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Acronyms and notation

Acronyms

e CS: Continuous Solution.
e I'VP: Initial Value Problem.

e LFB: Lyapunov-Function-Based.

LLS: Lyapunov Level Set.

ODE: Ordinary Differential Equation.

RK: Runge-Kutta methods (e.g., RK4).

Notation

e R: The set of real numbers.

e R-(: The set of non-negative real numbers [0, 00).
e R.o: The set of positive real numbers (0, 00).

e N: The set of natural numbers {0,1,2,...}.

e R™: n-dimensional Euclidean space.

TR™: The tangent bundle of R™.

GL(n,R): The general linear group of degree n over R.

B: Unit ball in R”.

S.(p): Homogeneous sphere of radius p.

e (P: (Class of functions with continuous derivatives up to order p.

IC: Class of strictly increasing functions ~ : [0,a) — [0, 00) with v(0) = 0.

e J)\(z): Standard dilation of z with scale factor A.
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A’ (z): Weighted dilation of = with weights r and scale factor A.
®7 (-): Integral curve (flow) of vector field f starting at z.

o(t, xp): Solution of the continuous-time system starting at z.
VU : Discrete-time map approximating the flow.

V': Lyapunov function.

W: Function defined as W (z) = — %~ f(x).

M: General discretization scheme.

r: Vector of weights r = (r1,...,7,).

i Degree of homogeneity of the vector field f.

m: Degree of homogeneity of the Lyapunov function V.
h: Discretization step size.

o: Order of consistency of a discretization method.

xp: Discrete-time approximation of the solution at time tj.
ex: Global error at step k.

Ty11: Local truncation error.

||I|I: Euclidean norm.

|-l Weighted homogeneous norm (r-homogeneous norm).
|||la: Canonical homogeneous norm.

|]: Integer part of .

[x]®: Signed power function, defined as sign(x)|z|®.

le, f]: Lie bracket of vector fields e and f.

L.V Lie derivative of function V along vector field e.
co(S): Convex closure of a set S.

I,,: Identity matrix of size n x n.

diag(-): Diagonal matrix constructed from a vector.

(5;'-: Kronecker delta (equal to 1 if ¢ = j, 0 otherwise).



e (4 Generator matrix of a dilation group.

e S.: Level set of a function (typically Lyapunov), defined as {z : V(z) = c}.






Resumen

En esta tesis se estudia el problema de discretizacion de sistemas homogéneos. En
particular, se propone una mejora a un esquema de discretizacién disenado para preservar
algunas propiedades importantes de los sistemas homogéneos asintoticamente estables.
Como resultado, se obtiene una familia de esquemas de discretizacion que preserva las
mismas propiedades de los sistemas homogéneos, pero que puede llegar a tener un costo
computacional menor. El esquema del cual se partié preserva una funcién de Lyapunov
asociada al sistema, asi como la estabilidad del origen y el tipo de convergencia de
las soluciones. En cuanto a sus propiedades numéricas, ya se habia demostrado que
es consistente de orden uno, pero no se habia probado su convergencia. La familia de
esquemas de discretizacion que proponemos sigue preservando la estabilidad del origen,
una funciéon de Lyapunov y el tipo de convergencia de las soluciones. Se demuestra que
cada miembro de esta familia es numéricamente convergente y consistente de algin orden,
que depende del orden de consistencia de un método de discretizacion auxiliar utilizado
en dos etapas del esquema, como por ejemplo: los métodos de Euler, el método del punto
medio, la familia de Runge-Kutta, entre otros. El orden de consistencia de los esquemas
que proponemos impacta el costo computacional de su implementacién con respecto
al esquema inicial: a mayor orden de consistencia, mayor sera el tamano del paso de
discretizacion requerido para alcanzar una cierta precisién en las soluciones aproximadas.
En contraste con otros esquemas de discretizacion, que pueden conducir a inconsistencias
como divergencia de las soluciones en lugar de convergencia, o a un comportamiento
oscilatorio (chattering) producido por condiciones iniciales grandes o pequenas, o cuando
el campo vectorial es discontinuo en el origen, la familia propuesta evita estos problemas
porque preserva las caracteristicas esenciales de los sistemas homogéneos, proyectando
la dindmica del sistema sobre un conjunto de nivel definido a partir de una funcién
de Lyapunov asociada al sistema. Ademads, mientras que los métodos de discretizacion
disenados para sistemas homogéneos existentes en la literatura tipicamente imponen
restricciones estrictas sobre el tamano maximo del paso de discretizacion para garantizar
sus propiedades, los esquemas introducidos aqui no presentan tales limitaciones, siempre
que el método auxiliar utilizado satisfaga ciertas condiciones de regularidad.
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Abstract

In this thesis, the problem of discretizing homogeneous systems is studied. In particu-
lar, one discretization scheme, designed for asymptotically stable homogeneous systems,
is improved. The result is a family of discretization schemes that preserves the essen-
tial characteristics of homogeneous systems. The original scheme preserves a Lyapunov
function associated with the system, as well as the stability of the origin and the type
of convergence of the solutions. Regarding its numerical properties, it was previously
shown to be consistent of order one, but its convergence was not proven. The family of
discretization schemes we propose still preserves the stability of the origin, a Lyapunov
function and the type of convergence of the solutions. We prove that each member of this
family is numerically convergent and consistent of some order, depending on that of an
auxiliary discretization method used at two stages of the scheme (e.g. Euler, midpoint,
Runge-Kutta family, etc.). The consistency order of the schemes we propose impacts
the computational cost of their implementation: a higher consistency order allows for a
larger discretization step size to achieve a certain accuracy in the approximate solutions.
In contrast to other discretization schemes that may lead to inconsistencies -such as
solution divergence instead of convergence, or chattering with large/small initial condi-
tions or when the vector field is discontinuous at the origin- the proposed family avoids
these issues because it projects the system’s dynamics onto a level set of an associated
Lyapunov function, thus preserving the decreasing nature of the solutions. Moreover,
while existing discretization methods for homogeneous systems typically impose strict
limitations on the maximum step size for which their properties are guaranteed, the
schemes introduced here do not have such constraints, provided that the used auxiliary
method satisfies certain regularity conditions.
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Introduction

Dynamical systems are mathematical frameworks used to model the evolution of artificial
and natural processes over time, which can be treated either as a continuous variable
or as a sequence of discrete instants. When modeled in continuous time, dynamical
systems are typically described by differential equations, with each solution being a
continuous-time function and representing the time evolution of one variable. In con-
trast, discrete-time dynamical systems are formulated using difference equations, where
solutions are given by sequences that specify the values of one variable at some time in-
stants. A fundamental purpose of dynamical systems is estimation of future states based
on current or past information. However, explicit analytical solutions are available only
for a limited class of systems, such as linear systems or certain low-dimensional nonlinear
systems with simple structural characteristics. For the vast majority of nonlinear sys-
tems, obtaining closed-form solutions is generally infeasible. To address this challenge,
discretization schemes, which are mathematical and computational tools that transform
continuous-time systems into discrete-time representations, are employed. These schemes
convert systems of differential equations into systems of difference equations, thereby en-
abling the approximation of continuous-time solutions through discrete-time sequences.
Discretization plays a critical role in applications such as control engineering, where it
facilitates both the simulation of dynamical behavior and the digital implementation of
control algorithms.

Let us consider the continuous-time dynamical system

T = f(z), (1.1)



where f : R — TR is a vector field that may be discontinuous at the origin. Conditions
for existence and uniqueness of solutions in forward time are assumed to be satisfied for
(1.1). Broadly speaking, a discretization scheme M allows one to compute a discrete-

time system in the form
Lh+1 :\Il(tkv 7h)7 (12)

where the middle dots in the arguments of ¥ in (1.2) indicate a number and type of argu-
ments of ¥ that may vary depending on the involved discretization scheme, for example
if U depends on values prior to xp,1, but does not depend on x;, the method is said
to be explicit, and is said to be implicit otherwise. The subindex k in xj; indicates that
the k-th element of the solution (x),.y of (1.2) approximates the continuous solution x
of (1.1) at the time instant ty, i.e., zx ~ x(t;). The discrete sampling times are usually
defined as t;, = to + kh, with h denoting the discretization step that may be changed
for each implementation of M, nonetheless, certain schemes allow the discretization
step size to vary throughout the course of a single execution. As the discretization step
approaches zero, (1.2) should approximate (1.1) more closely.

The field of numerical methods for approximating solutions to continuous-time dy-
namical systems is well-established and has evolved through a variety of approaches
and perspectives (Ascher & Petzold, 1998; Hairer et al., 1993; Lambert, 1991; Stuart
& Humphries, 1996). A wide range of discretization techniques exists for nonlinear
systems, including general-purpose methods—such as those detailed in (Hairer et al.,
1993)—as well as specialized methods tailored to particular classes of systems, such as
discontinuous systems, as discussed in (Acary & Brogliato, 2008). According to numer-
ical analysis, any practically useful discretization scheme must satisfy two fundamental
properties: consistency and convergence. These properties are closely related to the local
and global truncation errors, respectively, and they ensure that the discrete system accu-
rately approximates the continuous system as the time step becomes sufficiently small.
Local truncation error measures the error introduced in a single step, ignoring errors
from prior steps, while global truncation error accounts for the accumulation of errors
over multiple steps. Convergence ensures that, as the discretization step approaches zero,
the discrete solution of (1.2) approaches the continuous solution of (1.1). Consistency
guarantees that reducing the step size leads to a reduction in the local error. Conver-
gence implies consistency, but the converse is not satisfied. The order of consistency is
a number that indicates how large the discretization step can be set to ensure that the
discrete solution approximates the continuous solution with a certain desired precision :
the lower the order of consistency of a method, the smaller the size of the discretization
step needed to achieve the same precision as with a method whose order of consistency
is higher. To illustrate this fact, let us consider, for example, the system

i=u. (1.3)



The continuous-time solution of (1.3), for initial condition xg, is given by
z(t) = zoe'. (1.4)

Figure 1.1 shows the results obtained from the discretization of (1.3), using two conver-
gent and consistent discretization schemes, with different consistency orders:

e Explicit Euler’s method. (consistency order 1)

Tkl :l’k—Fh.CCk (15)

e Midpoint method (consistency order 2)

h
h=0.1 h = 0.05
10 : . 10 . .
CS CS
81 Euler 81 Euler
g ——— Midpoint ——— Midpoint
6 6|
8
4t 4t
2 : : 2 : :
0.5 1 1.5 0.5 1 1.5
t t
h = 0.01 h = 0.001
10 : . 10 . .
CS CS
8t Euler 8t Euler
g ——— Midpoint ——— Midpoint
X 6 6t
8
4t 4t
2 : : 2 : :
0.5 1 1.5 0.5 1 1.5
t t

Figure 1.1: Graphical representation of a solution of the discretization of (1.3).

