de Tesis:

Dr. Eric Campos Canton

San Luis Potosi, S.L.P., julio de 2024



foo A
IPICYT

Constancia de aprobaciéon de la tesis.

La tesis Coexistence of stable states in a biparametric family of
bimodal maps presentada para obtener el Grado de Maestro en Control y
Sistemas Dinamicos en la opciéon control y sistemas dinamicos fue elaborada
por Francisco Alejandro Jiménez Valdivia y aprobada el dd de mm de
2024 por los suscritos, designados por el Colegio de Profesores de la Division
de Control y Sistemas Dindmicos del Instituto Potosino de Investigacion
Cientifica y Tecnologica, A.C..

Dr. Eric Campos Canton
(Director de la tesis)

Dr. Cesar Octavio Maldonado Ahumada
(Sinodal de la tesis)

Dr. Haret Codratian Rosu
(Sinodal de la tesis)

Dr. Juan Gonzalo Barajas Ramirez
(Sinodal de la tesis)

i



f&x A
IPICYT

Créditos Institucionales.

Esta tesis fue elaborada en la Division de Control y Sistemas Dindmicos
A.C. del Instituto Potosino de Investigacion Cientifica y Tecnologica, A.C.,
bajo la direccion del Dr. Eric Campos Canton.

Durante la realizacion del trabajo el autor recibié una beca académica del
Consejo Nacional de Humanidades, Ciencias y Tecnologias (No. de registro
1241841) y del Instituto Potosino de Investigacion Cientifica y Tecnolégica,
A. C.

il



Copia del acta del examen

v



A mis padres, Ma. Alejandra Valdivia y Francisco Jiménez, quienes con su

incondicional apoyo, formacion y valores, han sido la base fundamental
para que esto sea posible. A mi querido asesor, Dr. Eric Campos Canton,
cuya orientacion y guia han sido indispensables en este camino. Sin ellos,
este logro mo habria sido alcanzado.



Agradecimientos.

Quiero expresar mi enorme gratitud por el valioso conocimiento, apoyo
y mentorfa proporcionados por el Dr. Eric Campos Cantén en el de-
sarrollo de este trabajo. Sin su invaluable contribucién, este proyecto
no habria sido posible.

Agradezco enormemente al Dr. Cesar Maldonado, cuyo estimulo y ori-
entacion despertaron mi interés en el area de los sistemas dindmicos
discretos. También le agradezco sinceramente por aceptar ser mi sin-
odal, su apoyo ha sido fundamental en este proceso.

Quiero agradecer al Dr. Gonzalo Barajas Ramirez por su invaluable
apoyo, por compartir su vasto conocimiento y por aceptar amablemente
ser mi sinodal. Su presencia siempre llena de carisma ha sido un ver-
dadero motor de inspiraciéon en cada paso de este proyecto.

Agradezco al Dr. Haret Codratian Rosu por aceptar ser mi sinodal y
por compartir su valioso conocimiento en este trabajo.

Agradezco infinitamente a mi asesor de licenciatura, el Dr. Kayim
Pineda Urbina, por su total apoyo en mis decisiones. Su confianza en
mis capacidades y su constante aliento para perseguir mis suenos han
sido invaluables.

Agradezco profundamente a mis padres, a mi amada madre Marfa del
Carmen Castillo y a mi querido padre Mateo Valdivia, quienes siempre
me brindaron su incondicional apoyo y bendicion. Aunque partieron
antes de este logro, sé en lo mas profundo de mi corazéon que, estén
donde estén, ellos estaran orgullosos de mi. Los amo para siempre.

vi



Agradezco el apoyo de cada uno de mis queridos companeros de maestria:
Fernando Flores, Juan Manuel Cérdenas, Javier Qui y Alberto de La
Rosa. Sin su ayuda en todos los aspectos, este logro tampoco habria
sido posible.

Agradezco profundamente a mi querida companera, Paulina Elizabeth
Vera Torres, por su constante apoyo en cada paso de esta maestria.
Gracias a su dedicacion y acompanamiento, este logro fue posible.

Quiero expresar mi profundo agradecimiento a mi mejor amigo, Carlos
Fernando Diaz Torres, quien siempre me alenté en cada decision que
tomé. Siempre crey6 en mi, incluso més de lo que yo podia creer en mi
mismo.

Finalmente, pero no menos importante, quiero expresar mi mas sincero
agradecimiento a la Senora Marta Elena Cuello Garza. Su enorme y
maravilloso apoyo fue fundamental en este logro. Sin su ayuda, defini-
tivamente esto no habria sido posible.

vii



Contents

Resumen xiii
Abstract xiv
1 Introduction 1
1.1 Multimodals maps . . . . . . . .. ..o 1

1.2 Monostability, bistability, trapping region and invariant set in
dynamical systems . . . . . ... ... 5
1.3 Motivation . . . . . ... Lo 9
1.4 Objective . . . . . . . 10
1.5 Organization . . . . . . . . ... ... 10
2 Mathematical preliminaries 12
2.1 Topology of the Real Numbers . . . . . . ... ... ... ... 12
2.2 Linear Algebra . . . . . .. ... ... 16
2.3 Mathematical Analysis . . . . . . ... ... L. 17
2.4 Discrete-time Dynamical Systems . . . . . .. ... ... ... 19
3 Bistability in a bimodal map 25
4 Families of bimodal maps 53

viii



4.1 The monoparametric family of maps for the parameter 5, . . .

4.2 The monoparametric family of maps for the parameter j;

4.3 The monoparametric family of maps for the parameter v . . .

5 Conclusion

X



List of Figures

1.1
1.2
1.3
1.4
1.5

1.6
1.7

4.1

4.2

4.3

4.4

The logistic map for different values of the parameter a.

The Tent map for different values of the parameter pu. . . . . .
Family of multimodal maps based on the logistic map [1]. . . .
Difference map showing different values of the parameter f3.

Image first presented in 1915 with the title "My Wife and My
Mother-in-law’, where the bistability in visual perception is
demonstrated [2]. . . . . ...

Bistability in the energetic description of a system. . . . . . .

Logistic map for different values of o € (0,4] C R: (a) « = 3.8
and (b) a=4.. . . ..

Bimodal maps of the monoparametric family fp (4.1) for dif-
ferent values of 55. The black line corresponds to By = 2, the
red line By = 3, and finally, the blue one So =4. . . . . . . ..

Cobweb diagram for the bimodal map fp with #; = 3 using
the initial condition zyp =0.68 € A5(3). . . . . ... ... ...

Orbit of the bimodal map fp with $; = 3 using the initial
condition xy = 0.68 € Ay(3), where it’s possible to observe
the convergence of the trajectory towards the attractor fixed

. .
polnt 5 = —. . ..

4

Cobweb diagram for the bimodal map fp with gy = 3 with
initial condition zg = 0.85 such that z¢ ¢ A2(3). . . . . . . ..

o4

o8

29



4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

Cobweb diagram for the bimodal map fp with 8y = 3.3 using
different initial conditions ¢ € A9(3.3); xo =0.87. . . . . . ..

Orbit of the bimodal map fp with 5, = 3.3 using the initial
condition zy € As(3.3); o = 0.87, where it’s possible to ob-
serve a period-two orbit. . . . . . ... ...

1
Cobweb diagram for the bimodal map fp with gy = 3+T\/_7

3+\/ﬁ>

using the initial condition zy = 0.61 € A, ( 5

Cobweb diagram for the bimodal map fp with f; = 3.57 using
the initial condition zy = 0.61 € A5(3.57). . . . . . ... ...

Bifurcation diagram of the bimodal map fp given by (4.1)
with respect to the parameters 5, and [y, where §; = 2 and
Ba € (0,4] CR.

Bimodal map fp (4.4) with v = 4, f = 3.56 and different
values of ;. The black line represents 5; = 2, the red line
[ = 3, and finally, the blueone 5y =4. . . . . . . . . ... ..

(a) Cobweb diagram and (b) orbit of the bimodal map fp with
b1 =2, =356 and xo =0.0357€ A;. ... ... ...

(a) Cobweb diagram and (b) orbit of the bimodal map fp with
Bl =2, o= 3.56 and zo = 0.6557 € Ap(3.56). . . . . . .. ..

(a) Cobweb diagram and (b) orbit of the the bimodal map
fp with g1 = 2.5 and 5 = 3.56 using the initial condition
To — 0.9502 ¢ A2(356) .......................

Bifurcation diagram of the bimodal map fp given by (4.4)
with respect to the parameters 5, and [, where 35 = 3.56
and ﬁl € (0,4] ..........................

Bimodal map fp (4.5) with v =4, 51 = [ = 4 and different
values of v € (0,4]. The black line represents v = 2, the red
line v = 3, and finally, the blue oney=4. . .. .. ... ...

Cobweb diagram for the bimodal map fp for: a
the initial condition zp = 0.9157, and b) v =
initial condition ¢ = 0.7922. . . . . . . . . ... ... ...

N —

x1

60

62



3+ V17

2
using the initial condition xy = 0.0357 € [0,1]. . . . . .. . .. 80

4.17 Cobweb diagram for the bimodal map fp with v =

4.18 Cobweb diagram for the bimodal map fp with v = 3.6 using
the initial condition zo = 0.8491 € [0,1]. . . . ... ... ... 82

4.19 Cobweb diagram for the bimodal map fp with v = 4 using
the initial condition zo = 0.9340 € [0,1]. . . . ... ... ... 83

4.20 Bifurcation diagram of the bimodal map fp given by (4.5)
with respect to the parameter vy € (0,4 € R. . . . ... .. .. 84

xii



Resumen.

Demostramos la existencia de la monoestabilidad y la biestabilidad en el
sentido de Lyapunov en dindmicas no lineales discretas y discutimos las
propiedades asociadas con este comportamiento. Especificamente, introduci-
mos las condiciones necesarias para asegurar la ocurrencia de biestabilidad
dentro de una familia paramétrica de mapeos bimodales, basados en el mapeo
diferencia. El mapeo bimodal esté definido dentro de una particiéon regular
que consiste en dos subintervalos. En esta investigacion, presentamos tres
casos de estudio: el primer caso corresponde a mantener fijo la primera moda,
mientras que la segunda moda cambia segiin un parametro de bifurcacion.
En el segundo caso, la primera moda cambia segtin otro parametro de bi-
furcacion mientras que la segunda moda permanece fija. En el tercer caso,
ambos puntos criticos asignados a las modas cambian segin un parametro
de bifurcaciéon. Se muestran diagramas de bifurcaciéon para los tres casos
de estudios y nos permiten identificar conjuntos invariantes o regiones de
atrapamiento en cada subintervalo. Posteriormente, se definen dos conjuntos
invariantes para habilitar biestabilidad. Por lo tanto, la monoestabilidad y
biestabilidad aparecen en familias paramétricas de acuerdo con el control de
conjuntos invariantes y regiones de atrapamiento al variar un parametro de
bifurcacién. Los resultados numéricos se alinean con la teoria desarrollada.
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Abstract.

We demonstrate the emergence of monostability and bistability in Lyapunov
sense in discrete-time nonlinear dynamics and discuss the properties associ-
ated with this behavior. Specifically, we introduce the necessary conditions
to ensure the occurrence of the bistability within a parametric family of bi-
modal maps, based on the difference map. The bimodal map is defined within
a regular partition consisting of two subintervals, and we present three case
studies: the first case corresponds to keeping the first modal fixed, while the
second modal changes according to a parameter. In the second case, the
first modal changes according to another parameter while the second modal
remains fixed. In the third case, both critical points assigned to the modals
change according to a bifurcation parameter. Bifurcation diagrams are shown
for three case studies and let us identify invariant sets or trapping regions in
each subinterval. Subsequently, two invariant sets are defined to enable the
bistability. Therefore, monostability and bistability emerge in parametric
families based on the control of invariant sets and trapping regions through
variations in a bifurcation parameter. The numerical results are consistent
with the developed theory.
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Chapter 1

Introduction

In this chapter, we provide a historical overview of multimodal maps, as well
as monostability and bistability, including their study and analysis within
dynamical systems. We also introduce the concepts of trapping regions and
invariant sets, examined in both discrete-time and continuous-time dynami-
cal systems, such as the logistic map and the Lorenz attractor. Additionally,
we discuss the motivation behind this work and outline the objective we aim
to achieve. The chapter is structured into five sections: the first provides a
brief overview of multimodal maps; the second delves into the background of
multistability, with examples of monostable and bistable dynamical systems
and important applications of multistability, as well as the concepts of trap-
ping regions and invariant sets. The third section explains the motivation for
this thesis, and the fourth section concludes with the objective of this work
and an outline of the thesis.

1.1 Multimodals maps

A monoparametric multimodal map f(x,«): I — I, where I C D CRis a
map that contains more than one maximum critical point in the interval 7,
which in this context are called modals and are denoted by C;. These modals
represent local maxima or minima, so if there is only one modal denoted by
Cy within I, then the map is called unimodal; if it exhibits two modals C; in
I with i = 0,1, then it is a bimodal map. [1].

1



Two well-known examples of monoparametric unimodal maps are the lo-
gistic map [1]

fo(z,a) = ax(l —z) where « € (0,4] CR,
and the tent map 3|

fr(z,p) = where p € (0,2] C R,
u(l—z) forx >

DN | —

Tk for x <

—_

57
since we know that both maps have a single modal in the interval I = [0,1] C

R, where these modals are located at (Cy, f1(Co, ) = (%, %) for the lo-
gistic map and at (Cy, fr(Co, p)) = 33
and 1.2 depict the logistic map and the tent map for different values of their
respective parameters. Once a brief introduction of what a unimodal map is
given, we will address what a multimodal map is. We know that a unimodal
map has only one modal in the interval where it is defined; consequently, a
multimodal map exhibits multiple modals within the defined interval. Figure
1.3 shows a family of multimodal maps. A family of maps that satisfy the
brief definition given of a multimodal map are bimodal maps, which exhibit
two modals within the interval where they are defined. ~An example of a
monoparametric bimodal map is the difference map [4]

1
E) for the tent map. Figures 1.1

2px(1 — 2x) for 0 <z < %,
fD(‘rvﬁ) =
2B(x — 1)(1 — 2x) for% <z <l

Where 8 € (0,4] C R. The difference map fp is constructed by taking the dif-
ference between the logistic map and the tent map, thus creating a quadratic
map that contains two unimodal maps within the interval I = [0,1] C R.
Further elaboration on the aforementioned is provided in Chapter 2. The
difference map serves as inspiration for the study carried out in this research
work, turning the difference map into a biparametric map (dependent on
parameters 3; and (33). Figure 1.4 illustrates the difference map.

2
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Figure 1.4: Difference map showing different values of the parameter [.

After providing a brief explanation of multimodal maps, we will gain a
clearer understanding of what constitutes a family of monoparametric and
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biparametric bimodal maps. This concept is crucial because, within this fam-
ily, we will investigate the necessary conditions for achieving monostability
and bistability.

1.2 Monostability, bistability, trapping region
and invariant set in dynamical systems

Stability can have different meanings and definitions in the field of dynami-
cal systems, but in this chapter, our goal is to provide a clear interpretation.
We use the term stable (specifically monostable in this context) to describe
a system that maintains a consistent behavior within a defined set of bound-
aries over time, showing only one stable state. If the same system exhibits
this behavior within two different sets of boundaries, it is termed bistable,
indicating two stable states. Generally, if a system exhibits this behavior
across multiple separate sets of boundaries, it is called multistable, meaning
it has multiple stable states.

To explain further, a stable discrete dynamical system is one where initial
conditions lead to orbits—sequences of points that describe the system’s
evolution as time progresses—that converge towards a fixed point. When
orbits converge towards a specific region instead of a single fixed point, we
refer to it as generalized stability. In monostable systems, all orbits from
initial conditions converge towards a single fixed point. In bistable systems,
orbits from different initial conditions converge towards one of two possible
fixed points. Similarly, in multistable systems, orbits can converge towards
multiple distinct fixed points.

The term multistability was first introduced in 1971 in the context of a
psychological study on visual perception [2|. This study explored how a single
image could be interpreted in fundamentally different ways depending on the
viewer’s initial visual focus. It demonstrated that the same visual input could
lead to various distinct perceptions, each representing a different stable state.
This observation gave rise to the concept of multistability, which suggests
that an image—or more broadly, a system—can exhibit multiple stable states
or attractors, each of which can be perceived or realized depending on initial
conditions or contextual factors. In essence, multistability reflects the idea
that certain visual stimuli or dynamic systems can possess several equally



Figure 1.5: Image first presented in 1915 with the title ’My Wife and My
Mother-in-law’, where the bistability in visual perception is demonstrated

2].

valid and stable interpretations or states, depending on how they are observed
or interacted with. In the field of dynamical systems, in brief, a multistable
system has the ability to have multiple stable states [5]. If we relate visual
multistability to dynamical systems, we say that the initial visual focus is
analogous to the initial condition, which, depending on where we place our
initial visual focus, will be the perception we have of a multistable image,
where each possible perception is a stable state.

In Figure 1.5, we observe a bistable image, a classic example of multi-
stability in visual perception. This type of image illustrates how the same
visual stimulus can be interpreted in multiple stable ways. Specifically, if we
focus our attention on point c¢ in the image, the figure that appears is that
of a young woman. This interpretation is based on the characteristics of the
face and profile that are configured when focusing on point ¢. On the other
hand, when we direct our attention to point a, the image reveals the figure
of an elderly woman. In this perspective, the facial features are rearranged
in such a way that the image is perceived as the face of an older woman.



.
-

X

Figure 1.6: Bistability in the energetic description of a system.

In this work, as mentioned earlier, the characteristics of interest are
monostability and bistability. In Figure 1.6, we can observe the energy graph
of a system that exhibits two stable states (bistability), in which three equi-
librium points are denoted by colored spheres and marked with the numbers
1, 2, and 3. Let us observe that equilibrium points 1 and 3 are stable,
while equilibrium point 2 is unstable. Note that if we consider only the
interval X; < X < X,, the system is monostable, similarly considering
Xy < X < X3. Additionally, note that the equilibrium point X5 is both the
upper and lower bound in these defined intervals. With this, it is evident
that under any arbitrary initial condition, regardless of how close it is to the
unstable equilibrium point, the trajectory will converge to the respective sta-
ble equilibrium point depending on the interval in which the initial condition
lies.

The logistic map fr(z,a) = az(1l — z) is clearly an example of a monos-
table system, exhibiting two equilibrium points (fixed points in discrete time)

—1
in the interval I = [0,1] C R, which are x = 0 and z = @ . We say that

the logistic map is a monostable system because for 0 < « g 4, the dynamics
converge to a fixed point of f; or remain within the interval /. It is observed
that when the parameter 0 < a < 1, the point & = 0 is the only stable point
in the interval I = [0,1] C R. However, when 1 < a < 3, the origin changes

7



0 0.5 1

Figure 1.7: Logistic map for different values of @ € (0,4] C R: (a) a = 3.8
and (b) a = 4.

a—1
from stable to unstable, and the point x = —— becomes stable. However,

when 3 < a < 4, both equilibrium points arg unstable. Nonetheless, if we
wish to study when the dynamics diverge, that is, when the dynamics no
longer remain within the interval I, we can observe that for a > 4, the dy-
namics escape from the interval I after a certain number of iterations. This

1
is because the modal of f; is located at (Cy, fr(Co,a)) = (5, %), SO we

observe that for a > 4, the modal does not belong to the interval I, since
«
1 > 1. Therefore, when v > 4 the logistic map is not a monostable system.

However, two important concepts arise here, which are trapping region and
invariant set.

Let us observe in Figure 1.7a the behavior of the logistic map when the
parameter o = 3.8, while in Figure 1.7b when o = 4, both for initial condi-
tions within /. We can observe from Figure 1.7a that when a = 3.8, it holds
that fr(I) C I since it does not cover the entire interval I, whereas when
a = 4, we satisfy fr(I) = I as we see that the trajectory covers the entire in-
terval I. With this, two fundamental concepts for the study of monostability
and bistability in a family of bimodal maps are introduced, namely trapping
region and invariant set. Thus, briefly, we can observe that when 0 < a < 4,
there exists a trapping region since fr(I) C I, and when o = 4, there is an
invariant set, as fr(I) = I is fulfilled. The precise definitions of trapping
region and invariant set are provided in Chapter 2.



We will review some applications and studies of the multistability in dy-
namic systems of science and technology. As mentioned earlier, multista-
bility appears in different dynamic systems within science and technology.
For example, in Biology, genetic switches have been constructed in biological
systems that exhibit multistability [6]. In physics, the study of multistabil-
ity in networks of oscillators [7], and within Chemistry, the bi-stability and
multi-stability occurring within an ethanol reactor have been studied using
numerical tools [8]. Some other studies include the investigation of multi-
stability in symmetric chaotic systems [9], multistability of self-reproducing
chaotic systems [5], the study of multistability in a discrete economic model
[10], multistability in a memristive chaotic system [11], the multistability in
social systems [12], among others [13].

The bistability is essential in neuronal dynamics, as it is present in neu-
ronal interactions as well as in cellular signaling [14]. Within climatolog-
ical dynamics, coexisting attractors related to bistability have been found
through deep oceanic convection |15, 16]. Similarly, in electronics, multivi-
brators—classified as astable, monostable, and bistable—play a crucial role.
An astable multivibrator alternates continuously between two states, gener-
ating a square wave without an external input signal, and is commonly used
in clock generators and oscillators [17]. A monostable multivibrator has one
stable and one unstable state; upon receiving a trigger, it switches to the
unstable state for a period before returning to the stable state, making it
useful for timing applications such as pulse generators [17]. A bistable multi-
vibrator, or flip-flop, has two stable states and remains in one state until an
external signal switches it to the other. This type is fundamental in digital
memory construction and data storage registers [18]. These configurations
are widely used in digital and analog electronics for various synchronization,
storage, and signal generation functions.

1.3 Motivation

The dynamics of a family of multimodal maps with non-uniform intervals
have been previously studied [19], where it was found that a bifurcation
parameter could induce changes in the dynamics of this family. That work
serves as motivation, as multistability was numerically observed; however,
the study of multistability was not the primary objective of that research.



Inspired by the multistability observed in this previous work, this investi-
gation focuses specifically on monostability and bistability within a family of
parametric bimodal maps with uniform intervals, from both theoretical and
numerical perspectives.

This work takes as its starting point the investigation of a family of bi-
modal maps with uniform intervals, with the purpose of approaching this
work from a less complex standpoint, as well as becoming familiar with
the study of multimodal maps. Subsequently, once the considerations for
the existence of bistability in a family of bimodal maps are established, the
conditions for the existence of monostability within this map are provided.
Later, to verify the theoretical study, the relevant simulations are carried out
to demonstrate a relationship between the numerical and theoretical results.

1.4 Objective

The general objective of this thesis is to study the necessary conditions to
guarantee the existence of monostability and bistability in a parametric fam-
ily of bimodal maps. Specific objectives include constructing a series of
propositions to ensure monostability and bistability, followed by conduct-
ing numerical simulations based on these propositions to verify and observe
bistability. Another specific objective is to characterize trapping regions, as
well as invariant sets and points within this family of maps.

1.5 Organization

This thesis is divided into chapters. Chapter 1 provides a brief overview of
multimodal maps, including a historical review of multistability. A dynamical
system is presented to illustrate monostability, as well as to define invariant
sets and trapping regions. Finally, the applications of monostability and
bistability in science and technology are discussed. The chapter concludes
with an explanation of the motivation behind this work and the general and
specific objectives of the thesis.

Chapter 2 introduces the definitions and theorems that form the foun-
dation for demonstrating the obtained results and enriching the theoretical

10



development. Additionally, this chapter defines the parametric bimodal map
based on the difference map, which will be used to study bistability. Chapter
3 presents the analytical results, including a series of propositions that ensure
bistability in the proposed bimodal map from Chapter 2.

Chapter 4 presents three case studies based on the proposed bimodal map.
For each case, the relevant analytical and numerical results are provided using
the findings from Chapter 3, aiming to demonstrate the relationship between
theoretical and numerical results and to observe monostability and bistabil-
ity. Chapter 4 concludes with the presentation of bifurcation diagrams for
each case study. Finally, Chapter 5 presents the conclusions and outlines
directions for future work.

11



Chapter 2

Mathematical preliminaries

In this chapter, important mathematical foundations that appear throughout
the development of this research are presented. The content presented in this
chapter consists of definitions and theorems within the field of real number
topology, linear algebra, mathematical analysis, and discrete dynamical sys-
tems. Additionally, definitions of unimodal and bimodal maps are provided
in this chapter, along with examples of these aforementioned maps, conclud-
ing with the bimodal map used for the development of this research.

2.1 Topology of the Real Numbers

Below are some definitions found in the field of real number topology. These
definitions will help us better understand concepts presented in this chapter,
as well as the analytical results obtained. The definitions and theorems
within this section include: the existence of a norm, interior point, open set,
closed set, bounded set, compact set, and metric space [20].

Definition 1 Let = (21,29, -+ ,p_1,2,) and Y= (Y1, Y2, ,Yn—1,Yn) be
in R™. We define;

a) Equality:
r=1y if, and only if, T1 =y, T2 =Y2, ", Tp-1 = Yn—1,Tn = Yn-

12



b) Sum:

T+ Y= (331+?/1a$2+y27"' >$n—1+yn—1axn+yn)-

¢) Multiplication by real numbers (scalars):

ar = (axry,axs, - ,ar, 1,ar,) a € R.

d) Difference:
r—y=z+(-1)y.

e) Zero vector or origin:

0=(0,0,---,0,0).

f) Inner product or dot product:

T-y=> Ty
k=1

1/2
il = (o 21" = (z )

Theorem 1 Let x and y be points in R™, then

g) Norm o length

L 2] =0
2. |laz]| = falz] Vo € R
3. z-yl < |||yl Cauchy-Schwarz inequality

4. le+yll <zl + [yl Triangle inequality.

With the existence of a norm in the space R", we can provide the definition
of an n-ball. This definition is presented in order to enunciate and define in
a clearer way the concepts of sets presented later.
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Definition 2 Let a be a point in R"™ and let r € RT. The set of all points x
in R™ such that
|lz—al <7

is called an open n-ball of radius r with center at a, usually denoted as B(a,r)

or B(a) [20].

Definition 3 Let S C R" and a € 8. Then a is called an interior point of
S if there exists a B(a) where all its points belong to 8§ [20].

From Definition 2, we observe that we have an n-ball whose boundary is
not contained since the distance between any point x contained in the ball
(different from its center) and its center  must be strictly less than its radius
r. In Definition 3, an interior point is defined, where this point is interior if
it belongs to a set & and there exists an € > 0 such that the n-ball centered
at a with radius ¢ is completely contained in 8. In mathematical context, it
is expressed as

Jde > 0 such that B(z,¢) C 8.

Note that the radius r presented in Definition 2 is replaced by e, however,
the interpretation is the same for both cases. Next, the definition for an open
set is presented, this definition is given since following Definition 4, using the
definition of an open set, what a closed set is defined.

Definition 4 A set & € R" is called open if all its points are interior points

[20].

Definition 5 Let 8§ C R" be a set, S is said to be closed if its complement is
an open set [20].

If we observe, the previous definition mentions a set operation called com-
plement, let us remember that this operation generates a new set, usually
denoted as 8¢ C R" containing the elements that do not belong to the set S,
mathematically it is expressed as

8={zeR":x¢8}
so that if we take the union of these two sets

$Us =R"

14



and according to the definition of complement, we know that the elements
not contained in the set 8 necessarily have to be in 8¢, therefore, 8¢ has to
be a closed set in order to generate the entire space R"™ where these sets are
defined. Despite the previous definition, an alternative definition of a closed
set will be presented later, however, to reach this definition, it is necessary
to present the definition of a limit point.

Definition 6 If 8 C R" and x is a point in R™ where x is not necessarily
contained in 8. Then x is a limit point of 8 if every n-ball B(x) contains at
least one point of 8 [20].

A limit point is also known as a limit or accumulation point. In simple words,
a point contained in & is considered a limit point if, no matter how small the
n-ball is, it will always be possible to find at least another point belonging
to & and within the n-ball. Knowing what a limit point is, we proceed to
provide the definition of a closed set.

Definition 7 A set S € R" is closed if and only if it contains all its limit
points [20].

Definition 8 A set 8 € R" is said to be bounded if it is completely contained
within an n-ball B(a,r) for some r > 0 and some a € R™ [20].

Definition 9 A set 8§ € R" is compact if it is closed and bounded [21].

Definition 10 A set X is said to be a metric space if to every two points
p,q € X there is associated a real number d(p,q) called distance from p to q,
such that

1. d(p,q) > 0 if p # q; d(p,p) = 0;
2. d(p,q) = d(q,p);
3. d(p,q) <d(p,r)+d(r,q), for all r € X.

15



2.2 Linear Algebra

In this section, some concepts used in Linear Algebra are defined. The pre-
sented definitions are; field, vector space, and linear transformation. These
definitions are presented in order to enunciate what a linear transformation
is since when defining the derivative of a function, it is mentioned that the
derivative is a linear transformation.

Definition 11 A field F is a set with two operations + and - called addition
and multiplication respectively, they are defined such that, for each pair of
elements x,y € F there exist unique elements x +y and x -y in F for which
the following conditions are satisfied. Let a,b,c € F

I.a+b=b+aand a-b=>-a (commutativity in addition and multipli-
cation).

2. (a+b)+c=a+(b+c) and (a-b)-c = a-(b-c) (associativity in addition
and multiplication).

3. There exist distinct elements 0 and 1 in F such that
0O+a=a l-a=a
(existence of identity elements in addition and multiplication).