It can be appreciated how the midpoint method achieves higher precision with a



larger discretization step compared to the Euler method.

There exists several well-established discretization methods, including for example
the Runge-Kutta and Adams families, that have been carefully developed, with their
numerical convergence, consistency order, and other essential properties thoroughly val-
idated by their developers. These methods are designed to ensure that the discrete ap-
proximations they produce remain computationally precise when the discretization step
tends to zero. However, these schemes are so general that they do not guarantee that
particular qualitative properties of each type of system, such as stability or instability,
are preserved. Discretization schemes are generally not employed for the analysis of qual-
itative properties of dynamical systems—such as stability or the nature of convergence
of solutions—as these characteristics are typically established through formal mathemat-
ical techniques prior to the discretization process. Instead, such schemes are primarily
utilized to investigate quantitative aspects of the system, including, for instance, the rate
of convergence or divergence of solutions. Therefore, when used to discretize dynamical
systems, they are generally expected to possess additional properties that assess how
closely their approximations align with the true solutions of the continuous systems.

In general, the well-known methods (Euler, Runge-Kutta, Adams family, etc.) do
not guarantee the preservation of particular properties of the systems they approximate.
Let us consider for example the system

. 3
By = =2[x1]2 + 29, (1.7)

iy = —[1)?,
where |y]* = sign(y)|y|* . It can be proved that the origin of R? is an asymptotically
stable equilibrium point for (1.7). Moreover, solutions of (1.7) converge to any neigh-
borhood of the origin in finite time. If one simulates the approximation of the solution
of (1.7), using the explicit Euler method, for initial condition [10°,0] and discretization
step h = 0.1 one obtains the solution illustrated in Figure 1.2. Note that the solution
in Figure 1.2 does not converge to the origin, which contradicts the asymptotic stability
of the origin for (1.7). This occurs because the explicit Euler method only preserves the
stability of equilibrium points for sufficiently small discretization steps. There exist dis-
cretization schemes in the literature specifically designed to preserve certain properties of
particular systems, for instance, methods with A-stability that preserve the asymptotic
stability of linear systems, or geometric integration approaches that aim at preserving
first integrals (e.g., energy or momentum) in Hamiltonian systems (Hairer, Lubich, &
Wanner, 2006; Marsden, 1992; Sanz-Serna, 1992; Stuart & Humphries, 1996).

One challenge when discretizing Lyapunov-stable nonlinear dynamical systems is en-
suring the preservation of Lyapunov stability. This challenge can be effectively addressed
if the Lyapunov function that holds for the continuous-time system should also serve as
a valid Lyapunov function for the discrete-time approximation. Several approaches have

4



262
47><10

0 0.02 0.04 0.06 0.08 0.1 0.12

hk

Figure 1.2: Graphic representation of a solution of the discretization of (1.7).

been explored to develop methods that maintain Lyapunov stability, notable examples
include: restricting the discretization step size in certain Runge-Kutta methods for gra-
dient systems (Hairer & Lubich, 2014), using discrete-gradient methods for gradient
systems (McLachlan et al., 1999), and applying projection methods (M. P. Calvo et al.,
2010; Grimm & Quispel, 2005).

Homogeneous systems form a significant class of dynamical systems, encompassing
all linear systems as well as a subset of nonlinear systems that share many key charac-
teristics with linear ones, for example, the scalability of solutions. In addition to these
similarities, homogeneous nonlinear systems exhibit unique features that are particularly
valuable for the analysis and design of control systems. Research on this type of sys-
tems includes: nilpotent and homogeneous approximation (Andrieu et al., 2008; Hermes,
1986), stability and stabilization (Griine, 2000; Hahn, 1967; Hermes, 1991; Hong et al.,
1999; Kawski, 1990; Mendoza-Avila et al., 2023; Orlov, 2004; Polyakov et al., 2016;
Zubov, 1964), Lyapunov functions (Nakamura et al., 2002), (Moreno & Osorio, 2012),
(Sanchez & Moreno, 2019), (Efimov et al., 2018), robustness (Bernuau et al., 2013),
(Rosier, 1992), (Sepulchre & Aeyels, 1996), sliding modes (Cruz-Zavala & Moreno, 2017;
Levant, 2005), observer design (Qian & Lin, 2006), differentiators (Moreno, 2022), gen-
eralized homogeneity (Polyakov, 2020) and gain design (Sanchez et al., 2023).

Some of the interesting properties of homogeneous systems are intrinsic robustness
and scaling, the property whereby trajectories of a homogeneous system are obtained
by scaling solutions that evolve in arbitrarily small neighborhoods of the origin, which
turns out to be quite helpful to deduce the global qualitative nature of the solutions
from their local behavior. Unfortunately, many standard discretization methods are not
well-suited to the specific nature of homogeneous systems. As a result, these methods
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often provide suboptimal approximations, failing to leverage the important features of
homogeneity. A notable example arises when the system’s solutions exhibit finite-time
or nearly-fixed time convergence (sometimes referred to as rational convergence). In
such cases, discretization methods that do not align with the system’s homogeneity
can produce approximations that suffer from numerical chattering phenomena (Levant,
2010), (Acary & Brogliato, 2010), or even result in finite escape times (Efimov et al.,
2017; Levant, 2010), as is the case with system (1.7).

Distinct strategies have been developed to discretize homogeneous systems, including
sliding-mode controllers and observers, that feature improved properties with respect
to the well known schemes, e.g., implicit discretization of sliding mode controllers in
(Drakunov & Utkin, 1989) and (Utkin, 1994), discretization of an arbitrary-order ro-
bust exact differentiator (Koch & Reichhartinger, 2018), and discrete-time realization
of sliding-mode algorithms—via implicit discretization of differential inclusions—as dis-
cussed in (Huber et al., 2016) and (Acary et al., 2012). In (Polyakov et al., 2019, 2022),
a discretization approach was developed for asymptotically stable homogeneous systems,
based on the fact that every homogeneous stable system is topologically equivalent to a
quadratically stable one. This method was shown to preserve the convergence type of
the continuous-time system’s solutions for finite-time and nearly-fixed time convergence.
Although the methods proposed in (Polyakov et al., 2019) preserve the type of conver-
gence, they are implicit and depend on a generally implicitly defined homogeneous norm,
moreover, their proven order of consistency is one. In (Efimov et al., 2019), Euler-like
schemes with a dynamical scaling of the discretization step were proposed to discretize
homogeneous systems. The implicit and the explicit methods in (Efimov et al., 2019)
are not proven to preserve the type of convergence of the solutions nor the Lyapunov
function, and their proven order of consistency is one. Other methods that preserve
Lyapunov functions also include the method based on discrete-gradients proposed in
(McLachlan et al., 1999), which is restricted to gradient systems; and the projection
method (M. P. Calvo et al., 2010), which is quite involved since it requires Gaussian
quadratures, dense outputs of Runge-Kutta methods, solving implicit equations to com-
pute the projections, and it imposes restrictions on the discretization step; moreover,
none of these two methods guarantees the preservation of the convergence rates from the
continuous-time system.

In (Sanchez et al., 2020), a Lyapunov-function-based (“LFB”) discretization method
was introduced for asymptotically stable homogeneous systems. This method preserves
both Lyapunov stability and the type of convergence of the system’s trajectories. It can
be understood as a two-step projection technique: first, the explicit Euler method is
applied to compute a discrete approximation of the system’s dynamics, projected onto
a level set of the Lyapunov function. Then, information from the Lyapunov function is
used to lift the approximation back to the original state space. The method was shown
to be numerically consistent of first order in (Sanchez et al., 2020). A natural question
that arises from this work is whether the performance of the approximation scheme in



(Sanchez et al., 2020), such as its precision and order of consistency, can be improved
by using more precise or higher-order auxiliary methods to approximate the projected
dynamics, instead of the explicit Euler method. Since the order of the auxiliary method
is expected to influence the order of the overall discretization scheme, the ideal objective
would be to develop a higher-order discretization scheme that continues to preserve the
Lyapunov function and the convergence type of the solutions.

In this thesis, the discretization problem of weighted homogeneous systems, preserv-
ing some features related to homogeneity, such as stability and the type of convergence
of the solutions, is studied. The advantages and disadvantages of the methods that were
proposed in (Polyakov et al., 2019), (Efimov et al., 2019), (M. Calvo et al., 2006), and
(Sanchez et al., 2020) are studied. The main contribution of the present work is the
proposal of an improvement to the discretization scheme in (Sanchez et al., 2020). This
improvement generalizes the one from (Sanchez et al., 2020) in the sense of allowing
one to replace Euler’s method by more general discretization schemes, of arbitrary order
o € N, to approximate the projected dynamics; thus obtaining a family of discretization
schemes whose consistency order o can be selected as large as desired, as long as an
auxiliary method with the same consistency order is used to approximate the projected
dynamics. Numerical convergence and consistency of order o, for any discretization step
value, are proved for this family of schemes. It is also proved that all the methods in this
family preserve a Lyapunov function for the original system and the convergence type
of the solutions.

The thesis is organized as follows: Chapter 1 provides a brief introduction to the
research. Chapter 2 presents essential preliminaries on stability, homogeneous systems,
and numerical discretization methods. Chapter 3 discusses the discretization schemes
for homogeneous systems introduced in (Polyakov et al., 2019), (Efimov et al., 2019)
and (M. P. Calvo et al., 2010). Chapter 4 is dedicated to the LFB family of discretiza-
tion schemes, which constitutes the main contribution of this work. Here, the method
proposed in (Sanchez et al., 2020) is reviewed, the principal results of the research are
proved, and several implementation results are included. Finally, Chapter 5 offers con-
cluding remarks and outlines potential directions for future research.






Preliminaries

An ordinary differential equation (ODE) is an equation that involves some ordinary
derivatives (as opposed to partial derivatives) of a function. The order 1 of an ODE is
determined by the highest order derivative it contains. Every ODE of order n € N may
be written in the form

f oy yW,y® ™) =0, (2.1)

where y : I € R — R is a solution of (2.1) and y denotes the i-th derivative of
y. ODE (2.1) is said to be autonomous if f does not depend explicitly on ¢, and non-
autonomous otherwise. A system of ODEs of order n € N may be written in the form
(2.1), with the understanding that y : I C R — R" and that f actually represents a
set of ODESs, i.e,

f (™M, y®, Ly ™) = T . (2.2)

Every order n ODE in the form

y(ﬂ) = f (t7 n y(1)7 y(2)’ o 7y(n,1)) (2.3)

is equivalent to a first order system of ODEs by means of a recursive change of variables.

Let us consider for example
d’y dy d’y
— = ty,—,— | . 2.4

ats f(’y’ dt’dt2> (24)
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Let us define z1 = y, x5 = ‘é—Z; and x3 = dd%. Variables x; to x3 and y satisfy the first
order ODE system

T = T2

Ty = I3,

T3 = f(t, o1, 20, 23).

A dynamical system is an ODE system for which y describes the evolution over time
of a state. Dynamical autonomous systems, for which f does not depend explicitly on
t, are commonly represented as first-order ODE systems in the form

= f(x), (2.5)

where x : I CR — R"” and f : R — TR", where TR" denotes the tangent bundle
of R", and for every = € R" the fiber T,R" is homoemorphic to R™ . Throughout this
thesis, we will consider initial value problems (IVP for short) given by systems of the
form (2.5), under a set of assumptions that will be made explicit later on, together with
initial conditions

x(to) = Ty, (26)
with zo € R”.

2.1 Stability for nonlinear dynamical systems

Hereafter in this document, we will assume that System (2.5) satisfies conditions for the
existence and uniqueness of solutions in forward time. A point £ € R"” is said to be
an equilibrium point of (2.5) if f (z) = 0. Intuitively, equilibrium points are considered
stable if solutions may be made to remain arbitrarily close to the equilibrium solution
by considering initial conditions sufficiently close to the equilibrium; if not, they are said
to be unstable.

Definition 1 (Stability in the sense of Lyapunov, (Lyapunov, 1992)). For (2.5), the
origin 1s said to be :

e Stable if and only if for every e € Ryq there exists 0 € Ry such that for every
to € Ruo, if ||x(to)]| < 0, then ||z(t)|| <€, for every t > ty.

e Unstable if it is not stable.

o Asymptotically stable if and only if it is stable and 6 can be choosen such that
if ||x(to)]| < 6, then limy_,o x(t) = 0.

A class C1, positive definite function V : D C R® — R, with D a neighborhood
of 7 , is said to be a weak Lyapunov function for (2.5) if the derivative od V' along the
trajectories of (2.5), denoted V, satisfies V(z) < 0 for every € D and it is said to be
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a strict Lyapunov function if V(:U) < 0 for every x € D \ {0}. Stability of equilibrium
points is usually characterized in terms of the existence of Lyapunov functions.

Theorem 1 (Stability characterized by Lyapunov functions ((Lyapunov, 1992))). For
(2.5), the origin is said to be:

e Stable if there exists a weak Lyapunov function for (2.5).
e Asymptotically stable if there exists a strict Lyapunov function for (2.5).

e Globally asymptotically stable (resp. globally stable) if it is asymptotically
stable (resp. stable, D = R™ and V is radially unbounded.

Let ¢ € R>p. The set
Se={x eR": V(z) =c} (2.7)

will be called a Lyapunov level set (LLS for short). When the origin exhibits asymp-
totic stability, the time derivative of a strict Lyapunov function V is negative definite,
which implies that solutions starting on a LLS S, move towards inner Lyapunov level
sets, characterized by smaller values of ¢. Consequently, as ¢ diminishes, the LLS S,
progressively approaches the origin, leading the trajectory to do the same.

By means of the chain rule, the derivative of any Lyapunov function V' along the
trajectories of (2.5) is given by

V= -—W(x) (2.8)
where 5V
W(e) = 5 (@)f (). 29)

2.2 Homogeneous systems

Linear systems are a specific and restricted category of dynamical systems that exhibit
notable characteristics, such as the ability to be solved explicitly. When an equilibrium
point of a linear system is asymptotically stable, solutions will always approach it in an
exponential manner, and a variety of linear algebra techniques can be applied to analyze
them. These traits are not generally present in nonlinear systems, as they lack closed-
form solutions and their behavior near equilibrium points can be more unpredictable.
Homogeneous systems, a set containing all the linear and some nonlinear systems, act
as a link between linear and nonlinear dynamics, possessing some properties similar to
the ones of linear systems that simplify their study, such as solution scalability, which
allows local properties to be extended to global ones, and the fact that solutions to these
systems will approach equilibrium points only in one of three distinct manners.

Definition 2 (Standard dilation (Polyakov, 2020)). The standard dilation of x € R",
with a scale factor A € Ry, is defined by

(z) = Ax. (2.10)
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Definition 3 (Homogeneity (Rosier, 1992)). A function f : R" — R" is said to be
homogeneous of degree v € R if and only if it satisfies

f (a(@) = N (), @.11)

for every A € Ry and every x € R".

Definition 4 (Weighted dilation (Rosier & Bacciotti, 2005)). The weighted dilation
AL R" — R", with weights vector r € RY, and scale factor \ € R, is defined

for every x € R™ by
AY(z) = (D)) x. (2.12)

Weighted dilations scale each component of a vector € R”, by a uniform dilation,
which permits the application of distinct scaling factors for each component.

Definition 5 (Weighted homogeneity ((Rosier & Bacciotti, 2005))). Given a vector of
weights r € RZ,:

o A function V : R" — R is said to be r-homogeneous of degree m € R if and
only if it satisfies
V (A5 (z)) = A"V (z), (2.13)

for every A € Ryq, and every x € R™.
o A wvector field f : R® — R" is said to be r-homogeneous of degree i € R if
and only if it satisfies
f(AN(x)) = XMAY(f (), (2.14)
for every A € Ryq, and every x € R™.

e System (2.5) is said to be r-homogeneous of degree u if its associated vector field
f is r-homogeneous of degree |i.

There exists one vector field associated with every family of weighted dilations Af,
called the generalized vector field e associated with A, which is given by

= 0
j=1

Weighted homogeneity of functions and vector fields was defined in terms of the gener-
alized vector field e associated with A% by (Kawski, 1995) as follows:

e V/ is r-homogeneous of degree m if and only if
LV =mV (2.16)
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e f is r-homogeneous of degree p if and only if
Lef = pf, (2.17)

where L.(-) denotes the Lie derivative of tensor field in the direction of e. Since
LV =e-V and L.f = le, f], it follows that:

e 1/ is r-homogeneous of degree m if and only if

e-V=mV (2.18)

e f is r-homogeneous of degree p if and only if

e, f1=nf, (2.19)

where [, -] denotes the Lie bracket of vector fields.

For asymptotically stable r-homogeneous systems, the existence of an homogeneous,
class CP, Lyapunov function is not only a sufficient condition to determine the stability
of an equilibrium point, but it is also a necessary condition.

Theorem 2 ((Rosier, 1992)). Let the origin be a locally asymptotically stable equilibrium
point of (2.5) and let the vector field f associated with (2.5) be continuous on R™ and
r-homogeneous of degree n € R for some r € R". Then for any p € N and any m >
p-max;{r;}, there exists a strict Lyapunov function V' of (2.5), which is r-homogeneous
of degree m and of class CP. As a direct consequence, the function W, given by (2.8), is
r-homogeneous of degree m + .

In (Rosier, 1992) it was proved that

for every x € R", where « is given by

a = min W(z). (2.20)
€S
Unlike linear systems, where if the equilibrium point is asymptotically stable, the
solutions converge to it exponentially, in the case of r-homogeneous systems, convergence
of solutions towards the origin can be achieved in 3 different ways, which depend on the
degree of homogeneity of the system.

Definition 6 (Classification of global asymptotic stability (see e.g. (Nekhoroshikh et al.,
2020), (Kumar & Efimov, 2023))). A globally asymptotically stable equilibrium point of
System (2.5) is said to be:
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e Globally exponentially stable with respect to an r-homogeneous norm ||-||,, if
there exist constants M > 1 and w > 0 such that, for every xq € R", the solution
x(+) starting at x(0) = xo satisfies

lz(®)]l, < Mzoll,e™t, Vit € R (2.21)

e Globally finite-time stable if there exists a positive definite functionT : R —
R>g, called the settling-time function, such that every solution x(-), starting at
xo € R", satisfies

if xg # 0 then z(t) # 0, Vt € (0,7 (o))
z(T(xg)) = 0

o Globally nearly-fized-time stable if for any p € R-q there exists T € Ry,
called the transition time, such that for every xy € R™, the solution x(-) starting
at x(0) = xo satisfies

lz()]] < p, vt >T. (2.22)

If the origin is globally nearly-fixed-time stable, then, for any ball centered at the
origin, all solutions of (2.5) are guaranteed to belong to that ball after a time that may
depend on the radius of the ball, but not on the initial conditions. Once such a ball is
specified, the convergence time bound is fixed, hence the name of this property. In this
work, the origin is assumed to be an equilibrium point because any other equilibrium
point may be mapped to the origin using an appropriate translation. The stability of
the origin is characterized in terms of the bounds on a Lyapunov function, as expressed
in the following lemma (see, e.g., (Nakamura et al., 2002; Rosier & Bacciotti, 2005)).

Lemma 1. Let (2.5) be an r-homogenous system, of degree jp € R for some r € RZ,
with an asymptotically stable equilibrium at the origin. Let V : R — Ry be a strict
Lyapunov function for (2.5), being r-homogeneous of degree m € R~q. Then, for every
initial condition o € R™ and any solution z(-) of (2.5) starting at xq, the following is
satisfied for any t € Ry, with « as given in (2.20):

o If un =0, then the origin is exponentially stable with respect to the homogeneous
1
norm gwen by Vm and

V(x(t)) < V(xo) exp(—at).

o If n > 0 then the origin is nearly-fived-time stable and

< V(o)

V(a(t) < o
(14 LaV# (zo)t)

=3

. - Vi o TR o
For every p > 0 the transition time T is given by ma: , with V> infaep, V(z) .
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o [fu <0, then the origin is finite-time stable and

—m

w(zg) — Lat) " —my
Ve <  (VE @0 = 5tat) 7 t< SV
0, t = 2V (o)

The settling time function T is upper bounded by %V%(asg).

2.3 Numerical methods for discretization of dynam-
ical systems

Only a very limited class of ODE systems can be solved using analytical methods. In
general, for many differential equations arising in applications, it is impossible or im-
practical to have solution formulas. Numerical methods are mathematical techniques
used for solving problems that cannot be solved, or are very difficult to solve, analyti-
cally. Some methods perform a series of calculations iteratively to obtain discrete-time
sequences that approximate the continuous solutions of the ODE system. The accuracy
and precision with which a numerical method approximates a solution depend on the
properties and characteristics discussed in this section.