4. For each element a € F and for each element b € F with b # 0, there
exist elements c,d € F such that

a+c=0 b-d=1
(existence of inverse for addition and multiplication).
5. a-(b+c¢)=a-b+a-c (distributivity of multiplication over addition)

[22]

Definition 12 A vector space 'V over a field F consists of a set in which two
operations are defined (called addition and multiplication), such that for any
x,y €V there exists a unique x+y in 'V, and for each a € F and x € 'V there
exists a unique element ax € 'V, so that the following conditions are met. Let
x,y,z €V

16



. x+y=y+x (commutativity in addition).
. (z+y)+z=x+ (y+ 2) (associativity in addition,).

. There exists an element in'V denoted by 0 such that x4+ 0 = x for any
element x € 'V (additive identity).

. For each element x € V there exists a unique element y € V such that
r+y =0 (additive inverse).

. For each element x € V, 1lx = x (multiplicative identity).

. For each pair of elements a,b € F it holds that (ab)x = a(bx) (associa-
tiwity in multiplication).

. For each element a € F it holds that a(x + y) = ax + ay (distributive
property).

. For each pair of elements a,b € F it holds that (a + b)x = ax + bx
(distributive property) [22].

Definition 13 Let V and W be vector spaces over F. We call a function
T :V — W a linear transformation from V to W if, Yo,y € V and ¢ € F,
the following conditions are met:

1. T(x+y)=T(x)+T(y).

2. T(cx) = T (x).

2.3 Mathematical Analysis

In the development presented in the following Chapter, functions with a set
of specific characteristics are worked with, among these are continuity and
differentiability. Therefore, the definitions of function are presented, the limit
operator of a function and its existence are defined, furthermore, once the
limit operator is defined, continuity and derivative of a function are defined.

17



Definition 14 A function f is a rule that assigns each element of a set D
to a unique element of a second set €. The sets D and C are called the
domain and codomain of the function. The set of elements of the codomain
C that have an element of the set D assigned to them is called the range of
the function. The notation f : D — C is used to indicate a function f with
domain D and codomain C. If we use f : D — D, it indicates that the
domain and codomain are the same set [23].

Definition 15 Let f : D — R be a function, I C D C R an open interval
and let x € I be a point of I. Then L € R is the limit of a function [ at x
denoted as

lim f(2) =L

Z—T

if and only if for every e > 0 there exists a § > 0 such that |z — x| < §, then
we have |f(z) — L| < e [24, 25].

Definition 16 Let D C R be an open interval of nonzero length from which
at most a finite number of points have been removed, and let f : D — R be a
function. Then f is called continuous if and only if

1. f(x) is defined, i.e., x € D, and
2. lim,_,, f(2) exists, and
3. lim, f(Z) = f(l"), and

4. if x is an endpoint of D, use the left or right limits in 2 and 3, as
appropriate.

f is called continuous on D if and only if f is continuous at each x € D [24].

Definition 17 Let f : R — R be a function and let x € R be a point. f is
said to be differentiable at x if there exists a linear transformation Df(x) € R

that satisfies
i ) () = Df@)h
|h|—0 |h

The linear transformation D f(x) is called the derivative of f at x [26].

=0
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It is worth noting that the previous definition may confuse the reader
since, as such, the usual definition of derivative is not provided. However, it
should be noticed that for the limit presented in Definition 17 to be zero, it
is necessary that the linear transformation D f(x) has the following form

|h|—0 |h|

which is the definition that is usually presented when starting with the con-
cept of derivative.

Definition 18 Let f: D — R be a function. Suppose f is differentiable on
D. Then f € C' if the derivative Df : D — R is continuous on D [26].

2.4 Discrete-time Dynamical Systems

In this section, definitions within the area of dynamical systems are pre-
sented, which involve the definitions of discrete dynamical system, fixed
point, periodic point, and orbit. Subsequently, the conditions for a fixed
point to be an attractor or a repeller are presented, as well as the conditions
for an orbit to be attractive or repulsive. Finally, the definition of chaos in
the sense of Devaney, multimodal map, and some examples of unimodal and
bimodal maps are given.

Definition 19 A discrete dynamical system is a relation of the form
Tht1 :f(l‘k), ke0,1,2,... N (21)

where x € R and g is the initial condition [27].

Definition 20 Let f : I — I be a function and let ¢ € I be a point. Then,
if it satisfies that f(c) = ¢, then c is a fived point of f [25].

Theorem 2 Let I = [a,b] be a closed interval and let f : I — I be a
continuous function. Then f has a fived point in I [23].
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Definition 21 Let f be a function. Then x is a periodic point of f with
period k if f¥(x) = x. In other words, a point is a periodic point of f with
period k if it is a fived point of f¥. The periodic point x has primary period
ko if f¥o(x) = x and f*(z) # x when 0 < n < ko [23, 28]. Where

fi (@) = (f o (@)

(
@)= (fofof)z)=(fof)(x)
f4(x) (fofofof)x)=(fof)(x)

fr@)=(fof-fof)x)=(fof ) with k € N
—_—

k— times

Definition 22 Let f : I — I be a function and xq € I a point, we define
the orbit of xy under f, denoted as O(xg, f), as the sequence of points

O(l’g,f) = 2o, f(x0)7f2(a;0), e fkil(xo)a fk(xo)

The point xq is called the initial condition of the orbit [29].

Definition 23 Let x* € I be the fixed point of the discrete-time dynamical
system defined by the equation xy1 = f(xx) denoted by (2.1) Then;

e the fixed point x* is stable in the Lyapunov sense if for each ¢ > 0
there exists 6 = §(¢) such that for any x € I with |v —x*| < 0, then
|f"(z*) — f"(x)| < e, for alln € N large enough.

e The fixed point x* is unstable if it is not stable.

o the fized point x* is asymptotically stable in the Lyapunov sense if it
is stable in the Lyapunov sense and also if there exists § = d(¢) such
that for any x € I with |x — x*| < §, then lim,, . |f"(z*) — [ (x)] =0
[27, 30].

Definition 24 Let f: I — I be a C* function and let x € I be a fized point
of f. Then x is an attracting fized point if |Df(x)| < 1. The point x is a
repelling fized point if |Df(z)| > 1. Finally, the fizved point x is a neutral

fized point if |Df(z)| =1 [29].
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Definition 25 Let f : I — I be a C' function and let x1,29,--- , 2} be a
periodic orbit of period k, where x; € I for all v € 1,2,....)k. Then, the
periodic orbit is attracting if [31];

|Df(x1) - Df(zg) - Df(zy)| < 1

and repelling if
|Df(z1) - Df(x2) -+ Df(xy)] > 1

Definition 26 Suppose X is a set and Y C X. We say that Y is dense in
X if, for every point x € X, there exists a point y € Y arbitrarily close to x

[29].

Definition 27 A dynamical system f is transitive if for every pair of points
x,y and any € > 0 there exists a third point z within € of x whose orbit is
within € of y [29].

Definition 28 A dynamical system f exhibits sensitive dependence on initial
conditions if there exists a § > 0 such that, for any x and any € > 0, there
ezists y € RT within ¢ of v and k € N such that the distance between f*(z)
and f*(y) is at least 3 [29).

Definition 29 A dynamical system f is chaotic if;

1. The periodic points of f are dense.
2. f is transitive.

3. [ exhibits sensitive dependence on initial conditions [29].

Definition 30 Let I = [0,1] be a compact set, the mapping f : I — I is
called k-modal if it is continuous on I and moreover, it has k critical points
denoted by c; with v € 0,1,..,k —1 in I. Furthermore, there exist intervals
I; such that Ule I,y = I such that Vi = 0,1,..,k — 1 it holds that ¢; € I;
and f(¢;) > f(x,7, 5;) Yo € I; and x; # c;, where 7y, 5; are parameters. The
case when 1t has only one critical point, i.e., k = 1, the mapping is called
unimodal, while the case when it has two critical points (k = 2) is called

bimodal [4].
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The logistic map and the tent map are examples of unimodal maps, as both
are continuous on / with a single critical point, moreover, they are increasing

1 1
for x € [O, 5) and decreasing for x € (5, 1} [4]. Additionally, in Chapter

1, Section 1.1, we discuss and analyze the monostability of the logistic and
the tent map. The definitions of these maps are provided below.

Definition 31 Let I = [0,1] C R. We refer to fr : I — I as the logistic
map defined as

fo(z, o) = ax(l — x), (2.2)

where the parameter o € (0,4] C R [4].

Definition 32 Let I = [0,1] C R. We refer to fr: I — I as the tent map,
expressed as

N —

1% forxz < —,
u(l—z) forx > 3

where p € (0,2] is a parameter [4].

The bimodal map used for this work is based on the difference map fp(z, f),
which is introduced in [4].

Definition 33 Let f1, and fr be the logistic map and the tent map shown in
(2.2) and (2.3) respectively, taking the mazimum value of their parameters
a =4 and p = 2. We define fp(z.B) as the difference between the logistic
map and the tent map multiplied by the parameter § € (0,4], i.e., fp(x,5) =

B(fr(x,4) — fr(x,2)), as follows:

2px(1 — 2x) for0 <z < %,
fp(z,B) = (2.4)
26(z — 1)(1 — 22) for%ﬁxgl.
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We can observe that the difference map fp(x, ) is continuous on I and
1
has two critical points located at ¢y = (z, fp(z,5)) = (1’ g) and ¢; =
3 p

(2. oo 00) = (5.7 and folen, ) = fofer, 5) =

|

Definition 34 A subset A C I is said to be an invariant set for a discrete-
time dynamical system (2.1) if it satisfies that f*(A) = A, V;n € N [32].

Definition 35 A subset A C I is called a trapping region of a discrete-time
dynamical system (2.1) if for every orbit of xo € A will move to the region’s
interior and remain there as the system evolves f"(A) C int(A), V;n € N

[32].

Definition 36 A family of functions fz undergoes a saddle-node (or tan-
gent) bifurcation at the parameter value 5 = [y if there exists an open inter-
val I and an € > 0 such that:

1. For By —e < B < Bo, fz has no fized points in the interval I.

2. For 8 = By, fz has one fixed point in I, and this fized point is neutral.

3. For By < B < Bo+¢€, fs has two fixed points in I, one attracting and
one repelling [29].

Definition 37 A family of functions fz undergoes a period-doubling bifur-
cation at the parameter value B = By if there exists an open interval I and
an € > 0 such that:

1. For each B in the interval [By — €, By + €], there exists a unique fived
point pg for fg in I.

2. For By —e < B < Bo, fs does not have period-2 cycles in I, and pg is
an attractor.

3. For By < B < By + €, exists a unique period-2 cycle qé), q/% in I with
LY = ¢%. This period-2 cycle is attractive, while the fived point
s\qp 43 P Yy p Ds
1s repelling.
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4. As B — o, we have g — pg,, Vi = {1,2} [29].

In the next chapter, the parametric family of bimodal maps that will be used
is introduced and defined. Additionally, a series of theoretical results are
presented that ensure bistability within this family. These results include
an analysis of fixed points, saddle-node and period-doubling bifurcations, as
well as the characterization of invariant sets and trapping regions that give
rise to bistability.
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Chapter 3

Bistability in a bimodal map

The family of bimodal maps based on the difference map (2.4) that will be
used for this study is defined as follows:

Jp, for (o < <y,
fD(x77761762) - (31)

fp, for (¢ <x < (.

Where fp, and fp, are unimodal maps defined as:

fD1 (.’L‘, e Bl) = 761(1. - CO)(Cl - .’L’), (32)

fD2<x77762) :752(x_C1)<C2 —.I'), (33)
and the parameters 7, 5; € (0,4] C R must satisfy that:

0<98 < (3.4)

4
(G — Gi1)%
fori=1,2and {; € [0,1] C R for k = 0,1, 2 where it holds that (y < (1 < (s.

The bistability arises when a dynamic system presents two invariant sets,
for the same parameter values, i.e. for a dynamical system f : [ — I there
are two invariant sets A; and As such that f(A;) C Ay and f(As) C As,
with A; C I and A C I. In this Chapter, we show that the dynamical
system (3.1) presents two invariant sets in the interval I = [0, 1] for a set of
parameter values and the system oscillates in one of them depending of the
initial condition xzg.
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The analysis of fixed points and their stability are of great importance to
understand the bifurcations that a dynamical system presents. Therefore we
will begin to study the fixed points of the system (3.1).

Proposition 1 The bimodal map defined in (3.1) presents fized points in
the interval (; < x < (o if:

2
1 4
v G—G (G — G1)

Proof. For find the upper bound of the interval where the parameter (3,
take it values with the purpose that the map fp has fixed points in the interval
[C1,¢2] € (0,1] C R it is suffices to find the maximum point that the second

C1+C271)7
2

knowing the maximum point that fp can take, we can substitute into the
equation fp,(x,~, 1) showed in (3.3), thus obtaining

sz (Cl ha <277761) < 17

modal can take, which, it is located at the point (z, f(z)) =

2

analogously, we have the following expression

732 (Cl Tl Cl) <C2 _a +C2) <1,

2 2
by simplifying, we obtain

By (C1+C;—2C1) (2@ —51 —C2) — By (<2;C1) (C2;C1) <1,

again, by simplifying and solving the preceding inequality for the parameter
(o, we obtain the maximum bound

4
52 S ’}/(CQ — <1)27

now, for find the lower bound of the interval (; < x < (5, we proceed to find
the fixed points for the second modal showed by (3.5), thus, to located the
fixed points, we perform fp,(x,~,f2) = x, thus

Vha(r = C)(G — @) = =,

(3.6)
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by expanding the preceding equation, thus obtaining

VBox® — Ba(Ci + G)x + VBe(1Go =

by simplifying and setting equal to zero, thus

VBaa® — [yB2(C1 + G2) — Uz 4+ 762616 = 0, (3.7)

by solving (3.7), the expression for the fixed point is obtained

. V52(G 4 &) — 1 £ /[vBa(C1 + &) — 12 — 492316
272 ’

the preceding equation involves solutions in the complex numbers and the
real numbers field, however, the difference map described in (3.1) that maps
into the real numbers field, hence the discriminant A of (3.8) must satisfy
that A > 0 since we desire that fp, has two fixed points, thus

A =[1Ba(G 4 G) — 1P — 49°B5GiGs,

with the above, the inequality holds

VB2(CL + ) — 112 — 4928301 G > 0, (3.9)

by expanding the preceding inequality, and use the parameter 3, as variable,
is obtained

V2Ba(C + G2)? — 29Ba(Ci + (o) + 1 — 492831 ¢ > 0,

grouping terms, we obtain

V(G + G2)* = 49°GG)Bs — 29(G + G)Be + 1> 0, (3.10)

by solving the preceding expression by the general formula, is obtained

_ G+ ) = VDHGH QP — DG+ )2~ 47G6]
Y2 (G = (1)? ’

by simplifying the terms within the square root

By = V(G + G) £ /420G
? 72(52 - C1)2 7

27
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by simplifying the preceding equation, we obtain
1 (VA VG
fo=—|—F"7F"],
gl G—G

finally, by the preceding expression, we obtain the following solution sets that
satisfied the inequality (3.10)

2 2
o L (EYE) g gy 1 (YEYEY
Y G—C Y G — G

thus, the solution set that adequately satisfies the condition of the problems
is

2
fBa > % (%) , (3.12)

thus obtaining the lower bound for the parameter (5 in which, fp in the
interval ((i,(s] C [0,1] C R has fixed points. Finally, if we combine the
inequalities (3.6) and (3.12) we obtain the interval that we desired showing.