To simplify and clarify the explanation of the discretization process, let us denote by
fe the vector field f associated with system (2.5), where subindex C indicates that it is
a continuous vector field. Broadly speaking, the solution to the problem of discretizing
(2.5) consists of obtaining a discrete-time system

Th+1 = fo (900, coo s Tt 1, tk) ) (2-23)

where fp : = — R" is a discrete-time map that approximates the flow generated by
the vector field fe at certain instants of time, with the distance between those instants
given by the discretization step. The domain = may vary for each discretization scheme,
since fp may depend on values of x at previous time instants, on the discretization step
size, or on the discretization instant, among others. Once the system is discretized,
to obtain the solution of the IVP given by (2.23) and z,, on a discrete set of time
instants tg < t; < --- < ty, one computes a sequence (zy),cr, from (2.23), for a fixed

discretization step h, with K}, = {to,..., N} and N}, = Ltf;toj, where |a] denotes the
integer part of a. Thus zy ~ x(tx) on a discrete set of time instants, usually defined
to be evenly spaced as t, = to + kh, where h € R is called the discretization step.
Since the discretization process is iterative, in practice, the computational calculations of
both the discrete-time system and the sequence approximating the continuous solution
are performed in tandem at each iteration. For this reason, several times throughout
this document, mainly when we explain results from other references in an intuitive and
non-rigorous way, we refer to (xx),cy as a discrete-time solution of (2.5), obtained with

a given discretization scheme, in the understanding that (xy),y is actually a solution of

ke
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the discretization (2.23), which approximates a solution of (2.5), at some discrete instants
of times, for a given initial condition. We use the correct and complete terminology in
critical parts that require it, as for example in theorems and when we present the main
results of this work.

As mentioned for example in (Lambert, 1991), a general discretization method M,
for the IVP given by (2.5) and (2.6), can be written in the form

s—1
Lhts = hiﬁf(% Lhtsy Lhts—15 -+ 3Lk, h) - Z Odjkarj
prs (2.24)

= Wy (th, Thtss Thts—1,-- - Tk, R)
where:

e s is the number of steps of the method. If s = 1 then the method is said to be
single-step, otherwise is said to be a multi-step method.

e The index f in v; indicates that ¢ depends on (ty, Tg+s, Thts—1,- - -, Tk, ) through
the vector field fe, for example

h
Ve(x,y) = Zf($kayk7$k—1ayk—la h) — 12h f(xk—1, Ye—1)-

e Method (2.24) is said to be ezplicit if ¢y does not depend on x4, and implicit
otherwise.

e Method (2.24) is said to be linear if the multiplication his gives a linear combi-
nation of f(xg),..., f(xzryr1) and is said to be nonlinear otherwise.

The problem of discretizing (2.5), with a discretization scheme M, is said to be well
posed in the Hadamard sense (Hadamard, 1902) if and only if it satisfies the following
requirements:

1. For every initial condition z; € R™ and every discretization step h € R<, there
exists zp11 = V(- ), for every k € Kj,.

2. For every initial condition x;, € R™ and every discretization step h € R, the
scheme M produces a unique value x4 = Uy (---), for every k € Kj,.

3. Small perturbations on x produces small perturbations on xy, 1.

In standard well-established references for numerical methods, e.g., (Iserles, 2009),
(Eugene & Keller, 1994), (Epperson, 2002), (Lambert, 1991), (Siili & Mayers, 2003), it is
assumed that the vector field f of (2.5) is Lipschitz continuous, i.e., there exists k € Ry
such that for every x,z € R" the following is satisfied

1f () = F@)| < Kflw — | (2.25)
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This assumption guarantees the existence a unicity of solutions for the continuous sys-
tem and also guarantees that the discretization problem for the methods studied in those
references is well posed.Furthermore, assuming the existence of a Lipschitz constant facil-
itates the demonstration of key properties of discretization methods, such as convergence
and consistency, which will be addressed later in this section.es of numerical discretiza-
tion methods. However, the Lipschitz condition is too restrictive for the systems studied
in this thesis; instead, we will assume the following with respect to (2.5):

Assumption 1. The vector field f is continuous on R™ \ {0} and for every initial
condition xy € R", the solution of (2.5) exists and it is unique in forward time.

Assumption 1 directly implies that the requirements for well-posedness are satisfied
for the discretization problem of (2.5), using any method like (2.24). In addition to being
well posed, any effective discretization method must satisfy other additional properties to
guarantee precision and accuracy in the discrete-time approximation of solutions, these
properties will be discussed in what follows.

Numerical convergence

It is expected that solutions of the discrete-time system obtained by a discretization
method will not be too sensitive to small errors in computational calculations. The cal-
culation error that accumulates at each discretization step should not be large enough to
move the approximated discrete-time solution too far from the continuous-time solution.

A discretization method is said to be numerically convergent if the discrete-time so-
lution (z4),cy of (2.23) converges to the continuous-time solution z : [to,t;] — R"
of (2.5) as the discretization step h tends to zero. However, although the numerical
convergence concept is intuitively easy to understand, proving this property is almost
impossible in most cases, because the continuous solution is unknown. Numerical con-
vergence is stated in terms of the global error in most of the well-known references as
follows.

Definition 7 (Global error). The global error ey, up to the instant k € K, of the
discretization scheme (2.24) is defined by

The global error considers the cumulative effect of the errors committed in the first
k discretization steps.

Definition 8 (Numerical convergence ). Discretization method (2.24) is said to be nu-
merically convergent if and only if for every initial value problem given by (2.5) and
(2.6), the condition

lim max |eg| = 0
h—0 kEKy,

15 satisfied.
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Numerical consistency

Another property that is usually expected from discretization methods is the difference
system (2.23) being a sufficiently accurate representation of system (2.5), which would
be satisfied if when one substitutes each xy for z(t;) , with k. =1,...,k+ 1, in (2.23),
then the equations (2.23) continue to hold. The above is difficult to prove because the
continuous-time solution is usually unknown; thus, consistency is defined then in terms
of the local truncation error.

Definition 9. The local truncation error of discretization scheme (2.24), denoted by
Tyy1, 1s defined by
Thr1 = (thg1) — Tpy1, (2.27)

assuming x(ty) = .

The local truncation error computes the error that occurs at one step of discretization,
when integrating from ¢ to txy;. This error does not take into account the global error
accumulated in the previous discretization steps, so in order to calculate it, one assumes

x(ty) = x.

Definition 10 (Consistency of order o). The discretization method (2.24) is said to be
consistent of order o € N if and only if there exists H € Ryq such that for every IVP
given by (2.5) and an initial condition (2.6), the local truncation error satisfies

o NTega|
}ILIL% 7 = O, (228)

for every k € N.

2.3.1 Single step methods

Single-step methods only require one previous sample of the solution in order to de-
termine the next value. Some of the best known and most commonly used single-step
methods for solving the discretization problem of dynamical systems, and many other
computational problems, are listed below (see e.g. (Iserles, 2009), (Eugene & Keller,
1994), (Lambert, 1991)).

e Euler’s method. Is the simplest discretization approach, but despite its simplic-
ity, it remains significant in practice, to the extent that many other methods that
will be discussed in this work are merely more complex generalizations of Euler’s
method. This method approximates (2.5) by

In words, x4 is approximated using the information provided by the slope of the
tangent line at xy, given by 2(t). This procedure is illustrated in Figure 2.1. This
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method is explicit, numerically convergent, and consistent of order ¢ = 1. There
exists an implicit version of (2.29), which is called the Backward Euler’s method
and approximates (2.5) by

Tl = Ty, + hf(tk_H, Ik+1), (230)

where in order to compute f(t;41, k1), an implicit equation must to be solved to
obtain zj,1, for example using the Newton-Raphson method. Backward Euler’s
method is numerically convergent and consistent of order o = 1.

A
slope = f(tg, xr) Tht1
h
lk lk+1 -

Figure 2.1: Graphic representation of one discretization step for the explicit Euler’s
method.

e Midpoint method. It is similar to the explicit Euler’s method, but the slope of
the tangent line to the midpoint between x;,; and =z} is computed instead of the
slope of the tangent line at x,. This method is given by

h h
Tpy1 =Tk + hf (tk + 5 T+ §f(tk7yk>> ) (2.31)

where x; + % f(tx, yx) is the approximation of the midpoint between xy,q and xy,
i.e., the approxiamtion of z(ty + g) This method, illustrated in Figure 2.2, is
explicit, numerically convergent, and consistent of order o = 2.

e Heun’s method. It is an explicit method, based on Euler’s method, in which
an intermediate value, obtained with the trapezoidal rule, is used to compute the
tangent line to it, similar to the midpoint method. This method uses the averaging
of the slopes of the tangent lines at x(t) and z(tx.1) and is given by

Tpp1 = Tp+ hf(te, zx)

Tyl = T+ g (f(tk, xk) + f(thrl; SEkJrl)) . (2.32)
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It is numerically convergent and consistent of order o = 2.

Lk+1

slope = F(tys 5 Thsy)

AN

hf(tk-k%axkz—k%)

bf(t, z)

N>
NS

slope = f(tg,xk)

th byt tithn

Figure 2.2: Graphic representation of one discretization step for the midpoint method.

e Runge-Kutta family. [s a family of nonlinear single-step methods that achieve
higher consistency by preserving the possibly nonlinear dependence of f on (g, x, h).
Any s-stage Runge-Kutta method can be written in the form

Tre1 =Tk + Y 0P

=1

.Pj = f <tk +th7$k + hZ(IUR>

i=1

(2.33)

where ¢; = Zj:1 a;j, and a;; € R. Constants a;; define whether the scheme is
explicit or implicit. If the matrix given by the a;;’s is lower triangular, with all
the elements on its principal diagonal equal to zero, that is, with a;; = 0 for
j=1,...,s, then the scheme is explicit and is implicit otherwise. One well-known
member of this family, named the classic Runge—Kutta method or the RK/ method,
is the four stage (s = 4) method given by

Thir = T + 2 (K + 2K, + 2K3 4+ Ky) . (2.34)
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with

Ky = f(ty, ),
Ko=f(tr+2 2+ LK),
Ky=f(tr+2 2 +LK,),
Ky = f(tk + h,xp + hK3)

The RK4 method is explicit, numerically convergent, and consistent of order o = 4.

2.3.2 Linear Multistep methods

Linear s-step methods

Multistep methods aim to improve efficiency by retaining and utilizing information from
earlier steps instead of discarding it, as single-step methods do. As a result, these
methods incorporate multiple previous points and their derivative values. Specifically,
linear multistep methods use a linear combination of these past points and the derivatives
at these points to approximate xp,1. Any linear s-step method can be written in the
form

Z kg = D Z Bif (v Ynrs) » (2.36)
§=0 §=0
where coefficients «;, 3;, for i = 0,..., s, are real constants. To avoid degenerate cases,

one shall assume that oy # 0 and that o and [, are not both equal to zero. Method
(2.36) is explicit when S5 = 0 and implicit otherwise. These are methods that depend
linearly on the vector field f.