1(Va+vVa\ 4
7( -G ) <PS STy (3.13)

Proposition 1 defined two fixed points, denoted by x5 ; and z73 , in the interval
(1 < x < (3 when [, fulfills (3.13) as follows

. YB2(CL+ G2) = 1+ /[7B2 (G + G) — 12 — 492531 G

2 270, (3.14)

and
z5, = YB2(C1+ ) — 1 — \/[75227(2 +¢) — 12— 47%22(1(2‘ (3.15)
[ ]

Proposition 2 The fized point x3, of the bimodal map fp (5.1) in the in-
terval i < o < (o gwen by (3.15) is always repulsive if

1 (VG +VG\ 4
5( oG ) <hElG—ar (3:10)
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Proof. For this proof, it is enough verifying that the following condition
’D fp,(7549,7, ﬁ2)| > 1 is fulfilled. If we find the condition for 5 such that
the absolute value of the derivative of fp, evaluated at the fixed point z3, is
greater than one then this fixed point is always repulsive. Thus, we proceed
to find the derivative of the (3.3) we obtain

Dsz (‘T777 ﬂ2> - _762[21: - (Cl + C2)]7 (317)

by substituting the fixed point (3.15) into (3.17) and applied the condition
\DfD2(a:§,2,y, B2)| > 1 is obtained

| =82 225, — (G + Q)| > 1, (3.18)

by simplifying the last expression, results

> 1,

‘% [vﬁz(cl +G) = 1= VA =BG+ G)
B2

where
A= [y82(G + Go) = 12 = 492351Go,
by simplifying, we have

> 1,

14 V| =1+ Vit @) - 1 - 250G

by properties of absolute value, the preceding expression can expressed into
two inequalities that which can be described by (3.19) and (3.20)

L B+ Go) — 12 — 4928316 < —1, (3.19)

1+ \/[’Yﬁz(@ + (o) — 12 = 47265¢16 > 1, (3.20)

in the inequality (3.19) we can check that if we substrates one to both sides,
is obtained

VBBa(G+ ) — 12 — 49283GiG < -2,

the preceding inequality has not solution in the real numbers field, however,
if doing the same processing in the inequality (3.20) we can see that the
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solutions of this inequality are included in the real numbers field, thus, we
obtain

VDB(G + @) — 1P — 42830:G > 0,

squaring both sides, results

VB2(C1 + G2) — 1 — 44765616 > 0,

by expanded and group terms, using the parameter (5 as variable, the in-
equality (3.10) are obtained. Thus, by solving it using the general formula,
we concluded that the solution set for f, that satisfying the conditions in our
problem was the next

2
By > % (%) , (3.21)

by the last result, we concluded that the fixed point z7 , is always repulsive
if B, satisfies (3.21).

For prove the upper bound of the interval (3.13), we know by the propo-
sition one that (8, has upper bound described by
4
fo < ——,
Y(Co — (1)?

thus, it is enough verifying that take the upper bound of the parameter [,
the fixed point x5, of the (; <z < (; substituted into the fp, expressed in
(3.3) is repulsive. Thus, took the upper bound

SR 62
by substituting the preceding equation into (3.3), we obtained
fpo(@,7, Bayy) = VP24 (2 = C1) (G2 — ), (3.23)
when differentiating the preceding equation, results
D fp, (.7, B2y ) = =72y [22 — (G + G2)]. (3.24)

Now, by substituting (3.15) into of the derivative (3.24) we obtained
DfDQ (93';’2, s 62M) = _2,7ﬁ2MAa

30



where

A VB (G 4 C2) — 1 — \/[752M(C1 +Go) — 12 = 49255 C1Ca
B 2782y, ’

by simplifying the previous expression

Dfp,(z55) =1+ \/[ﬁ(@ + (o) — 11 - ﬁﬁ@- (3.25)

Now, let us analyze the discriminant to verifying that A > 0, we know that

2 64
(G +G) — 1} — mﬁf&

4
= lor
by expanding
16
(G2 —Gu)*

by grouping terms, we obtain

16

(G —¢)*
16

(G2 — i)

A= (G4 ¢)* —

8 64
(@——Cl)Q(Cl +¢)+1 - (CQ_—CI)QQCQ,

[(Cl +G)° - 4C1C2} - L(Cl + () + 1,

8= G0y

A= (G—G)*~

8
(CQ_—Q)Q(Q + ) + 1,

by simplifying

16 8
A= (G-60)? (G- Cl)z(CI o)L

Finally, we obtain that

8
A qpltm@ralrn

and since (; < (3 and (o < 1 then (; + (5 < 2 therefore

8

A=Goar

2—-(G+¢)+1>0.
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Based on the previous analysis, we conclude that
4 2 64
A=|——(G+ ) -1 ——— > 0,
(CQ _ <1)2 (Cl CQ) (CQ — C1)4C142

and therefore, (3.25) is always upper than one. Consequently, if the param-
eter [ took the upper bound expressed by

4

Pa = (6 —G1)?’

then, the fixed point
. VBG4 G) — 1= /[7B2(C1 + Go) — 112 — 4925316

2 272
satisfies that D fp,(73,) > 1. Therefore, the fixed point is repulsive if (3.16)
is satisfied. |

Proposition 3 Consider the bimodal map given by (3.1). The fized point
w3 in the interval ¢ < x < (o expressed by (5.14) is attractive if:

1 M>2 G+ G+ 2/ G+ G~ 306
gl ( G2 =G << V(G —G)? ’ (3.26)
and repulsive if:

<1 + §2 + 2\/((1 + <2>2 — 3(1(2 < < 4 (327)

G -0 P AEY

Proof. For find the interval where the parameter 5, makes that the fixed
point x5, is repulsive in the interval [C1, (2] is repulsive, we use the condition
that |Dfp, (23,7, 82)| <1, thus, the derivative of (3.3) results

Dfp,(x,7,B2) = —vB2[27 — (1 + ()]

By substituting the fixed point 3, shown in (3.14) into the preceding ex-
pression, by simplifying we obtain

Dfp, ($§,17%52) = ’1 - \/[752((1 +Go) — 12 - 472ﬂ22C1C2 .
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Now, we choose a ¢ > 0 and the lower bound of the interval for the parameter
Po that which is expressed by (3.26). The lower bound will be denoted by

2
1
Bm = — (M) . (3.28)
v G—G
An analogously way to write the parameter (3,, can be seen below
24/
ﬁm: C1+g2+ §1§2' (329)
V(G —G)

Previously, we mention an &, this is mentioned with the purpose that the
parameter (3, can not took the upper and lower bounded, since the inter-
val shown in (3.26) is open and consequently, this interval not include the
boundaries. Now, the purpose is found the lower and upper value that ¢
can take it, for this, we know, by the interval expressed in (3.26) the upper
bound of S5, that which will be denoted by (), and is expressed by

_Gt+Get 2¢/(C1+ G)? — 361G
(G — (1)? '

Thus, we can write (3.30) of the following way

_Gt+Get 20/ (G — @)? + GG
(G — (1)? '

Now, let By the parameter shown in (3.29) but adding ¢ within of the radical,

results
By = G+ G +2vGGk+e
’ Y(C — G1)?

such that if we want to find the interval where € can be chosen arbitrarily, it
is enough to determine the interval of values that ¢ must take on Sy in order
to satisfy

Bm (3.30)

B

(3.31)

Bm < Bo < Bum- (3.32)

By substituting the previously denoted values, we obtain

G+ G2+ 2v/CiC2 < G+ G +2VG1¢+¢ < G+ G+2V/(G - Q2 +0G
(G2 — C1)? Y(C2 — ¢1)? ¥(C2 — ¢1)? ’

By simplifying the preceding inequality, it results
VGG < VGG +e < V(G —&G)?2+ GG,

(3.33)
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analogously, we obtain

G < GG +e < (G — )2+ GG

Finally, results
0<e<(—G)A (3.34)

The preceding interval is the interval where € can be chosen arbitrarily. now,
we proceed to verify if the following condition ‘D fpa (51,7, 52)‘ < 1 1is sat-
isfying. Previously was obtain the following expression

Dfm(@,u%@) = ‘1 - \/72(@ - C1)2522 —29(¢1 + () B2 + 1‘- (3.35)
The preceding expression is the result of applied the condition

‘DfDZ (‘T;,lv v BQ)} < 1.

By simplifying and substituting S, into (s, it is obtained
Dsz(x;,IJ’%BO) = ‘1 - @‘7

where

0 =7*(C2— G1)°A5 — 29(C1 + ¢)Bo + 1,
and [y is defined in (3.31). By substituting fy in © and simplifying we have

o (G2 — C)? 440G +4e — (G + ¢2)? _ 4

(G —¢1)? (G — @)%

Thus, the expression D fp, (25 1,7, o) = ‘1 NG

R
(G2 —G)?

2\/e
(G2 —G1)
from the last expression, we can see that for each € taken from the interval

0 < e < (¢ — ¢)? it holds that ‘DfD2 (31,7, 82)| <1 and how the preced-
ing interval was found using the upper and lower bounds of the parameter

results

Dsz (x;,17 7 BO) =

Finally, it results

DfD2($;71’7’60): ‘1_ < 1a
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P expressed in (3.26), this shows that for each value of the parameter [,
contained in

(VG + VG)? <3 G+ G+2v/(G+G)? =306
—_— 5 < .

(G —G)? V(G —G1)?
The fixed point 7, is always attractive. Now, to demonstrate the interval

for the parameter f, where the fixed point z3,, which is included in the
interval (; < x < (5, is always repulsive, we use the following condition:

‘DfDQ(x;J?/Y? 52)| > 1. (337)

Thus, by substituting the fixed point denoted by (3.14) into the derivative
of fp, as expressed by (3.17) and applying the condition (3.37), it results

(3.36)

‘1 - \/[752((1 + ) — 12 = 4726351 G| > 1. (3.38)

The preceding inequality is fulfilled if

V(G +G) — 112 = 428366 > 2. (3.39)

By squaring both sides of the previous inequality, is obtained

[VB2(C1 + &) — 1) — 49265616 > 4.

By expanding, results

V(=)0 = 29(C + G)fa + 1 > 4. (3.40)
By subtracting four from both sides, it results in
V(G =GP B — 29(Ci + () — 3> 0. (3.41)

By solving the previous inequality using the general, produces

G+ 6) £V (G +6)* — (=3)(12 (e — 6)?)
V(= G)?

By simplifying the previous expression

(G4 G) V(G + )2 +3(6—G)?
(G — (1)? '

35

By =

. (3.42)

Ba =



Analogously, we have

(G +G)F2v/G -GG+
’Y(Cé - C1)2 ’

when factoring the term inside the square root, it results in

(G4 G) £2/(CG+ R)? —3G6
(G — C1)? '

Bo =

B =
Thus, the solution set are given by

(G + G) +20/(C + () — 361

P2 > NIETaE (3.43)

(G +G) = 2/(G + G)? = 3616
B2 < 6= ) : (3.44)

However, the solution set that satisfies our conditions is
By > (G +G)+2V(G +6)* — 3C1C2, (3.45)

(G — (1)?

that which is the lower bound of the interval shown in (3.27). Now, to
demonstrate the upper bound it is enough notice the inequality (3.41) and
we defined by G the left term, thus

5(B2) = 72@2 - C1)2622 — 29(¢G + () B2 — 3.

Notice that G(f2) is a continuous function, therefore, it was previously shown
that when [y takes the lower bound, it makes that G(fs) > 1 and how the
upper bound of the parameter (5 shown in the interval defined by (3.27)

satisfies that 1

P2 = (¢ — C1)2‘

Therefore, due to continuity of §(f2) > 1, when S5 reaches the upper bound,
it ensures that G(f;) > 1, and it can be concluded that the fixed point 7,
included in ¢ < x < (, is always repulsive if By takes values within the
following interval

G+ G+2v (G + )2 —3G6 4
v(¢2 — C1)? <ha s ot

(3.46)

—(<2 — Oy (3.47)
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Proposition 4 Consider the bimodal map (3.1). A saddle-node bifurcation
occurs 1 the subdomain ¢, < x < (5 when

(5

Ue—a (3.48)

Proof. To demonstrate this Proposition, we need to show that every point
stated in Definition 36 holds true. Regarding the first point of the aforemen-
tioned definition, it is necessary to demonstrate that prior to fy, the bimodal
map fp, specifically the unimodal map fp,, does not possess fixed points.
To prove this, let’s observe that the discriminant A of the fixed points 73,
and 23 ,, defined by (3.14) and (3.15) respectively, where:

A= [VB(G + G) — 1P — 49° B3¢ Ga.

Notice, from Proposition 1, that discriminant satisfies A > 0 for any

L (VG+VGY 1
e R L —
Y\ -G Y(C = C1)

Moreover, notice that A = 0 when Sy = 5. Therefore, for any 5y = 5y — ¢

with € > 0, it satisfies that A < 0, therefore, fp, has not fixed points, fulfill-
ing issue 1 of Definition 36.

For demonstrates the issue 2 of Definition 36, it is enough to notice that
when s = [y the discriminant A = 0, which implies that the fixed points
r3, and x5, satisty x5, = x3,. Therefore, fp, has only one fixed point,
fulfilling issue 2 of Definition 36.

Finally, to demonstrate issue 3 of the Definition 36, it is sufficient to
consider Propositions 2 and 3,to state when [ satisfies the condition

1 (@+ \/5)2 G+ G+ 2V (G + )2 =306
— =) <pf<

T\ Ge—G V(G = G1)? ’
there exist two fixed points 23, and z7,, where the 23, is a repulsive fixed
point and 73, is an invariant point. |
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Proposition 5 Consider the bimodal map (3.1). A period-doubling bifurca-
tion occurs in the interval (; < x < (5 when:

(G + G) +20/(C + () — 361
(€1 — (2)? '

Bo = (3.49)

Proof. In the proof of proposition 3, we demonstrated issues 1 and 2 of
Definition 37. When it was concluded that for some [y < g, the fixed point
r3, in the interval ¢; < x < (o, defined in (3.14), was attractive, and for
some [y > [y, this fixed point was repulsive. Now, we must demonstrate
issues 3 and 4. For point 3, we need to show the existence of a 2-cycle. To
demonstrate this, we use

fo.(fou(2,7, B2)) = [D, (2,7, B2) = . (3.50)
We know that
fo (2,7, B2) = —Ba[2® — (G + G)2 + i), (3.51)
of the previous equation, we define
vBe =1, (1+ (G =a and (G =0b.
By substituting the previous defined parameters into (3.51)
fp,(z,7,a,b) = —ra® + rax — rb. (3.52)
Thus, if we applied fp,(fp,(x,7,a,b)) = f3,(x,r,a,b) = x it results
fh,(x,r a,0) = —r(—rz®+rax—rb)* +ra(—rz®+rax—rb) —rb = z. (3.53)

By expanding and simplifying

fl%Q(x,r,a,b) —r =
— 3zt +2r8az® —r?[r(2b+a®) +a)|2® + (2rab+r2a® — 1)z —rb(1+ra+1°b).
From the previous equation, we know that the fixed points denoted by (3.14)

and (3.15) are solution of f3_(z,7,a,b) — =0, and we also know that these
fixed points are determined by fp,(x,r,a,b) — x, so, if we make

f%2(x,7’,a,b) -z fb,(x,r a,b) —

fo,(z,rab)—x  ra2+ (1—ra)z+rb’

(3.54)
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by dividing, it results

fl%Q(a:,r,a,b) —x

a2+ (1 —ra)z +rb -

ra? —r(ra+ 1)z + (r*b+ra+1). (3.55)

By setting to zero and returning to the previous parameters, we have

VBox® — Ba[VBa(C1 + ) + Uz + [V B3¢ G + VB(Ci + &) + 1] = 0. (3.56)

Thus, the solutions of the preceding equation are the periodic points with
period 2 of fp,(x,7, B2). By solving using the general formula, we have

_ (G +G) 1+ V283G — ()2 — 296a(C + ) — 3

N o , (3.57)
Ty = YB2(C1 + () +1 — \/72/63552_ Dial CLe R 3' (3.58)
2

We can notice that the expressions (3.57) and (3.58) depend on f3,; therefore,
if the discriminant A satisfies that A > 0, then z; and x5 belong to R, where

A =7*63(C — G1)* = 272(G + G2) — 3. (3.59)
Thus, we have

V(G —G)*B5 — 29(G + () — 3> 0. (3.60)

By solving the preceding inequality using the general formula, we have

g, = 1t G+ VPG F QP+ 372G - G)?
2 (G- Gy |

By simplifying, we have
_ G+ GEV(G+GR)2+3(G—G)?

& (G — G1)? ’
By = G+ GE2VE - 00+
? (G — C1)? '
Finally, it results
g, = GTCE2V(GHG) —3G6

(G — (1)?
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Therefore, the solution sets are

S G+ G+ 2\/((1 +(2)? = 3G G+ G — 2\/(C1 +(2)? = 3G1¢
Y(C2 — C1)? ’ Y(C2 — C1)? '

However, the solution set that satisfies the conditions of (3, is

G+ G+ 2V/(G + 6)? = 3G

> 3 .
(G2 —G1)

Consequently, if 3y satisfies the preceding condition then there is a 2-cycle

and by the proof of the proposition 3, the fixed point x7 ; is a repulsive fixed
point when

Ba Ba <

Do

(3.61)

- G+ G +2y/(G+G)? — 3C1Cz.

& (G — (1)?

(3.62)
Now, we must demonstrate that

|Dfp,(x1)D fp,(x2)| < 1.

By substituting (3.57) and (3.58) into (3.17), and by simplifying we have
(1+VA)(1 - VA, (3.63)

where
A= 72522(C2 - Cl)2 — 2962(C1 + G2) — 3.

Now, by expanding (3.63)
I1— Al

We notice that A > 0 when [, satisfies (3.47), which includes the condition
(3.62), then, we concluded that

1 — Al <1.
However, by absolute value properties, we have
—-1<1-A<1,

analogously
0<A<2,
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from A > 0 it results

LG+ e+2V(G+ 6P 3806

3.64
& (G — G1)? (3.64)
And from A < 2 we have
G+ G+ 6(G+ )2 — 2066

0< By < . 3.65
Pa (G = C1)? (3.65)

Consequently, from (3.64) and (3.65) results
G 4G +2/(G+ ()2 - 306 < By < G4 G+ 6(G + ) — 20C142. (3.66)

(G2 — ¢1)? (G2 —¢1)?
Since (; < (3 and ( < 1, we know that ¢(; + (o < 2 and (1(» < 1 then, from

the preceding we have

<@+@+vﬂ@+gv—%gg< 4
V(CQ - C1)2 7(C2 - C1)2.

Therefore, we can notice that the following condition |D fp,(x1)D fp,(x2)| <
1 is satisfied if the parameter (5 takes values within of

B

2 2-3 4
G+G+H2y/(G+ C;) GG _ 8, < N (3.67)
(¢ —C1) (G — C1)
Finally, issue 3 of Definition 37 has been demonstrated. Now, to demonstrate
issue 4 of 37, it is enough to show that

lim x; = x5 4, 3.68
521—>,30 * 21 ( )
that is
PG+ )+ 1E V2B — )2 =BG+ () -3,
e 273 = T2,1,80 (3.69)

where 7 | 5, is the fixed point of the interval (; <z < ¢y, as shown in (3.14).
By substituting (5, into (5,

(G FG) = 1T V(G + G) — 1) — 4425566
2180 = 270 ’

41
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where [y is defined in (3.49), we can notice that

lim /72B3(G — )2 = 9l +Go) =3 = 0.

B2—Po

Thus, by simplifying (3.69) we have

YB2(C1 + Co) +1 *

62%0 2”)//82 - x2717/80' (371)
From (3.70) we have
+ ¢+ 2
’Y<Cl (CC2_€;2/5> (G +G)—1+VI
Thag = , (3.72)
o 27<Q+£é+2¢a>
Y(Ca — C1)?
where
a=(G+ ) - 3G (3.73)
and
I =7%¢—G)? (W) = 29(C1 + ¢2) <W) +1. (3.74)

By expanding the previous equation

(G4 ¢)? +4(G + G)Va +4a = 2(G + ) — 4G+ G)va + (& — C1)2.

= G- G)

Finally, by simplifying
(G + G +H4a+ (G —G)? _ 3(G 4 G)? + (G — €)% — 12¢1G

M= — = 4.
(G2 —¢1)? (G2 —¢1)?
By substituting II into (3.72)
V(A G 14 VA
P _ ’Y(CZ - §1> (3 75)
2,1,80 ) (Cl + §2 T 2\/&) . .
G-y
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Finally after simplification, we obtain the following solution

G+ G+ 2\/a>
N ! ( (¢ — C1)? (GHG)+1 _ YBo(Cr + o) +1 (3.76)
21 2 (Q + G+ 2\/5) 2760 '
Y(C2 = G1)?
Now, from the expression (3.71) we have
YB2(CL+C) + 1 yBo(Gi+G)+1
52%0 s = e = T3 - (3.77)

Therefore, it is demonstrated that when 8y — fp then x; — x5, 4 fori=1,2,
and based on the above, we conclude the proof of the four issues of Definition
37, and we can assert the existence of a period-doubling bifurcation. |

Proposition 6 The difference map shown in (3.1) exhibits a trapping region
or an invariant set Ay C ((1, ) C (0,1] if

1(Va+VG )2 (G + G) +v/O(G + G2 — 326G
1C=DELE G- G > B
where
Ay = [I22 10G HG) L \/(757221 +G) — 12 = 4?8506 . (3.79)
2

and x5, denotes the fized point of the interval ¢; < x < (o as defined by
(3.15).

Proof. To demonstrate this proposition, it is enough to find the upper
value of the parameter 35 such that the second iteration of fp, with z,,, as
the initial condition g is higher than the fixed point z73 ,, where z,,, denotes
the midpoint of the interval (; < x < (5 and is defined by

Gt G
Ty = T

. (3.80)
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The previous explanation can be resumed by finding a certain value for
such that

fl%g(xm2777 62) Z %;72. (381)

This proposition will be demonstrated; thus, we have

oo, 7, B2) = =Be[2® — (G + Gz + GG (3.82)

We use

Vo2=7, G +G=a and GG =b. (3.83)
By expanding (3.81) and by substituting the terms defined in (3.83), it results

fp,(z,7,a,b) = —ra® + rax — rb. (3.84)
By substituting x,,, into (3.84) and by simplifying, we have

sz(xmmra a, b) = T@- (385)

When performing the second iteration f7, (@, 7, a,b) we have
2 —4b)\? 2 4h
f%z ($m27 r,a, b) =T (T%> +ra (TWT)> —rb. (386)

If we defined
c=a* — 4b, (3.87)

then, by expanding (3.86) and by substituting (3.87), it results

—r3¢2 + 4r2ac — 16rb

16
Now, we know that the fixed point 27, as defined in (3.15) is

ng (Tmy, Ty 0,0) = (3.88)

o 2G4+ G) =1 = V(152G + ) — 1) — 49255616
22 2702 '

The previous expression by substituting the parameters defined in (3.83)
becomes

. ra—1—+/(ra—1)2—4r2b
Ty = v o . (3.89)
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Applying the condition shown in (3.81), it results

—r3¢® 4+ 4r2ac — 1671b S ra—1— \/(ra —1)2 —4r2b
16 - 2r '

(3.90)

By simplifying

—rtc? 4+ 4rdac — 16r°b > 8(ra — 1 — \/(ra — 1)2 — 4r20).

Finally, we have

r*c? — drdac 4+ 16r%b + 8ra — 8 < 8+/(ra — 1)2 — 4r2b.

By squaring both sides, it results

(r*c? — 4r3ac 4 167°b + 8ra — 8)2 < (8v/(ra — 1) — 4r2b)2.
By expanding and simplifying both sides, we have

c*r® — 8ac*r™ + 16¢%(2b + a*)r® + 16ac(c — 8b)r°—
16(c® + dac® — 16b*)r* + 64a(c + 4b)r® < 0.

By dividing the previous expression by 73, becomes

c*r® — 8ac’r* 4+ 16¢%(2b + a*)r® + 16ac(c — 8b)r*—
16(c® + 4ac® — 16b*)r + 64a(c + 4b) <0, (3.91)

when factoring the previous expression, it results in
(er? — 2ar — 8)(c*r® — 6ac*r?® 4 4c[8b + a* + 2c|r — 8a[2c + 8b — a?]) < 0. (3.92)
In the previous expression, we take r as the variable, which is the term
containing (5. The third-degree factor, when solved in terms of r, yields
two complex roots and one real root; however, none of them satisfy the
requirements for this study. Now, for the second-degree factor, we obtain the

inequality
(cr? — 2ar —8) < 0. (3.93)

By solving using the general formula

_a:l:\/a2+8c

C

r

(3.94)
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By substituting ¢ = (a* — 4b) we have

a £ /a?+ 8(a® — 4b)
a? —4b '

r =

By simplifying

a+v9a? — 32b

a? — 4b '
We know that a = (4 + (3, b = (1( and r = [, thus, the preceding
expression becomes

T =

(G +G) £ VG +G) = 3206

P2 = (C1+ )2 — 4GGo

Solving for 5 and simplifying

(G + )+ \/9(C1 + (2)? — 32¢1C
(¢ — C2)2 '

Thus, we obtained the interval for 3, that satisfies f7, (Zp,, 7, 2) > x5 ,; this
interval is

(€14 &) — V(G + )2 — 32616 < (€1 + &) +/9(G + )% — 32616
(1 = (2)? - (1 = ¢2)? '

However, we can notice from (3.94) that the lower bound of the interval
(3.95)

By =

B2 < (3.95)

(C1+ G) — V(G + (2)? — 3201,
V(G — (2)?

Furthermore, from Proposition 1, we know the minimum bound of the pa-
rameter f5 for which fixed points exist in the interval (; < x < (5, and this
minimum bound satisfies

(G4 G) = VG + G~ 3266 (VG+V6)
Y(C = ¢2)? (CENCI

Thus, by the continuity of fp,, it is shown that the interval for gy will be
defined by

< 0.

(VG +VG)? (G +G)+9(G + ) — 3206
NG—qp == G =G - (399
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So, the interval of 3 defined in (3.96) makes the set Ay C (¢1,¢) C (0,1]
previously defined as

Ay = |13, VB2 (i 4 Go) + 14+ (VB2 + &) — 1)2 — 492B3(1 6o (397

752

let be a trapping region or an invariant set. |

Proposition 7 The difference map shown in (3.1) exhibits a trapping region
or an invariant set Ay = [(p, 1) = [0,1/2) if

4

SBlSE'

1
— (3.98)
71
Proof. To demonstrate this proposition, it is enough to find the upper
value of the parameter 3; such that the second iteration of fp, with z,,, as

the initial condition z is higher than the lower bound of A;. That is (, = 0,
where x,,, denotes the midpoint of the interval (y < z < (; and is defined by

G+ G G
Tny = =
2 2

(3.99)

The previous explanation can be resumed by finding a certain value for (3
such that

f%l(xm1a7aﬁl) Z 07 (3100)

and this proposition will be demonstrated; thus, we have

fo, (2,7, 61) = =vbi(2® = Gi2), (3.101)

By expanding (3.101) it results

fou (@7, 1) = =b1a® + b1, (3.102)
By substituting z,,, into (3.103) and by simplifying, we have

i ’7ﬁ1€12

i@y 7, B1) = === (3.103)
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When performing the second iteration j%Q(xmz, v, B1) we have

2\ 2 2
[ (@my sy, Br) = =75 (75&1) + 781 (%Cl) . (3.104)

4 4

Then, by expanding (3.104), it results

VB + B

f%g(mmmf%ﬁl) = 16 (3105)
By dividing by v262¢? we obtain
— 4
I3 Ty, 7, B1) = M
2 16
Applying the condition shown in (3.100), it result
—7C1 B +4
6 =0
Analogously
—C1 B +4 >0
16 -
By simplifying
—yG1B +4 > 0.
Finally, by solving for §; we have
4
b < o (3.106)

That is the upper bound of the interval of §; expressed in (3.98). To demon-
strate the lower bound, we proceed to find the fixed points of fp,(z,7, 51),
this is

fou(@, 7, B1) = —yBix® + B Gix = . (3.107)
By simplifying we have
[, (x,7B1) = =vP1a® + (v41G — 1)x = 0. (3.108)

By solving using the general formula, we have

- Y016 — 1+ /(781G — 1)? = Y616 — 1 — /(7B1G — 1)?

b 27 b2 296,
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Finally, we have the fixed points

* 761(1 —1
x - T 5

11 -5, (3.109)
x5, =0. (3.110)
However, the fixed point must satisfy z7; > 0, thus
7hie =1 > 0. (3.111)
VB
When solving for i, the results is
b1 > L (3.112)
G

The preceding result is the lower bound of the interval for 3 defined in (3.98).
Therefore, it is shown that A; is a trapping region or an invariant set when
(o takes values within the interval

(3.113)

Proposition 8 The bimodal map fp given by (3.1) exhibits monostability
in the interval (1 < x < (G of

435 4
Y(¢ — o)? <h< (G — Go)?’ (3.114)
and
1(VG+ @>2 (G1+ G) + V(G + G)2 — 326G
Y ( GG ) == V(G - G - (3115)

Proof. For this proof, it suffices to find the condition for £ such that for
any initial condition zy € A§ after a certain number of iterations, the orbit
goes into the interval Ay. Where A = I\ Ay denotes the complement of
As. To conduct the proof, we take the midpoint of the interval (o < x < (;
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as denoted in (3.99) and substitute it into (3.2), where the goal is for this
operation to be greater than the fixed point z3, denoted in (3.15), ensuring
the existence of monostability. The above can be expressed as:

fDl (xmp 7, ﬁl) > 1372-

Performing the substitution, we have

(Co+¢)*  (Go+G)
-6 [ 1 - 5

+ C1C0] > Tho.