This thesis does not delve further into the theory for linear multistep methods as the
schemes developed here do not take these types into account.

2.3.3 Example of discretization procedure

Let us consider the system

T=Yy—x
Y (2.37)
j=—x
By applying Heun’s method to discretize (2.37) one obtains
Tr1 = op + hfi(r, yr)
= x5, + h(yp — 7}
e hlye =) (2.38)

Ukt1 = Yk + hfo(xr, yi)
=y — hay
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h
5 (f1(wr, ye) + f1(Trr1, Urir))

h
=tk t g (yk — o) 4 yr — hay, — (zp + h(ye — wi))?’)

Tpy1 = Tp +

2 (2.39)
Yk+1 =Yk + 5 (fz(fk, Yr) + fo(Ths1, Jrs1))
=y + g <—x2 — (xk + h(yr — mi))5>

From (2.39) one obtains a discrete-time approximation of the continuous solution
x : [to, tf] — R™, with initial conditions (xo, yo), given by

L k
Tkl = To + 5 Z <2yi — mf’ — hx? — (mz + h(yi - xf’)):g)
(2.40)

Ye+1 = Yo + = Z( ) — (i + h(y; 3))5)-

For purposes relevant to this thesis, it is worth noting that, in sequences (2.39) and
(2.40), x41 approximates the integrals

Tt ty
/ &(r)dr, and / x(7)dr, (2.41)
tk to

respectively. Anagously, in sequences (2.39) and (2.40), yx4+1 approximates the integrals

ft':““ y(7)dT and ft’““ 7)dr, respectively.
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Discretization methods for
r-homogeneous systems

This chapter summarizes several discretization schemes, found in the literature, that pre-
serve some of the properties inherent to weighted homogeneous systems. These include,
for example, the asymptotic stability of the equilibrium point, the manner in which so-
lutions converge to the origin, the scalability of the solutions, and so on. Here, we will
assume that system (2.5) is r-homogeneous of degree i € R, for some r € RZ, and that
the origin is an asymptotically stable equilibrium point for this system.

3.1 Improved Euler’s scheme with a state-dependent
discretization step

In (Efimov et al., 2017), the application of explicit and implicit Euler methods to approx-
imate solutions of asymptotically stable homogeneous systems is studied. This research
focuses on determining the conditions under which the discrete-time solutions of stable
dynamical systems, obtained with Euler discretization schemes, converge to the origin,
and analyzes the accuracy of both methods. It is highlighted that, while the explicit
method may have global convergence limitations for certain degrees of homogeneity, the
implicit Euler method offers more robust and global convergence under specific con-
ditions, despite its higher computational complexity. The study also delves into how
homogeneity properties impact the scalability of solutions and approximation errors.

In the following we will refer to the discrete-time solutions obtained by the ex-

plicit and implicit Euler methods simply as discrete-Euler solutions. With respect to
both schemes (explicit and implicit), applied in homogeneous systems, the following was
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proved by Efimov and co-authors:

e Homogeneity simplifies the analysis of some properties of the discrete-Euler so-
lutions, because of the scalability between the approximations calculated for dif-
ferent initial conditions and discretization steps. In a strict sense, discrete-Euler
solutions are invariant under positive weighted dilations, except for a rescaling on
the discretization step. If (zj),.y is a discrete-Euler solution of (2.5), for an ini-
tial condition xy and a discretization step h € R.q, then for every A € R, the
sequence (Y )y, With v, = AL(x), is a discrete-Euler solution of (2.5), for initial
condition yo = A}(x¢) and discretization step h = A™#, which implies that (y ),y
can be written in the form

Ykt1 = Uk + AN Rf () (3.1)

for the explicit-Euler method, and
Yrt1 = Yk + A R (Yrs1) (3.2)
for the implicit-Euler method.

e When i = 0, the properties of every discrete-Euler solution (zx),y depend on the
size of the discretization step h. If one of the following is satisfied

supllz;]| < 400 (3.3)
i>0

limz; = 0 (3.4)
11— 00

then any other discrete solutions starting at any yo € R", will be bounded or
converge to the origin too, for the same discretization step h. In other words, local
existence of convergent discrete solutions of (2.5) for one discretization step implies
global existence of convergent discrete solutions of (2.5) for the same discretization
step. Thus, the convergence of discrete solutions may depend on the size of the
chosen discretization step, so convergence to zero with one discretization step does
not necessarily imply convergence with a different discretization step value.

e When p # 0, on a sphere the convergence to zero or the bounding (3.3) of the
discrete-Euler solutions for a given discretization step implies the same property for

lwollr\
P

- 1
a discretization step suitably selected as h = hyg < " > , for any initial condition.

Thus, local properties of discrete-FEuler solutions for one discretization step, imply
global properties for properly scaled discretization step.

3.1.1 Explicit Euler scheme

It is proved that when the homogeneity degree is equal to zero, there always exists a
discretization step h for which the explicit-Euler scheme preserves the stability of the
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system. This implies that the computed discrete system is homogeneous in the sense of
(Tuna & Teel, 2004). When p < 0, discrete-Euler solutions converge globally to a ball
centered at the origin, for sufficiently small discretization steps. Moreover, the radius of
this neighborhood tend to zero as the discretization step approaches zero. When p > 0,
discrete-Euler solutions converge locally to zero, for sufficiently small discretization steps.
Moreover the local convergence becomes global in the limit when h tends to zero.

The explicit Euler method has some drawbacks when it is applied to discretize dy-
namical systems whose degree of homogeneity u is non-zero. In the paper, it is stated
that for any discretization step h, the explicit Euler scheme becomes unstable for initial
conditions sufficiently small when ;2 < 0 and for initial conditions sufficiently large when
i > 0. Here, the instability of a discretization scheme refers to the fact that the behavior
of the discrete-time solutions does not guarantee convergence to the origin or may even
diverge, depending on the sign of i and the initial conditions.

When the homogeneity degree is positive, the explicit Euler method can generate
solutions that diverge to infinity for sufficiently large initial conditions. This means
that, instead of approaching the origin (expected behavior of an asymptotically stable
system), the numerical approximations diverge without limit. Although for sufficiently
small steps, the approximations can converge locally to zero, covering the entire state
space as the step tends to zero, the instability for large initial conditions is a significant
drawback to the global approximation.

On the other hand, when the homogeneity degree is negative, the solutions approx-
imated by the explicit Euler method do not converge asymptotically to zero. Instead,
they converge to a neighborhood of the origin, and this neighborhood contracts as the
discretization step tends to zero. The origin is unstable for sufficiently small initial con-
ditions (near the origin), which implies that, although the continuous system converges
to the origin in finite time, the discrete solutions will not do so accurately in the vicinity
of the equilibrium point. Although convergence to a neighborhood of the origin may
be acceptable in many applications, especially if this neighborhood is reduced with the
discretization step, the lack of exact convergence to zero is a limitation.

3.1.2 Implicit Euler scheme

In, citeEfimov2017, it was proved that discrete-time solutions approximated with the
implicit-Euler method exist for any initial condition and any discretization step under
an additional mild condition: If the function f associated with (2.5) is continuously
differentiable outside the origin and there exists hy > 0 such that

det <In — ho%(m)) #0, VreR\{0}.

X
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Moreover, the discrete-time solutions converge to zero, independently of the initial
condition, whenever the level sets of the Lyapunov function associated with (2.5) are
convex.

In summary, the explicit Euler method exhibits a significant limitation when ap-
plied to homogeneous systems with a nonzero degree of homogeneity, as it does not
yield accurate or reliable global approximations of their trajectories. The behavior of
the discrete-Euler solutions can be erratic or undesirable (divergence, convergence to a
neighborhood instead of the origin) depending on the degree of homogeneity and the re-
gion of the state space. This is in contrast to the implicit Euler method, which is shown
to be more robust and guarantees convergence of the approximate solutions to zero under
smoother conditions, although at the cost of higher computational complexity.

The conclusions obtained in (Efimov et al., 2017) served as the foundation in (Efimov
et al., 2019) to propose discretization schemes for weighted homogeneous systems, which
improve the explicit and the implicit Euler methods by introducing time rescaling that
allows recovering finite-time or fixed-time convergence of the solutions. In (Efimov et
al., 2019), it is explored how Euler methods (explicit and implicit), fundamental tools
for approximating solutions of differential equations, can be adapted to preserve the
asymptotic stability of homogeneous dynamical systems. The main innovation is the
use of a discretization step that depends on the state of the system, which guarantees
that the discrete-time solutions approach zero, as the continuous-time solutions do. It is
shown that this modification not only preserves the convergence of these systems, even
in finite or fixed time, but also maintains their robustness to external perturbations.
I[ts authors prove that this technique offers superior accuracy in solution approximation,
as validated through simulations. The two schemes proposed in this reference are of
consistency order one.

Let <I>g§0 : R — R"™ denotes an integral curve of f, for initial conditions xo € R". Let
us define for every xy € R™ the map w;;o :R— R as

W (1) = / |®F ()]s, (3.5)

which is well defined and is invertible when the trajectory stays outside of the origin, i.e.,
for every t € [0,T"), where T' is the time of convergence to the origin and can be infinity.
The construction of the schemes proposed in (Efimov et al., 2019) is based on the fact
that, when p # 0, a simple change of coordinates (rescaling) of the time for system (2.5)
results in an r-homogeneous system of degree 1 = 0, which is topologically equivalent
to (2.5). As mentioned in (Efimov et al., 2017), for systems with a homogeneity degree
of zero, there always exists a discretization step for which the explicit-Euler scheme
preserves stability. The main idea of the schemes proposed in (Efimov et al., 2019) is
to approximate discrete-time solutions of a homogeneous system by means of applying
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Euler methods, with a constant step size, to another system, homogeneous of degree zero
and topologically equivalent to the original system, where stability is more manageable.

The topologically equivalent system is given as follows. For simplicity, we will define
z(t) = ®f (t) and y(7) = ®L (p~*(7)), for T € (0,4, (T)), with the understanding that
the above only makes sense if an initial condition is given. Then

d—y(T) = —d(xow;ol) T

dt n dt (7)
dr , 4 1
= & O e
1
= Wf(y(T))- (3-6)

Thus, asymptotical stability of the origin of (2.5) implies the same for (3.6), and since
(3.6) is r-homogeneous of degree zero, for a properly chosen discretization step, discrete-
Euler solutions of (3.6) converge asymptotically to the origin for every initial condition.

For the initial value problem ((2.5),x), with o € R", and for a discretization step
h € R+, the proposed schemes are given, for every k € N, by

e State-dependent explicit Euler scheme:

1
Tpy1 = T + h—uf(%)
[Ea s

(3.7)

t tr+h !
k+1 = Tk TE
[l

e State-dependent implicit Euler scheme:

f(@re1)

Tpp1 = Tp + h||x B
kLl (3.8)

thy1 =t + h ,
i [Eamyli

where || - ||, denotes the r-homogeneous norm defined as

1
n o
=]l = <Z\fc ) , (3.9)
=1

for any x € R” and any p > max{ry,...,r,}. If xx = 0 or x5, = 0 the discretization
scheme stops at the origin. The rescaling of the discretization step is the key to recovering
finite-time or fixed-time convergence rates by discrete-time solutions.
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In the paper it is shown that there exists a discretization step H € Ry such that
for any discretization step h € (0, H], the discrete-time solutions (x),y, generated by
the modified Euler methods, possess the following properties, for every initial condition
ro € R™

e Global boundedness. There exists v € Ry such that sup,ey||ze| < vllzol|r-
e Convergence to the origin. limy_,, x; =0

e Convergence types preserving. If ;4 = 0 the discrete solutions have an ex-
ponential rate. If ;o < 0 discrete-time solutions converge in finite time, with the
settling time given by T = limg_,1 o tx. If 4 > 0 discrete-time solutions converge
to a ball centered at the origin in finite time.

e Rescaling of solutions. If (z)en is a discrete solution of (2.5), obtained trough
either (3.7) or (3.8), at the discrete time instants ¢y, t1, . .., with discretization step
h € Rsy, then for any A € R, the sequence (yi)ren, defined by yr = AL (zy), is
also a discrete solution of (2.5), constructed with (3.7) or (3.8), with initial state
yo = A% (wp), discretization step h, and discrete instant times £, = A7#(t;,).

H is called the maximal admissible discretization step and is given by

2
H:min{Lﬂ,ﬁ}, (3.10)
woa
where
oV
a= inf — , co= sup V 3.11
A5y () f(y) 2= sup (v) (3.11)
0*V
v= sup sup fT(y)W(é) f), (3.12)
yeSH(1) 0€(0,1) & e=y 10 s

where S,.(1) denotes the ball of radius one given by S.(1) = {z € R" : ||z, = 1},

with || - ||, the r-homogeneous norm defined by ||z||, = <Z?’:1 |z; T%);, for every p >

max{ry, ..., p}.

While the existence of x;,; is straightforward in the explicit case. The implicit
method (3.8) requires an additional condition: there exists hy > 0 such that for every
h € (0, hy) equation (3.8) admits a solution x4, for every z; € R"™. This condition can
be ensured if f is continuous and homogeneous, provided that the step size h is chosen
sufficiently small.

Authors of (Efimov et al., 2019) studied the behavior of (3.7) and (3.8) on perturbed
systems of the form
#(t) = F (x(t),d(t)) , (3.13)



with ¢ > 0, F : R*™™™ — R" and F(z,0) = f(x), with f given as in (2.5) and where
d : R.g — R™ is a measurable and essentially bounded function. They demonstrated
that both proposed schemes preserve the input-to-state stability of (3.13).

They proved that both of the schemes they proposed preserve the input-to-state
stability of (3.13), with the same asymptotic gain, in the discrete-time solutions approx-
imated.

In this reference, the numerical properties of the proposed discretization schemes are
analyzed by examining the absolute and the relative errors. To define the absolute and
relative errors, the authors of (Efimov et al., 2019) adopt a notational simplification,
representing these errors as a function on R”, in terms of two functions T and T, where
T corresponds to the exact solution at a given time instant and T to its discrete ap-
proximation, that is Y(z) = z(h||z|,) and T(z) = = + Wf(a:) The absolute error is
defined for every discretization step h and every x € R" by

=i (z) = || T(z) — T(2)],

and the relative error is given by

Efimov and colleagues showed that, for schemes (3.7) and (3.8), the absolute error func-
tion is homogeneous of degree one, whereas the relative error function is homogeneous
of degree zero. They also remark that if for any initial condition = in the unitary homo-
geneous ball, the error £"(x) remains sufficiently small for a reasonable choice of h, i.e.,
if the one-step error of the standard Euler discretization is small on the sphere, then the
explicit (3.7) and implicit (3.8) Euler schemes yield a globally uniformly bounded relative
error. This result, combined with the assumption that the vector field f associated with
the continuous-time system is continuously differentiable, implies that the absolute error
decays faster than Kh?, where K is a positive constant, thereby providing a justification
for the numerical accuracy of (3.7). However, they do not provide a formal proof of the
numerical convergence nor the consistency order of the schemes.

The authors of the aforementioned reference observed that if ||xy||,. is sufficiently
large and the homogeneity degree p is negative, the time tx11 — t = ||zg[|* may
become excessively small. This can affect the accuracy of the approximation, since a
more uniform sampling would be preferable in such cases. They recommend that, in
this case, it is preferable to employ the conventional Euler methods (without scaling the
time discretization step), which can yield a reasonable approximation efficiency for the
solutions under a sufficiently regular sampling.

In summary, the schemes proposed by (Efimov et al., 2019) exploit the property of
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the explicit and implicit Euler methods to preserve the convergence type of solutions for
homogeneous systems of degree zero. Combined with the topological equivalence between
any homogeneous dynamical system of nonzero degree and a degree-zero homogeneous
system, this allows the construction of explicit and implicit discretization schemes that
preserve the convergence type of the solutions (exponential, finite-time, or nearly fixed-
time). In the case of the implicit improved-Euler method the existence of a discrete-
time solution is not as straightforward as in the explicit case. Some drawbacks of these
discretization schemes include the following: they may require relatively large time steps,
which reduces accuracy for systems with negative degrees of homogeneity; if the system
is subject to a nonzero input wu(t), the trajectory may approach the origin but fail
to remain there due to the perturbation; and the maximum admissible step size that
ensures preservation of the convergence type is restricted. Moreover, the state-dependent
rescaling of the time discretization step enables the discrete-time approximations of the
solutions to recover finite- or fixed-time convergence rates, only after an infinite number
of iterations. In contrast, within a finite number of steps, the trajectories converge
merely to a neighborhood of the origin.

3.2 Consistent discrezitation for
r-homogeneous systems

The authors of (Polyakov et al., 2019) address the challenge of discretizing ODEs systems,
particularly those that do not satisfy classical regularity assumptions (such as the Lip-
schitz condition), while preserving their inherent stability properties. The work focuses
on systems that exhibit finite-time stability or practical fixed-time stability (nearly-
fixed-time stability), desirable features in control and estimation because they ensure
that system trajectories reach equilibrium within a bounded time. The main contribu-
tion lies in the development of implicit and semi-implicit discretization algorithms that
preserve these stability properties for generalized homogeneous systems. This advance-
ment is essential for the digital implementation of control and estimation algorithms,
since inconsistent discretizations may lead to loss of accuracy, chattering effects, or even
instability.

This work introduces consistent discretization schemes that rely on transforming
the original system into an equivalent formulation, which can then be discretized using
implicit or semi-implicit methods designed to preserve stability properties. In the context
of this article, consistency refers to the requirement that the discretized version of the
system should retain the key stability properties that the equilibrium point possessed in
the original continuous system.

Here, dilation operators are considered in a more general sense than the one intro-
duced in Chapter 2. In this regard, a dilation on R" is a one parameter subgroup d that
satisfies lim,,_||d(s)z|| = 0 and lims_,o||d(s)z|| = 400 uniformly on the unit sphere
S ={z € R": ||z| = 1}. Any dilation generate a continuous group of invertible linear

30



maps d(s) € R"" and the matrix

Gd = lim —d(s) — ]n

s—0 S

(3.14)

is called the generator of this group. Any anti-Hurwitz matrix Gy € R™"™ defines a
dilation d(s) = €% in R™. The canonical homogeneous norm ||-||4 : R* — Ryq is
defined by

lzlla = e, (3.15)

where s, € R satisfies ||d(—s)z| = 1 .Although the canonical homogeneous norm has a
precise formal definition, its practical computation is highly challenging, in contrast to
the more tractable homogeneous norm presented in Chapter 2.

Authors of (Polyakov et al., 2019) developed an implicit discretization scheme for
homogeneous systems having a possible discontinuity only at the origin, with negative
homogeneity degree and a semi-implicit scheme for systems with positive homogeneity
degree. The construction of both schemes is based on transforming the original system
into an equivalent one that admits an implicit or semi-implicit discretization scheme,
preserving the stability properties of the original system.

Two dynamical systems are said to be topologically equivalent if there exists a home-
omorphism that maps solutions of one system into solutions of the other system and
vice versa. In general, Euler’s implicit scheme does not preserve neither the type of
convergence of the solutions nor the topological equivalence between dynamical systems,
so the discrete solutions of two topological equivalent homogeneous systems, obtained
with the implicit Euler’s method may not could be mapped onto each other by means
of the homeomorphism 2 that characterizes the topological equivalence, in other words,
the following diagram does not necessarily commutes

i= f(z) y=rf(y)
llmplicit Euler's j{[mplicit Euler's

Yt 1=UTp41)
—

Thp1 = T + hf (Tp41) Y1 = Yk + hf (k1)

The methods proposed in (Polyakov et al., 2019) are based on the principle that a
discretization method for (2.5) can retain its asymptotic stability and convergence prop-
erties if an equivalent system is considered, for which the implicit Euler’s discretization
preserves these characteristics. By doing so, one can derive the discretization of (2.5) by
using the discretization of the equivalent system and the homeomorphism that demon-
strates the equivalence between these two systems. The main idea of the proposed
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schemes is illustrated in the following diagram:

i = f(z) ERLON j = f(y)

l Proposed Scheme l Implicit Euler

1= typy1)
%

Tpr1 = T + hf(Tpi1) Yk+1 = Yk + hf(xkﬂ)

In (Polyakov, 2017) and (Polyakov, 2019) it was proved that any generalized homo-
geneous ODE is topologically equivalent (homeomorphic on R" and diffeomorphic on
R™\ {0}) to a standard homogeneous one, and any asymptotically stable homogeneous
system is topologically equivalent to a quadratically stable system. Here, the consistency
of a discretization scheme is understood in terms of the following definitions.