By simplifying the previous inequality

"B {(Cl Co)]

*
4 > x272.

Finally, by solving for 5y in the previous expression, we find that

4x22

(G = )*

which is the lower bound of the interval (3.114). To prove the upper bound,
let us note that the maximum point of the unimodal map fp, is located at
(z, f(z)) = (Tm,, 1). Thus, by substituting this maximum point into fp,, we
have that

B > (3.116)

fD1 (xmla e 61) S 1
By simplifying, we have

7B

[(Cl Go)? } <1

4

Where, upon solving for 31, we obtain
4
(G — C0)27

which is the upper bound of the interval (3.114). Finally, by combining the
expressions (3.116) and (3.117), we obtain the interval

pr < (3.117)

425 5 4

G- M=o R
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Notice that the interval for By arises from Proposition 6, where if (5, satisfies
(3.115), then there exists a trapping region or an invariant set A, contained
within [(1, (3], denoted by (3.79). [

The following proposition is a result of the combination of Propositions
1, 6, and 7. It can be observed that the interval (3.119) is the complement
of the intervals stated in Propositions 1 and 5. This is done to prevent, after
an arbitrarily finite number of iterations, the dynamics from remaining in
the second mode. The interval (3.120) corresponds to the one presented in
Proposition 7, aiming to maintain the dynamics in the first mode. This is
achieved by characterizing an invariant set, as demonstrated in Proposition
7.

Proposition 9 The bimodal map fp given by (3.1) exhibits monostability
in the interval (o < x < (7 if

VG +vGe)? G+ +VIG+ G2 —3200 4
P2 € {07 Y(G2 — G1)? > U ( (G — C1)? GG (3.119)
and X ,
—Shs 3.120
’VCI B ﬁl - ’}/Cl ( )

Proof. This proposition arises from Propositions 1,6 and 7. From Propo-
sition 7 states that if

then there exists a trapping region or invariant set denoted as A;. From
Proposition 1 we know that there exists fixed points in the subdomain (; <

x < (3 when )
1 (VG+VEG 4
5( G—G ) <fa s (G — C1)?*

By the previous, notice that if

2
0<62<1<M) ,
Y G — G
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then, there not exists fixed points in the subdomain (; < x < (5. Therefore,
any initial condition z € [0, 1], the orbit converges to invariant set or trap-
ping region A; denoted in the Proposition 7. By the Proposition 6, we know
that there exists a trapping region or an invariant set when

1 (\/cﬂ @)2 < < GG FVOGH ) =326
Y\ G@—G —re (G — G1)? '
By the previous, if §5 takes values within
(G4 G) + V(G + ) = 32G¢ 4
Y(Ca — C1)? <h s (6 —¢1)?’

then, there not exists an invariant set or a trapping region in (; < z < (s,
this means that any initial condition xy € [0, 1] converges to unique invariant
set or trapping region A; in the interval I = [0, 1]. [ |

In the next chapter, numerical results based on the findings from this
chapter are presented. The numerical results cover three cases. In the first
case, the parameters v and /3, are kept fixed, while 3, € (0, 4] varies. In the
second case, the parameters v and f, remain fixed, while 5, € (0, 4] varies.
Finally, 8; and [, are kept fixed and equal, while v € (0,4] varies. In each
case, monostability and bistability are studied as the specified parameters
change. The results presented include cobweb diagrams, as well as bifurcation
diagrams for each case study.
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Chapter 4

Families of bimodal maps

In this Chapter 4, we study three parametric families of bimodal maps by
applying the propositions given in the previous Chapter 3. The parametric
families of bimodal maps present the transition from monostability to bista-
bility and vice versa. Additionally, in each case study, the corresponding
bifurcation diagram is presented for the studied family.

4.1 The monoparametric family of maps for the
parameter [

Below are the assumptions that must be taken into account to generate a
monoparametric family of bimodal maps based on the system (3.1) for this
case study:

e A regular partition of the interval I = [0,1] C R given by the set of
1
pOthS {CO = OaCl = 57(2 = 1}
e The parameters v =4 and ; = 2.

e The parameter 35 € (0,4] € R.

Under the previous assumptions, a monoparametric family of bimodal
maps (3.1) is defined as
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1 1
295(5—1') for0§x<§,

fo(x, ) = 4 (4.1)
1 1
52<£U—§)(1—x) forégxgl.
According to equation (3.98) of the Proposition 7, the system (4.1) presents

an invariant set A; when (; = _Q = 2. Based on the previous result, the
761

following proposition emerges.

1
=
205 e
H_D ,/' /\A’;
0 0.2 04 0.6 0.8 1

X

Figure 4.1: Bimodal maps of the monoparametric family fp (4.1) for different
values of 5. The black line corresponds to 5 = 2, the red line f; = 3, and
finally, the blue one §y = 4.

1
Proposition 10 The set A; = {O, §> C I C R s the ivariant set for
fo(x, B2) given by (4.1) when By = 2.

Proof. For this proof is enough to demonstrate that when the parameter
1 = 2 satisfies the invariant set definition, showed in Definition 34. We
notice that fp, has the following form

fo,(x,y =4, =2) =8z (%—x)
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By deriving the previous expression, we have
Dfp,(x) =4(1 — 4x)
If we set D fp, (z) = 0, we obtain the critical value. Then, following the previ-

1
ous procedure, we find that the critical value x., is located at z., = T Notice

that x., = x,,,. Also, notice that the function fp, is monotonically increasing

for 0 < x < z., and monotonically decreasing for z., < x < —. Therefore,

1 1
there exists a maximum critical point at fp, (z.,) = fp, 1) = 3 Also,

1 1
we have that fp, <§> = fp,(0) = 0, indicating that fp,(0) < fp, <Z> and
1 1
o, (5) < fp, (Z) Therefore, by continuity of the function fp,(z) and
1

1
also, by the result that when fp, (z.,) = fp, (Z) =3 which is the upper

1
bound of A, satisfying fp, (A1) = Ay, we can conclude that A; = [0, 5) is

an invariant set when ; = 2. [ |

According to equation (3.5) of the Proposition 1, we know that the bi-

modal maps of the monoparametric family given by (4.1) have fixed points
1 3

in the interval 3 < x < 1, if the parameter By € 3 +/2, 4] C R. Then

the maps of the monoparametric family (4.1) have not fixed points in the

1 3
interval 3 < z < 1, if the parameter 35 € (O, 5 + \/§> CR.

Proposition 11 The monoparametric family of maps given by (4.1) presents

3
monostability when Py € (0, 3 + \/5) )

Proof. Graphically, notice that the graph of fp, is below the identity func-
3 3
tion when [, € (0, 3 + \/5), analytically, if §, € (0, 5 + \/5) then the

discriminant A of the expression for the fixed points showed in (3.8) satis-
fies A < 0 and therefore, have not fixed points in the real numbers field.
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According to previous aforementioned comments, for every initial condi-

1
tion zg € {5, 1], the orbit O(zo, fp) = {xo,21,x2,...} enters the inter-
1
val 0 < z < 3 for a few iterations. Since there is only one invariant set

1
A = {O, 5) then the only possibility for orbits with initial condition xy € I

is to converge or remain in A;. |

3
For By = 3 +1/2, the bimodal map has only one fixed point in the interval

1 2 3
3 <z<latay= \/7_, given that when [y = 3 + V2, the discriminant A
of the expression for the fixed points for fp, expressed in (3.8) is A = 0.

Figure 4.1 shows maps of the monoparametric family (4.1) for different
2

between the unimodal map fp, and the identity function f(z) = z. In
this case, the Propositions 6 let us compute a second trapping region or an

3
values of 35 € (— +2, 4] . These maps have fixed points at the intersection

invariant set Ay C [5, 1] of the monoparametric family (4.1), the result is:

662 — 1 — /(682 — 1)2 — 3233 632 + 1+ /(682 — 1)2 — 3232
82 ’ 852

Aa(B2) = [ ] - (42)

34+V17

Note that Ay depends on the parameter (3,; thus, we begin conducting the
relevant simulations to observe how the bistability occurs.

3
A trapping region or an invariant set Az (fs) exists if 3 +V2 < By <

25
Proposition 12 The trapping region As(3) = {5, 6} contains an invariant
point at x5, = 1 of the bimodal map of monoparametric family (4.1) for

By = 3.

Proof. For this proof is enough to demonstrate that within the trapping
region A,(3), there exist two fixed point x5, and 27, denoted by (3.14) and
(3.15) respectively, where the fixed point 27, is an attractive fixed point and
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therefore, any initial condition zg € As(3) converges to the attractive fixed
point x5 ;. From Proposition 1, we know that the bimodal map (4.1) has two

2 3
fixed points located at x3 , = 3 and 3, = 1 for 8, = 3, given that this value
of By belongs to the interval showed in (3.5). The equation for the unimodal

map in the interval 3 <z<l1is

1
fostey =152 =3) =12 (0 1) (1),
therefore, by deriving the previous expression
Dfp,(z) = —6(4z — 3), (4.3)

applying the Definition 24 for the fixed point 3, substituting into (4.3) we

have that 5
—6(41=]-3])|=12]>1
QORISR

therefore, the fixed point z73, is a repulsive fixed point. We doing the same
procedure for the fixed point 3, and it results

|Dfp,(z3,)] = '—6 (4 G) —3)' =0<1.

Therefore, the fixed point z73; is an attractive fixed point. By the previous
results, we can state that the former is a repulsive fixed point and the second

‘Dsz(x;,QH -

is an attracting fixed point 23, = — that fulfills the conditions of Propo-

sition 3. We know that the map (4.1) is a unimodal map in the interval
2 5 3

x € [g, 6 and has a critical value at x., = 1 (notice that z., = xp,)

given that if we set Dfp,(z) = 0 we find that the solution that satisfies

the Dfp,(z) = 01is z., = T Also, the map is monotonically increasing at

) ) 5 )
3 <z < x., and monotonically decreasing at z., < r < — and there exists

3 3
a maximum critical point at fp,(z.) = fp, 1) =1 Analogously, by the
3 3 2 5) 2
previous, we have that fp (Z) =7 and fp (§> = fp (6) =3 such that
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is an attracting point then any

2 3 3

o <§> < fp (Z_l) and fp < > < fp < ) then for continuity the function
2 5 2 5 3

Io(x;) : {g, 6} — {? 6] As Ty = 1

2 5) 3

— | converges to x5, = - . |

itial conditi €
initial condition xg (3 5 1

Figures 4.2 and 4.3 show the orbit for zy = 0.68 and we can see how
the orbit converges to the fixed point z5; = 0.75, while 27, is a repulsive
fixed point according to Proposition 2. Figure 4.4 shows the orbit of an
initial condition zg ¢ As(3), after a certain number of iterations, the dy-
namics enters to the invariant set A;. Now, we consider a new value of

By =33 ¢ F+x/§3+—\/ﬁ

5 , 5 C R and its corresponding trapping region

47 — /31 52+ /31
66 66
dynamics of fp in which we notice that the orbit remains within A,(3.3)

indicating bistability. Furthermore, the period-two orbit is exhibited.

is .A2<33) =

C R. Figures 4.5 and 4.6 shows the

,\\\ ////// \
e //,/
04 / \
03t  / \\
ot / \ / \
01+ A\ / \
\|/ \
0 - | I I \M I I I I \
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 4.2: Cobweb diagram for the bimodal map fp with gy = 3 using the
initial condition zy = 0.68 € As(3).
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n

Figure 4.3: Orbit of the bimodal map fp with S = 3 using the initial
condition xg = 0.68 € A5(3), where it’s possible to observe the convergence

of the trajectory towards the attractor fixed point 3, = T

Figure 4.4: Cobweb diagram for the bimodal map fp with Sy = 3 with initial
condition xy = 0.85 such that zo ¢ As(3).
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Figure 4.5: Cobweb diagram for the bimodal map fp with fy = 3.3 using

different initial conditions xy € A5(3.3); o = 0.87.

1
Q8|
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%_D
0.4+ .
02F |
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n

0

10 20
Figure 4.6: Orbit of the bimodal map fp with Sy = 3.3 using the initial
condition =y € As(3.3); xo = 0.87, where it’s possible to observe a period-

two orbit.
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47 — /31 52+ /31

Proposition 13 The trapping region A5(3.3) = [ o o

52 + /6 52 — /6

and Ty = T of the

bimodal map of monoparametric family (4.1) for py = 3.3.

C

R contains attracting periodic orbit x, =

Proof. For this proof, we utilize the result obtained from Proposition 5.
We know that the period-doubling bifurcation occurs when (3, satisfies (3.49),

3
specifically when 5 = 54—\/5 Furthermore, the period-two points defined in
3
(3.57) and (3.58) satisfy x1 > x5 when (35 > 3 + /3. For the trapping region
A(3.3) defined above, the value of the parameter /3, is set to Sy = 3.3, which
3
satisfies 3.3 > 3 + /3. Therefore, based on Proposition 5, we conclude that

52 + 6 52 — /6

the period-two points are x; = and zo = ————. To demonstrate

whether this periodic orbit is attracting, it is sufficient to show that the
following condition is fulfilled:

1D fp,(1)|| D fp, (w2)] < 1.
Here
fo,(z,y=4,Ps =3.3) = 13.2 (az - %) (1—ux),
and therefore, their derivative
Dfp,(x) = —26.4z + 19.8.

Applying the previous condition, we have:

D fy (20)]|D fioy (22)] = '2—15‘ <l

Hence, the periodic orbit is attracting. [ |
3+ V17
Taking a new value of By = +T’ its respective invariant set is
3+ V17 9— 17 3+ V17
Ao <+T> = [ g +8 C R. In Figure 4.7, we can observe
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3+ V17
the dynamics of fp for initial conditions zy = 0.61 € A, <+T> , where
3+ V17
we notice that the orbit remains within the invariant set A, (%),
giving rise to bistability.
1 -
0.8
0.6
><C
0.4r
0.2+
O L L Il L L 1 L \
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
n
3+ V17
Figure 4.7: Cobweb diagram for the bimodal map fp with §y = +T

using the initial condition zy = 0.61 € A, <

3+\/ﬁ>
—

C R is an wnvari-

34+ V17
—

3+ V17 9— V17 3+ V17
Proposition 14 A, (%) = [ g +8

ant set of the bimodal map of monoparametric family (4.1) for By =

1 3+ V17
Proposition 15 There exist two invariant sets A, = [0, 5) and Ay <_+2 ) -

9— V17 3+V17
s 8

3417
==

of the bimodal map of monoparametric family (4.1) for

5o then the system presents bistability.
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3+ V17
< 9

Finally, the last case is when [y = 3.57

1021 — /22849 1121 + /22849

tion its corresponding set A5(3.57) = 1103 ; 1108

R is not an invariant set neither a trapping region, then bistability disap-
pears. Every orbit xg € A5(3.57) converges to the invariant set A;. In Figure
4.8, we can observe the dynamics of the bimodal map fp with ¢ € A5(3.57).

, 4|, for this realiza-

n+1

Figure 4.8: Cobweb diagram for the bimodal map fp with 8, = 3.57 using
the initial condition zy = 0.61 € A5(3.57).

With the previous results, it can be verified that indeed, the conditions
provided in the propositions presented in Chapter 3 work to generate bista-
bility in the bimodal map fp, as presented in equation (3.1). Particularly, we
have studied bistability in the monoparametric family of bimodal maps (4.1)

3 3+ V17
LIt

when [, € , and other case, the system (4.1) presents

monostability. The bifurcation diagram for the parameter 8, € [0, 4] is shown
in Figure 4.9. Below we briefly describe the different behaviors observe in
the monoparametric family of multimodal maps given by (4.1).
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0 0.5 1 1.5 2 25 3 3.5 4
A

Figure 4.9: Bifurcation diagram of the bimodal map fp given by (4.1) with
respect to the parameters §; and [, where §; = 2 and 5, € (0,4] C R.

3
e For 5 € {O, 5 + \/5), the maps presents two fixed points in the in-

terval 0 < z < 3 and none in the interval 3 < x < 1. Every orbit
1
zo € [0, 1] finally oscillates in the invariant set A; = {O, 5), then the

family of maps exhibits a monostable behavior.

3 . . .

e For 3y = 3 + V2, the family presents a tangent bifurcation and the
1

system presents two fixed points in the interval 0 < z < 5 and one in

1
the interval 3 < x < 1. The map exhibits a monostable behavior and

1
every orbit xy € [0, 1] converges to the invariant set A; = [O, 5)

3 3
e For By € (5 +v/2, 5 + \/§>, the family of maps presents two fixed

1 1
points in the interval 0 < x < 3 and two in the interval 3 <z <1. The

map exhibits a bistable behavior and every orbit z € [0, 1] converges
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1
to the invariant set A; = [0, 5) or belongs to the trapping region
As(B2) that contains a attracting fixed point.

3
For By = 5 + /3, the family presents a period-doubling bifurcation.

3 3+ V17
For 526 E‘l—\/g,—i_T

points and at the beginning the bistability is generated by the trapping
region Ay(f2) and the invariant set A;. Finally, the bistability is gen-
3+ V17

5

, the family presents four repelling fixed

erated by two invariant sets A; and As(fs) when Sy =

3+ V17

For&é( 5

,4] , the family presents monostability again in the

interval 0 < z < 3

From the previous numerical results of this study cases, we can observe

that any initial condition xy € [(1,(a]\A2(F2) converges to the invariant
set Ay within the interval (; < x < (3. Therefore, there exists a basin
of attraction in z € [(1, (2]\A2(B2) C [0,1] and an attractor in A; for any
B € (0,4] C R.

4.2 The monoparametric family of maps for the

parameter [;

The assumptions taken into account to generate a monoparametric family of
bimodal maps based on the system (3.1) are as follows:

e A regular partition of the interval I = [0, 1] given by the set of points
1
{G=0,G= 3 2= 1}.

e The parameters v = 4 and [, = 3.56 is chosen to ensure the existence

of the trapping region As(f53) in the subdomain (; < x < (s, thus
ensuring monostability and bistability..
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e The parameter f; € (0,4] C R.

Under the previous assumptions, a monoparametric family of bimodal
maps (3.1) is defined as

1 1
51:16(5—:10) f0r0§x<§,

fp(z,B1) =4 (4.4)
3.56 (x—%) (1—2) for%ﬁxgl.

Figure 4.15 displays the graph of system (4.4) for different values of 51: The
red line represents 5, = 1, the black line g; = 2, and finally, the pink one
1 = 4. Considering the map (4.4), we proceed to study bistability and
monostability.

1 _
o
3 0.5 K Y
@) ) \
Y— ¥ \
S | A | :
0 0.2 04 0.6 0.8 1

X

Figure 4.10: Bimodal map fp (4.4) with v = 4, 55 = 3.56 and different values
of B1. The black line represents 5, = 2, the red line 5, = 3, and finally, the
blue one £, = 4.

1
Proposition 16 The system (4.4) has a trapping region A, = [O, 5) CR
28, — 1
46

where all trajectories o € Ay converges to xy,; = or x74 = 0 4f
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3
b € (O, 5).
. . 3
Proof. For this proof, it’s necessary to show that when (; € (0, 5) there

1
exists a trapping region A; = |0, 3 C R and additionally, we need proof

that the fixed points z7; and 7, are attractive when (3, takes the values
previously mentioned. We proceed to calculate the critical point x., € A,
for the first modal. For this, we calculate the derivative of fp,, getting

Dfp,(x) =25 (1 — 4x).
By setting D fp, = 0 we have
25, (1 — 4z) = 0.
Since 1 > 0, we have
1—4x =0,

by solving the previous equation, we obtain that the critical point of the first

modal located at z., = 1 € A;. Now, we defined the interval Iy = [0, x|,

1
I = [mc, 5), such that A; = Iy U I;. Therefore, notice that

fo,(Io, B1) = fp, (11, B1) = {0, g) VB € (O, g) .

By the previous, notice that we can conclude that

3

fo,(loU L1, 1) = fp, (A1, B1) = {0, §) CAL Vb€ (0, g) :

Therefore, the orbit of each initial condition xq € A; remains in Ay, i.e.,
f(A1) C Ay that is the definition of trapping region. Now, we proceed to

3
show that one of the fixed points 7, or z7, is attractive when 0 < 8; < 7

1
We know that the equation for the first modal is fp, (z, f1) = 451 (5 — x)
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and their respective derivative is D fp,(x, 51) = 261(1 — 4z). Now, we find
the condition on (3, such that

|Dfp,(z7,,)| <1 forn=/{1,2}.

For the fixed point z7 ;, we have

|Dfp,(=7)] = 1208 = 1) < 1,
analogously we have
-1<2(6—1) <1

1 3
By solving the previous inequality for 81, we conclude that when — < 3 < —,

the fixed point 7 is attractive. Performing the same procedure for the fixed
point 7 5, we have

|Dfp,(x75)] = 1261] < 1.
Again, by solving the previous expression for (3;, we conclude that when

0<pr < 2 the fixed point 27, is attractive. Combining the two intervals

3
for 8, found previously, we conclude that if 0 < 81 < 3 then all trajectories

* *
T € Ay converge to x7; or zj,. |

1
Proposition 17 The system (4.4) has an invariant set A, = [0, 5) C R if

51 == 2

Proof. This proof is similar to the previous one. For this proof it’s neces-
1

sary to show that when ; = 2 there exists an invariant set A; = |0, 3 C R.

We know from the proof of the Proposition 16 that the point z., € A; is the
critical point for the first modal. We proceed to state the following intervals

which were mentioned previously: Iy = [0,z.], [ = |z, = |, and we remem-

2
ber that these intervals satisfy A; = Iy U [4. Therefore, notice that

FouTo, By = 2) = fo, (I, By = 2) = |0, %) |
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Based on the above, we can conclude that

fo,(loU L1, B1=2) = fp,(A1, 51 =2) = {07 %) = A

Notice that the previous result satisfies the definition of invariant set. There-
fore, for any orbit xy € A; it remains in A; and moreover, completely covers

A |

Notice that when §; = 2, the system (4.4) has an invariant set A; in
the subdomain (, < x < ¢ and a trapping region As(fs = 3.56) within
(1 < o < (5. Only the invariant set A; has a basin of attraction given
by I\A1(8 = 2) U As(p1 = 3.56). Figures 4.11 and 4.12 show the cobweb
diagram and their respective trajectories diagram for the bimodal map fp
with #; = 2 and By = 3.56 using initial conditions, where one of them belongs
to the invariant set A; and the other belongs to trapping region A, (3.56).

200 400 600 800 1000

Figure 4.11: (a) Cobweb diagram and (b) orbit of the bimodal map fp with
B1 =2, By = 3.56 and zy = 0.0357 € A;.

3 3+V17
If we consider Proposition 8, we know that when 5 +v3< By < +T

and 437372 < B < 4, monostability exists in the interval (; < x < (5. Thus,
taking 8, = 2.5, we note that regardless of the initial condition, after a
finite and small number of iterations, the orbit will eventually converge to
the invariant set A(3.56). For this case, the invariant set A, has a basin of
attraction given by I'\A(3.56). Figure 4.13 shows the cobweb diagram for
the bimodal map fp with 81 = 2.5 using an initial condition in the basin of
attraction zy = 0.9502 ¢ A(3.56).
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Figure 4.12: (a) Cobweb diagram and (b) orbit of the bimodal map fp with
61 = 2, ﬁg = 3.56 and Ty = 0.6557 € A2(356)

0 02 04 06 08 1 200 400 600 800 1000

Figure 4.13: (a) Cobweb diagram and (b) orbit of the the bimodal map
fp with f; = 2.5 and f = 3.56 using the initial condition zo = 0.9502 ¢
As(3.56).

The bifurcation diagram based on the behavior presented in this case
study was constructed and is shown in Figure 4.14, in which we can observe
that the behaviors in the previously presented cobweb diagram are related to
this bifurcation diagram. Below we briefly describe the different behaviors
observe in the monoparametric family of multimodals maps given by (4.4).

1 1
e For 3, € (O, 5) and (3, € (5, 4] the fixed point z7, = 0 is attractive
and repulsive, respectively.

26 — 1 18
403

13 3
e For 3, € (§,§> and 3, € (5,4] the fixed point =7, =

attractive and repulsive, respectively.
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3
e For 3 = 2 the family presents a period-doubling bifurcation.

e For ) € (0,2) the family of bimodal maps (4.4) presents two trapping
regions A; = [0, %) and A»(3.56) C %, 1] , therefore the maps exhibit
a bistable behavior and every orbit zy ¢ A3(3.56) converges or belongs
to the trapping region A, = |0, % .

e For 51 = 2, the map (4.4) exhibits a bistable behavior via an invariant
set Ay = [0,0.5) and a trapping region As(3.56).

e The family of bimodal maps (4.4) presents monostability in (; <z < (5
when
and
3 3+V17
S viep< T

where z3 , is the fixed point of the subdomain [(;, (»], denoted by (3.15).

Figure 4.14: Bifurcation diagram of the bimodal map fp given by (4.4) with
respect to the parameters 5 and [, where 8y = 3.56 and 31 € (0, 4].
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4.3 The monoparametric family of maps for the
parameter -y

The assumptions taken into account to generate a monoparametric family of
bimodal maps based on the system (3.1) are as follows:

e A regular partition of the interval [0, 1] given by the set of points {(y =
1
Oa gl = §7C2 - 1}

e The parameters ; = [y = 4.

e The parameter v € (0,4] CR.

Under the previous assumptions, a monoparametric family of bimodal
maps (3.1) is defined as

r
=
X 0.5
H_O
0 ! ! ! s
0 0.2 04 0.6 0.8 1

X

Figure 4.15: Bimodal map fp (4.5) with v = 4, 8; = B2 = 4 and different
values of v € (0,4]. The black line represents v = 2, the red line v = 3, and
finally, the blue one v = 4.
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1 1
4x(§—x> for0§x<§,

folz,y) =~ 1 1 (4.5)
4(1‘—5) (1—2x) forégwgl.

We can state briefly the behavior for the fixed points when the parameter
~ adopts specifically certain values.

1
e wheny € (O, 5) the fixed point 77 , denoted by (3.110), is an invariant

point, moreover, this fixed points is unique within /.

13
e When v € (5, 5) the fixed point z7 , is repulsive, and a new invariant
appears, this invariant is the fixed point 27, defined by (3.109).

3
e When v = h period-doubling bifurcations occurs.

Proposition 18 The bimodal map (4.5) exhibits monostability and an in-

1 3+ 22
variant set A = [0, %} C I when < +T\/_

s
2~ 4

Proof. For this proof, it’s necessary to show that within of the inter-
val I = [0,1] C R there exists an invariant set when the parameter v €

3+2v2

2, —(—
2

first part of this proof, we show that exist an invariant set, for this, let

1
] and

, also, we need proof that fp exhibits monostability. For the

us consider the following three intervals Iy = [0,z.], [ = {:1761,

1
I, = {5, %] , where z, is the critical point belongs to subdomain 0 < z <

1
where z., = T Notice that the set A = Iy U I; U I5.
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1
If we take any = € {O, 3 then the expression for the respective modal is

1
fp,(z) = 4yz (5 — x) . By evaluating Iy and I; in fp, we have the following

1
results: fp, ([y) = [0, %}, fo,(I1) = [0, %} Now, if we take any = € {5, 1]

1
then their respective modal is given by fp,(z) = 4~ (a: - 5) (1 —z). Notice

1
that interval I belongs to the subdomain defined by 3 < z < 1 therefore,
by evaluating I in fp, we have fp,(l3) = [O, Z(fy —-2)(4 - ’y)] We take the

1
3422

5 We proceed to

upper bound of the parameter v in this case v =

substituting in fp,(I3), where we obtain

Yo-na-n-(wi-2) (3) <2

And as the upper bound of the set A is not reached by the second modal when

3+ 2v2
v = +—\/—, then, we conclude that f(A) = A. Therefore, A is an invariant

set. To show monostability, notice that fp, has not fixed point. Therefore,
for any initial condition xy € I'\A the orbit converges to A. Therefore, the

bimodal map (4.5) presents monostability in the subdomain 0 < z < % when

34+ 2v2

0 \
[ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X

(a) (b)

Figure 4.16: Cobweb diagram for the bimodal map fp for: a) v = 2 using
the initial condition zq = 0.9157, and b) v = 2.5 using the initial condition
xg = 0.7922.
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Figures 4.16 shows the Cobweb diagram for the bimodal map fp for: a)
v = 2 using the initial conditions xy = 0.9157, and b) v = 2.5 using the
initial conditions xy = 0.7922. It is possible to see that the bimodal map

(4.5) exhibits monostability in the invariant set A = [0, %} for all zy € I.

3+2v2 3+2v3
—S < —

o If 5 ¥ 5 there exists an invariant point denoted 7 ,
3+2v3
defined by (3.14), and at v = +T\/_ a period-doubling bifurcations
occurs.