Definition 11 (Consistent finite time stable approximation.). A possibly set-valued map-
ping

Q: RypxR"xR" — R" (3.16)
1s said to be a consistent discrete-time approximation of the globally uniformly finite-time
stable system (2.5) if it satisfies

e Existence property. For any T € R™ and any h € Ry, there exists &), € R" s.t.
0€ Q(h,z,%) and Ty, = 0 is the unique solution to 0 € Q(h,0,z).

o Finite-time convergence property. For any h € Ry, each sequence (1),cy
generated by the inclusion 0 € Q(h,x;, x;y1), fori=0,1,2,..., converges to zero
in a finite number of steps, i.e., for any xy € R™\ {0} there exists ix > 0 such that
x; =0 fori>1*.

e Approximation property. For any ¢ € Roy and any R > €, there exists w € K
such that any sequence (vy), oy generated by the inclusion 0 € Q(h, z;, x44.1) satisfies
lp(h, x;) — x| < hw(h), provided that ||xi1]|, ||| € [€, R, where ¢(-,z;) is a
solution to (2.5) with initial condition x(0) = z;.

Definition 12 (Consistent practical fixed-time approximation.). A map
¢:Rop X R” x R* —s R” (3.17)

is said to be a consistent discrete-time approzimation of the globally practically fized-time
stable system (2.5) if the existence and approzimation properties of Definition 11 hold
and

e Practical fixed-time convergence property. For any r > 0 there exists
N(r) > 0 such that any sequence (xy),cy, With To # 0, generated by the equation
q(h,z;,xi00) =0, fori=0,1,2,..., satisfies ||z;|| < r fori > N(r), independently
of xo.
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The consistent implicit discretization for r-homogeneous systems like (2.5), with
finite-time convergence, proposed in (Polyakov et al., 2019) is given by

Q(h, 2, xi41) = Q(h, Qw;), Uwig1)),
Qz) = [zad (=In|z|4) z, (3.18)

where A > 0 and

Q(h, yiayj—&—l) = Yir1 Y~ hE(yir1),
F(y) = Nesocof (y+eB\{0}), (3.19)

where co denotes the convex closure, B denotes the unit ball on R" and

with Gy given as in (3.14) and P a symmetric matrix satisfying PGy + GJ P > 0 and
P = PT > 0. The authors of (Polyakov et al., 2019) proved that (3.18) is a consistent
discrete-time approximation of (2.5), whenever the origin is finite-time stable for this
system and the condition

I, —Gyzz"P z

is satisfied. They also proved that the existence of a consistent implicit discretization for
(2.5), with a finite-time stable equilibrium point, depends on the vector field f satisfying

f(=2) = = [(2).

The origin of is said to be practically fixed-time stable if it is an equilibrium point
for (2.5) and for any r > 0 there exists T'(r) > 0 such that for any initial condition g
the solution z(+) of (2.5) satisfies ||z()|| < r, for t > T(r), i.e, if solutions converge to
a neighborhood of the origin in finite time. The consistent semi-implicit discretization
for r-homogeneous systems like (2.5), with nearly fixed-time convergence, proposed in
(Polyakov et al., 2019) is given by

q(h, zi, v41) = q (h, ®(x;), ®(2i11)) , (3.22)

where h > 0 and
O(x) = ||x||qd(— In||z||g)z, z€R™ (3.23)
q(h, Y Yir1) = Yier — Yi — Pl|yillllyic | f (Wier) (3.24)
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with

flz) = ( (n ;gz);jp + [n) f (ﬁ) , z e R"\ {0}, (3.25)

with Gy given as in (3.14) and P a symmetric matrix satisfying PGy + GJ P > 0 and
P = P" > 0. In (Polyakov et al., 2019) it was proved that if f is uniformly continuous
on the unitary sphere S, the origin is a practically fixed-time equilibrium point for (2.5),
and S C W, (R"), where W, (z) = z — a|z||f(2), then (3.22) is a consistent discrete-time
approximation of (2.5). They also explain how discretizations (3.18) and (3.22) may
be applied to controllers and observers. Moreover, they prove that (3.18) and (3.22)
preserve the stability and convergence type for r-homogeneous systems with positive
and negative homogeneity degree.

In summary, although the proposed methods provide a robust and theoretically sound
framework for the consistent discretization of finite- and fixed-time stable systems, their
practical implementation may be more demanding due to the complexity of the required
transformations, the need to solve implicit equations, and the specific conditions that
the systems must satisfy.

3.3 Projection methods preserving Lyapunov func-
tions

In (Grimm & Quispel, 2005), the problem of constructing projection-based numerical in-
tegrators (discretization schemes) for dynamical systems, preserving a known Lyapunov
function, is addressed. It is mentioned that before this work, geometric integrators ca-
pable of preserving Lyapunov functions were at most of second consistency order. The
main contribution of the article is the introduction of numerical integrators of arbitrary
consistency order, such that when generating a discrete system, they keep a discrete
Lyapunov function, which ensures that the schemes reflect the correct dynamic behav-
ior of the system. The main idea behind this scheme is the projection: instead of just
calculating the next point in the trajectory and then checking if the Lyapunov function
was preserved, the method forces the preservation of the Lyapunov function through a
projection step. The key contribution of this approach lies in the integrate-then-project
strategy, as it decouples the task of numerical integration (aiming for high-order accu-
racy) from the task of preserving the system’s geometric structure—in this case, the
Lyapunov function. Initial value problems considered for the methodology are in the
form

y(t) = f(y@), ylto) =yo € R", (3.26)

for which the origin is assumed to be a stable or asymptotically stable equilibrium.
Stability ensures the existence of a Lyapunov function V : R" — R+ satisfying V' (y) <
0 for every y # 0. In this reference, the discretization of (3.26) by a numerical method

34



is abbreviated in the form
Yrr1 = Valyr), (3.27)

where the subindex h indicates the size of the discretization step. The methodology con-
sists of three main steps: initial approximation with a standard Runge-Kutta method,
approximation of the Lyapunov function in the next step, and projection of the initial
approximation. The authors assert that their schemes preserve the Lyapunov function
and the consistency order of the discretization method applied to discretize (3.26) and V.
The proposed methodology is developed solely for the first discretization instance; the
authors state that its extension to the following steps is straightforward. Two types of
discretization schemes are proposed: projection-based schemes that preserve the decreas-
ing nature of the Lyapunov function, i.e. V(zy) < V(z141), and symmetric projection
schemes that preserve the property ®; o ®_,(yy) = yo of the phase flow of (3.26), i.e,
that satisfies Wy, o W_j(yo) = yo, for every yo € R™. A brief overview of the proposed
methodology is presented below.

3.3.1 Projection schemes

e Step 1. Discretization with a standard scheme. System (3.26) is approx-
imated using any single-step RK discretization method of consistency order p of
s-stages. Thus, the approximation of y at the instant time ¢, with this scheme
is denoted by yx.+1 and given by

g1 = do+ 1S bif(g).
i=1

gi:yo+hzaijf(gj), 1=1,2,...,s.
j=1

The coefficients b; must satisfy b; > 0, for every i = 1, ..., s, to guarantee that the
Lyapunov function is preserved.

e Step 2. Approximation of V' in the next step. V(y(tx41)) is approximated
also through the same RK method that was used to approximate 95, 1. Thus

Vi=V(y)+hY biW(g) (3.28)
i=1
Where V = —W.
e Step 3. Orthogonal projection of 7;,; onto a level set. Finally, y;.q is

computed by projecting g1 on the level set S = {z € R" : V(x) = Vi }, using the
orthogonal projection.
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3.3.2 Symmetric projection methods

Numerical methods that satisfies Uy, o W_,(yg) = o, for every yo € R™, are said to be
symmetric or self-adjoint. A reversing symmetry of the phase flow ®, of (3.26) is an
invertible map R that satisfies

Ro®, = ' oR.

The proposed symmetric projections are able to preserve linear reversing symmetries in
the sense that they satisfy
RoW, =V,;'oR,

for every invertible linear transformation R, when V(R(y)) = rV(y) holds for r # 0.
Combining the approach given by (Ascher & Reich, 1999) to enforce conservation of
energy and in more general contexts (Hairer, 2000), the authors of (Grimm & Quis-
pel, 2005) proposed the projection method based on a symmetric s-stage Runge-Kutta
method given by

oV’
Yo = y0+8_y (o)A (3.29)
9i = g0+hzai,jf<gj> (3.30)
=1
no= ?/0+hzbs+1—if(9i) (3.31)
j=1
ov'’
o= g1+5_y (1) (3.32)
Vig) = Viy)+hY bW(g). (3.33)

=1

The RK scheme used to compute y; and V(y;) must be symmetric, which implies its
coefficients satisfies

Q5 = bs+1—j — Ast1—is+1—7 bsp1—i = b;.

The authors do not go into detail on how A is defined.

Several advantages of the proposed schemes, such as the ability to achieve an arbi-
trarily high order of consistency, compatibility with any one-step method -even beyond
the Runge-Kutta family— and the preservation of a Lyapunov function, among oth-
ers, are emphasized. Some numerical implementations are included to illustrate selected
benefits of the method.
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The discretization scheme developed by Grimm et al. has some limitations. For
example, for the projection-based schemes that are proposed in this reference, the co-
efficients b; must be non-negative to maintain the monotonic decrease of the Lyapunov
function, thereby ruling out the application of several efficient high-order methods—such
as the commonly used Dormand—Prince method. Additionally, determining the value of
g; may involve solving an implicit equation at every time step, which leads to a high
computational burden. Moreover, the orthogonal projection is made on a different level
set at each discretization step, which in turn adds to the overall computational cost of
the scheme.

The authors of (M. P. Calvo et al., 2010) also tackled the problem of numerically
integrating ordinary differential equations (ODEs) that have a known Lyapunov function.
The methods they proposed are an extension and improvement of the previous work by
(Grimm & Quispel, 2005). While Grimm and Quispel’s methods were limited to Runge-
Kutta formulas with nonnegative quadrature coefficients (b; > 0), (M. P. Calvo et al.,
2010) introduces a modification that allows the use of more general RK methods, even
those with negative coefficients, by incorporating a dense output and an independent
Gaussian quadrature formula for the approximation of the Lyapunov function.