34+2v2 3+ V17

Proposition 19 If v € ( 5 5

> then the system (4.5) has a

1
trapping region A(y) C {5, 1] C R defined as

67— 1—/(6y—1)2—3292 67+ 1+ /(67— 1)2 — 3292
8y ’ 8y '

Ay) = [

Proof. To demonstrate this proposition, we will find the value for the pa-

Gt G

rameter v such that f3 (zc,,7) > 23,, with z,, = 5 € [C1,¢o] as the

1
critical point of the subdomain 3 < x < 1. The previous condition arises

from the definition of the invariant set. Now, we defined the following r, a, b,
and ¢ such that 7 = v, a = (; + (&, b = (1(, and ¢ = a* — 4b. Therefore,
by the previous definitions, notice that z., and 3, results

ra—1—/(ra—1)>—4r?b

a
J— X —_—
97 22 o

Loy =
Now, we proceed to solving

f%g ($Cza 7) > x;,Q'

We know that
I (2,7, B2) = —yBa[z® — (&1 + G)7 + (1G] = —ra® + rax — b,

1)



by substituting x., into the last expression and by simplifying, we obtain

(a® — 4b)

fD2($027raa7b):r 4 )

when performing fp,(fp,(2c,, 7, a,0)) = fp,(2c,, 7, a,b), we have

2
bo(Tmy, 1 a,b) = =1 (T@) +ra (r@) —rb,

since ¢ = a* — 4b then it results

—r3¢2 + 4r?ac — 16rb
16 '

f[2)2 (37027 T, a, b) =

Therefore, if we make f7, (2,7, a,b) > 13, we obtain the following result

-3 +4rae —16rb ra—1— \/(Ta —1)2 —4r%
< .
16 2r

By simplifying and factoring the previous inequality, the result is:

(cr? — 2ar — 8)(c*r® — 6ac*r? + 4¢(8b + a* + 2¢)r — 8a(2c + 8b — a*)) < 0.

We take the quadratic factor (cr? — 2ar —8) < 0 and solving for r, where we
obtain the following:

2a £ +v4a? +32¢ a++a?+ 8¢
r= = )

2c c

By substituting a = (1 + (), b = (16, ¢ = a* — 4b and r = 753, and by
simplifying, we have

(G + &) +/9(G + G)? — 3206
(G2 —1)? '

VB2 =

Analogously

(G4 G) £ + @) — 3266
Ba(Co — C1)? '

Then, the solution for the inequality (cr? — 2ar — 8) < 0 is

(G4 ¢) — VI(G + Q) — 3206 e (G +G) + v9(C + ()2 — 32G16
Ba(Go — )2 ! Ba(Co— G1)? |
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However, notice that the lower bound satisfies that

v (G + G) — VI + &)? — 3266 <0,

Bo(Co — G1)?

also, from Proposition 1 we know that there exists fixed points in fp,, where

v >

He =l
I G —C '

Then, notice that

v (G1+ ) — \/9(C1 + (2)? — 321G <0< 1 <\/G+ \/6)2
Ba(Co — C1)? B2 G —C '

Therefore, the solution set for the inequality cr? — 2ar — 8 < 0 is

i(\/a+\/§)2<7<(C1+C2)+\/9(41+C2)2—32§1C2

P\ G—GC Ba(Ca — (1)? ’

o 1 . .
and by substituting gy = 4, {§ = 3 and (; = 1, we obtain the following
interval

34+ 2v2 34+ V17
— <Y<
2 2
that which is the solution set that the parameter v must take for A(7) to be
an invariant set. n
3+ V17
Proposition 20 Ify = +T then the system (4.5) has an invariant set

1
Ay) C {5, 1] C R defined as

67— 1—/(6y—1)2—3292 67+ 1+ /(67— 1)2 — 3292
8y ’ 8y '

Ay) = [

7



Proof. This proof is similar to the previous one. To demonstrate this
proposition, we will find the value for the parameter  such that f3,_(z.,,v) =

Gt G

T34, With x.,, = 5 € [(1,¢o] as the critical point of the subdomain

1
— < x < 1. The previous condition arises from the definition of the invariant

set. Now, we defined the following parameters: r = v, a = (1 + (2, b = (1(
and ¢ = a* — 4b. Therefore, by the previous definitions, notice that z., and
T3 o Tesults

*

a
T =5 and 15, =

ra—1—/(ra—1)%—4r2b
2r '

Now, we proceed to solving
ff%Q(a?cg,”Y) = -75;,2'
We know that
I, (2,7, Ba) = =Bl — (¢ + &) + (1G] = —ra® + rax — rb.
By substituting x., into the last expression and by simplifying, we have

(a® — 4b)

oo (Tey, 1, 0,0) = T’T.

When performing fp,(fp,(%c,, 7, a,b)) = [}, (@c,, 7, a,b). We have

2
fl%Q(xmzaTa a,b) = —r <T@) +ra (r@) —rb.

Since ¢ = a* — 4b then it results

—r3¢? + 4r?ac — 16rb
16 '

f%Q ('Tczalra a, b) =

Therefore, if we make f3, (z,,7,a,b) = x5, we obtain the following result

—r3¢® + 4r2ac — 16rb _ra—1-— \/(Ta —1)2 —4r%b
16 n 2r ‘

By simplifying and factoring the previous inequality, the result is:

(er® — 2ar — 8)(c*r® — 6ac*r? + 4¢(8b + a* + 2¢)r — 8a(2c + 8b — a*)) = 0.
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We take the quadratic factor (cr? —2ar —8) = 0 and solving for r, we obtain:

B 2a + v/4a? 4+ 32¢ B a4+ Va?+ 8¢

2c c

r

By substituting a = {; + (3, b = (G, ¢ = a* — 4b and r = 53, and by
simplifying, we have

(G + &)+ V(G + G)? — 3206
(G2 —1)? '

VP2 =

Analogously

(G + G) £/9(C + ()2 — 32G:16
Ba(Co — C1)? '

Notice that the solution

. (G + &) — V(G + G)? — 3206 <0

Ba(C2 = C1)?

Therefore, do not satisfies that v € (0,4] € R. Therefore, we take

(G4 G) + V(G + &) — 32616

Ba(Ce — G1)? 7
1 3+ V17
and by substituting gy = 4, (; = 3 and (; = 1, we obtain v = %7
which is the value that v must take for A(7y) to be an invariant set. |

Proposition 21 . The bimodal map (4.5) exhibits monostabilty in the sub-

1
domain (; < x < ( when 7y € (g + \/5734_7\/_7

Proof. For this proof, we will proceed to take results from the previous
Propositions. From Proposition 18 we know that the bimodal map do not

3+2v2

have monostability in 0 < x < % when v > . Moreover, we know

from the Proposition 19 that there exists a trapping region A(v) belongs to
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¢ < < (¢ when

3+2v2 3+ V17
+T\/_ << +T and finally, from Proposition 20

3+ V17
9

we know that when v =

3 3+ V17
AL

the bimodal map has an invariant set A(7).

Therefore, since v € ( then, there exists a trapping region

or an invariant set A(7y) allowing to the bimodal map has monostability in
(1 <x < (. [ |

Since the map fp, no longer satisfies Proposition 18 but does satisfy
Proposition 21, for any initial condition zg € [0, 1], the orbit either converges
to or belongs to the trapping region A(7), as defined by (4.2), within the
subdomain (; < x < (5, resulting in monostability. From Figure 4.17, we

_ 3+V/17

can see that when v = , there exists monostability in I = [0, 1]

satisfying Proposition 20 and, consequently, Proposition 21.

0.6

n+1

0.4

0.2 /

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

34+ V17

Figure 4.17: Cobweb diagram for the bimodal map fp with v = 5

using the initial condition xy = 0.0357 € [0, 1].

Proposition 22 If v € (0,4) € R then the system (4.5) has a trapping
region A =1 =1[0,1] C R.
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Proof. To demonstrate this proposition, we need to show that there exists
a trapping region if v € (0,4) € R. For reach this goal, we consider the

1 1
following four intervals Iy = [0, z.,], [; = {xcl, 5}, I, = {5,1’62} and Iz =

[Z¢,, 1], such that A = U?:o I;, where z., = 1 and z., = 7 are the critical

1 1
points of the subdomains 0 < x < 5 and 3 < x < 1, respectively. For any

1
T € [O, 5) the equation of this modal is

fota e (1)

Therefore, if we evaluate each interval I; for i = {0,1} in fp, we obtain

1
that £, ([0,2¢,),7) = [0, and fo, ([m 5] m) = (0,7 . Now, for any

1
x € {5, 1] the equation for this modal is

o) =y (2= 3 ) (1=,

1} and

1
if we evaluate we obtain the following results fp, ( {5, Tey, 7} > = [0, 1

o, ([xey, 1] ,7) = [O, %] and since v € (0,4) specifically v < 4, then,

fD1(1077) = fD1(1177) = fD2(1277) = fD2(1377) = [07 1) for v e (074)

Analogously

3
fDl([O U[b’}/) = fD2([2 UI377) = fD (U [i77> = fD(‘A77> = [071)7
=0

and since [0,1) C [0, 1]. Therefore, we have that fp(A,v) C A. [ |
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Figure 4.18: Cobweb diagram for the bimodal map fp with v = 3.6 using
the initial condition zy = 0.8491 € [0, 1].

Figure 4.18 depicts the cobweb diagram for the parameter value v = 3.6,
according to Proposition 22. The bimodal map (4.5) exhibits monostability
within 7 =[0,1] C R.

Proposition 23 The bimodal map (4.5) has an invariant set A = I =
[0,1] C R when v = 4.

Proof. This proof is similar to the previous one, again, we need to show
that there exists an invariant set if v = 4. For this, we consider the following

1 1
5] Iy = {5, :cQ} and I3 = [x,, 1], such

four intervals Iy = [0, z.,|, [} = {xcl,
that A = U?:o I;, where z., = 1 and z., = 7 are the critical points of the
1 1 1
subdomains 0 < z < 3 and 3 <z < 1, respectively. For any x € [O, 5) the
equation of this modal is
1
fo,(x,y=4) = 16z (5 —x) .

Therefore, if we evaluate each interval I; for ¢ = {0,1} in fp, we obtain that

o, ([0, 2],y =4) =[0,1] and fp, ([xcl, 1} Y = 4) = [0,1]. Now, for any

2
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1
T € [5, 1] the equation for this modal is

foutey=4)=10 (- 3) (1 -2),

1
if we evaluate we obtain the following results fp, ([5, x@] Y = 4> = [0,1]

and fp, ([Tey, 1],7 =4) = [0,1] and since v € (0,4). By the previous results,
we obtain

fDl(IO,'Y = 4) = fDl(Il,’Y = 4) = ng(I2,’Y = 4) = ng(I3,’Y = 4) = [07 1]
Analogously

Jo.(loUly,y=4) = fp,(IaU I3,y = 4)

= /p (Ufi,v = 4) = fo(A,v=4)=[0,1].

i=0
Therefore, we have that fp(A,v=4) = A. [

n+1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.19: Cobweb diagram for the bimodal map fp with v = 4 using the
initial condition xy = 0.9340 € [0, 1].

Figure 4.19 depicts the cobweb diagram for the parameter value v = 4,
according to the Proposition 23. The bimodal map (4.5) exhibits monosta-
bility within I = [0,1] C R.
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Proposition 24 The bimodal map (4.5) shows monostability in I = [0, 1] if
v € (0,4 CR.

1
Proof. Notice that when 0 < v < 2 then there exists an invariant point
1 1
7 5 inside of I, more precisely, in the subdomain 0 <z < 7 When 3 <y <

2 now the invariant point is 27 ; and belongs to 0 < z < 7 By the Proposi-

34+ 2v2
9

v

tion 18, if v € |2, ), there is only one invariant set A € [O, —] c .

4

3422 3+V17
— <7< — now the only

trapping region or invariant set is in — < x < 1. Finally, notice that when

(3+\/1_7
e |5

From the Propositions 19 and 20, if

4], for any xo € I the orbit remains in I, given rise to a

2
trapping region or invariant set. Therefore, observe that if 0 < v < 4 the
bimodal map (4.5) always shows monostability in I. [ |

0.8

0.6 -

Figure 4.20: Bifurcation diagram of the bimodal map fp given by (4.5) with
respect to the parameter v € (0,4] € R.
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Figure 4.20 shows the corresponding bifurcation diagram for this case study,
highlighting a clear relationship between the behaviors found in the cobweb
diagram for each case. Below we briefly describe the different behaviors
observe in the monoparametric family of multimodals maps given by (4.5).

1
e For v € (O, 5) the bimodal map (4.5) exhibits an invariant point at

* —
r]o = 0.

3
e Forvy e [2, 2 + \/5) the bimodal map (4.5) has an invariant set A C I,

1 3+ 2v2
where A = [O,%] and 3 < % < +T\/_

map (4.5) exhibits monostability in the interval 0 < z < ?z}’ when

v e {2,g+\/§).

Moreover, the bimodal

3 3+ V17
§+¢1;%£:

e When v € ( > the bimodal map (4.5) has a trapping

1
region A(7) in the interval 5 <z <1, and it exhibits monostability.

34+V17
9

e When v = the bimodal map (4.5) has an invariant set A(vy)

) ) 1
in the interval 3 <z<l1.

e For v € (0,4) the bimodal map (4.5) has a trapping region A = [0, 1] C
R.

e For v = 4 the bimodal map (4.5) has a invariant set A = [0,1] C R.

e For v € (0,4] C R the bimodal map (4.5) always shows monostability
inl=1[01¢R
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Chapter 5

Conclusion

In the present work, the necessary conditions for ensuring the existence of
monostability and bistability in a bimodal map were provided through propo-
sitions. These propositions were analytically demonstrated using tools com-
monly employed in the study of discrete dynamical systems. Subsequently,
numerical simulations were conducted to observe the existence of monosta-
bility and bistability.

Some results presented were introduced for regular and irregular parti-
tions, therefore this fact allows us to present the statements in terms of the
set of points {(p, (1, (2}. We found that the location and stability of the fixed
points of the bimodal map (3.1) in the interval [y, (1) are controlled by the
parameter [; when it takes values in an interval determined by (y and (;.
In a similar way, it is possible to determine the location and stability of the
fixed points of the bimodal map (3.1) in the interval [(1, (5] by B2 when it
takes values in an interval determined by ¢; and (s.

A trapping region or an invariant set in the first modal appears if the
modal value fp,(z.,) is less than the value of the fixed point z3, of the
second modal. And in the second modal a trapping region or an invariant
set appears if the second iteration of the critical point of the second modal
[, (2c,) is equal to or greater than the value of the fixed point @3 ,. There-
fore, the fixed point z3, is crucial to exhibits monostability or bistability in
the bimodal map fp given by (3.1).
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We introduced three parametric families of the bimodal maps by con-
sidering the parameters (1, 5y and v as fp(x, 1), fp(x,B2) and fp(x,~),
respectively. In the first two families fp(z, 1) and fp(x,52), the value of
first modal and the value of the second modal change, respectively, while
the value of the other modal remains fixed, then by controlling the values of
the first and second modal allow these families to exhibit monostability or
bistability in the interval I. In the last family fp(z,7), the parameter v does
not allow different values for the first and second modal and this restricts
the system to only exhibits monostability in the interval I. Within the de-
velopment, the respective Cobweb diagrams were shown for each case, the
bifurcation diagrams were also developed, with the objective of observing the
behavior of the different families of the difference map when their parameters
take different values.
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