The proposed schemes are based on the use of explicit Runge-Kutta methods and
are implemented by means of a three-step algorithm:

e Step 1. Discretization with a standard RK scheme. An explicit RK scheme
of s-stages, with consistency order p is used to approximate ;.1 as

U1 = Yr+h Z bi<1)gi
i=1

i1
g9 = f <yk+hzazjgj> )

J=1

where the g;’s and the b;’s are given by the dense output of order p (usually
p>p—1), with § > sstages:

=1
i—1
9i = f(yk+h2aijgj>, i1=1,...,8
j=1

This step imposes no restrictions on the coefficients b; of the underlying RK
method, since in the following step a separate Gaussian quadrature formula, whose
coefficients b; are always positive, is used in order to preserve the decreasing nature
of V.
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e Step 2. Approximation of V(x(tx41)) This approximation is given by
Vier = V(ge) + 7> W (gee,),
i=1

where I;Z and ¢; are the coefficients and the nodes of the Gaussian quadrature
formula in [0, 1], with m nodes and ygye, = y(ty + ¢;h) is computed with the dense
output of the scheme. No details are provided on the values that m can take.

e Step 3. Project §;,;. Finally, ys41 is obtained by projecting ¢, + 1 onto the
level set Sg11 = {x € R" : V() = Viy1}, that is

L+1 = P(i'k—i-l) (334)
where P is used in (3.34) to denote a projection of R™ onto Ski1. P must satisfy
P([ik_;,_l) = fkﬂ + /\k(h, xk)wk(h, l’k)7 (335)

where w; : Ryp X R® — R"™ defines the direction of the projection and A\ :
R.p x R® — R ensures that xy; belongs to Siy1. Two examples of projections
of the type (3.35) are the standard projection defined in (Hairer, Wanner, & Lubich,
2006), which computes P(Zy.1) by solving the constrained problem of minimizing
|Tk+1 — k1| subject to g(zg1) = 0, and the projection proposed in (M. Calvo
et al., 2006) where, after choosing the direction wy, in order to compute A, one
has to solve a non-linear equation by using some iterative scheme, for example the
Newton’s method.

As in the work of Grimm, the discussion in this reference regarding the numerical prop-
erties of the schemes and the preservation of V' is neither detailed nor rigorous. Nonethe-
less, examples of implementations that exhibit these properties are provided. A notable
drawback of the schemes proposed by Calvo and colleagues lies in the projection step,
which requires solving a nonlinear equation at every iteration. The need to compute
dense output at every iteration further raises the computational cost of the scheme.
Moreover, while these schemes preserve a discrete Lyapunov function associated with
the system, they do not ensure that the nature of the convergence to the equilibrium
point is maintained.
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A Lyapunov-Function-Based family
of discretization schemes for
homogeneous systems

This chapter outlines the key contributions and findings of the thesis. It begins by re-
visiting method of (Sanchez et al., 2020), which is a a two stage discretization scheme,
designed to preserve the stability of the origin, which incorporates the explicit Euler
scheme at one stage as an auxiliary method. Subsequently, we introduce a set of assump-
tions related to system (2.5), and define a collection of auxiliary methods, including the
explicit Euler method. Each one of the auxiliary methods gives rise to a specific scheme
within our proposed family, which generalizes the method of (Sanchez et al., 2020). Fi-
nally, we prove that every member in the proposed family is numerically convergent,
consistent of some order o, depending on the consistency order of the auxiliary method,
and maintains the stability characteristics of the equilibrium point, preserving thus the
type of convergence of the solutions to the origin, and a Lyapunov function.

4.1 Order one LFB method with explicit Euler

Authors of (Sanchez et al., 2020) proposed a one step discretization method that approxi-
mates the solutions of r-homogeneous systems with an asymptotically stable equilibrium
point, while preserving the stability of the equilibrium and thus the type of convergence
of the solutions. It is a two stage scheme that makes use of a known homogeneous
Lyapunov function and a one-parameter family of dilations associated with the homo-
geneous system being discretized, it is applicable to initial value problems of the form
((2.6), (2.5)) satistying the following assumption.

39



Assumption 2. The following holds for System (2.5):

o There exists r € R™ such that (2.5) is r-homogeneous of degree i € R.

o The origin is an asymptotically stable equilibrium point.

Because Assumption 2 is satisfied, the existence of an r-homogeneous of degree m €
R-¢ and of class C? (with p being arbitrarily chosen) Lyapunov function V : R® — R,
for (2.5) is ensured by Theorem 5.8 in (Rosier & Bacciotti, 2005). For the implementation
of the scheme described in this section, it is essential to have an explicitly known function
V' of class C', because the key idea of the discretization scheme involves obtaining
a numerical solution of the projection of System (2.5) on an speciffic level set, and
subsequently lifting the approximated values back to R™, using the information provided
by V. This requirement might seem very restrictive for implementing the scheme in
real dynamical control systems, however, we consider it justified, as it is a tailor-made
method for autonomous, homogeneous, open-loop or closed-loop, systems, for which a
formal analysis of certain qualitative properties—such as the stability of the origin or
the degree of homogeneity of the system—is typically performed as part of a control
design procedure. It is important to highlight that the aim of this method is to serve
as a tool for studying quantitative properties of the solutions or of the control laws,
ensuring that the properties due to the homogeneity of the system are not lost during
the discretization process. Although multiple Lyapunov functions may exist for one
particular system, the preference of one Lyapunov function over another does not alter
the method’s properties, as long as that V' is r-homogeneous of positive degree and
belongs to class C'. Additionally, the design of Lyapunov functions for homogeneous
systems is extensively addressed in the literature, with examples including works by
(Rosier, 1992), (Nakamura et al., 2002), (Moreno & Osorio, 2012), (Polyakov, 2020) and
(Sanchez & Moreno, 2019).

The discretization scheme for the IVP ((2.6), (2.5)), proposed in (Sanchez et al.,
2020), is given by
A" (zr41), v # 0,
Tht1 = Vgt (41)
0, T = O,
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where:

N 5 4.2
Zk+1 VI Gean) (Zkt1) 5 (4.2a)
- L 1 ,

241 = 2k + hU];n <f(zk) + EW(Zk)RZk) y 20 = AV?n (@ ); (42b)
(v exp (=W (zx)h) p=0,
O+H%3%)h)T’ #=0

V41 = § " o —m (4.2¢)

—u e —n
(00" = W () ", W () < v e
L L0, %‘hW(zk) > 0"

This subsection is dedicated to explain how (4.2b) and (4.2c) are defined, as well as
to highlight some of the properties, advantages and disadvantages of the method. The
main idea of the discretization procedure consists in projecting the dynamics of (2.5)
onto the Lyapunov level surface S; (with S; as defined in (2.7)), in order to obtain a
discretization of the projected dynamics, using the explicit Euler method, and the lifting
it to a discretization of (2.5), using the information about the decreasing nature of the
solutions provided by the Lyapunov function V. Let x € R™ \ {0}, given the change of
variable z = A" ., (z) (with A" Sy defined in (2.12)), the derivative of z along

v (x) V(@

the trajectories of (2.5) is given by

Z SZ (4.3)

where g; (x) is computed, for every i = 1,...,n, as
0z; 0 <V B (x)x2> —r N oV
Lip) = — V() Ly .
Oz, (z) Oz (z) Tm (@ )5’xj( z)e

Recalling that f, V', and W are r-homogeneous of degrees i, m and m + u respectively,
one obtains
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= Vi(z) {fi(z) + %W(Z)”Z’] ’

where 0% is the Kronecker delta. It follows that the dynamics of (2.5), projected onto
S, is given by

N

P { £(2) + %W(Z)Rz} , (4.4)

under the use of the state variable v = V/(x), where R is the diagonal matrix whose
principal diagonal is given by the components of the vector of weights r. Since V' is
positive definite and r-homogeneous of positive degree m, raising it to the power of %
yields an r-homogeneous norm. Hence, given a representative element x € R™\{0}, the
application of a dilation with “homogeneous” scale factor equal to the reciprocal of its
r-homogeneous norm effectively projects x onto the level set S;.

Because the function V' remains constant on Sy, solutions of (4.4) starting at Sy
remain on S; as time evolves and never leave this set. Applying the explicit Euler’s
method to discretize (4.4), with discretization step h € R, one obtains

©w 1
Zkp1 = 2k + hom | f(2) + EW(Z)RZ . (4.5)

Note that solutions of discrete system (4.5) may leave the set Sy for some index k. To
illustrate this fact, let us consider the system

11.3'1 = —Q[Jfng +.T2

1:2 — _($1J2 (46)

which is r-homogeneous of degree p = 1 with r = (2,3). The function V(x) = §|x1\% -

x1x2+g|x2|§ is 7 homogeneous of degree m = 5 with r = (2, 3) an is a Lyapunov function
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2
for (4.6). In this case W (z) = (2 [2,]2 — £L‘2) +2[a1 2[5 — |21|3. With discretization

step h = 0.1 and initial conditions zy = (1,0), from (4.5) one obtains

i (1.093
o = AV}}(@«O)(%)_( 0 )

[ 1.038

7 \—0114
Then V(z9) = 1 and V(z;) = 1.0307, which implies that v; ¢ S;. This example il-
lustrates that explicit Euler’s method, might not faithfully reflect the fact that (4.4) is
the projected dynamics of (2.5), which is fundamental in the method of (Sanchez et al.,

2020) in order to be able to lift (4.5) to a discretization of (2.5). In this sense, the
authors of (Sanchez et al., 2020) proposed the following discretization of (2.5)

“w

- - 2 1
Zpy1 = A7 (Zrt1)  Zerr = 2 + hof (f(Zk) + EW(Zk)RZk) ; (4.7)

VI ()
for every k € N and every h € R.(, ensuring that the projection is preserved, where
(4.7) is nothig but the projection on S; of the Euler’s explicit discretization of (4.4).
The following assumption is made to ensure that this discretization is well defined, since
when Zj; is zero, it cannot be projected onto Sj.

Assumption 3. For every z € S1 and every T € Ry, the following is satisfied:
1
24T (f(z) + —W(z)Rz) # 0.
m

In (Sanchez et al., 2020) are given some sufficient conditions to satisfy Assumption 3,
for example the set {x € R" : V(z) < 1} being convex.

From the change of variable z = A:/ =) )(m) one obtains r = A""/ 'y )z, for every

z € R™\ {0}. Because W is r-homogeneous of degree m + p, the derivative of V' along
the trajectories of (2.5) may be rewriten as
m-4p

V)= -W (N 1 )(z)) — V@)W (2), (4.8)

Vm (z
Considering the previously defined variable v = V' (z) one obtains

m—tp

v=—v m W(z). (4.9)
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Solutions of (4.9) may be easily computed in terms of the integral

Wo(t) = /0 W (2(r) dr, (4.10)

for instance, using separation of variables (and the change of variables formula for inte-
grals), one obtains:

e If 11 =0, then for every vy = v(0) € Rsy and every ¢ € R:

L)
v(t) = wvpexp (—Wo(t)> (4.11)

e If 11 > 0, then for every vy = v(0) € R>o and every ¢ € R:

dv map
= S EOW )
o(t) = = (4.12)

e If 4 < 0. Let T be the settling time for (2.5). Then the right-hand side of (4.4)
is well defined on the interval [0,7] and the solution of (4.9) is given, for every
vo = v(0) € R>g and every t € R., by

dv mtp

o= EOVEE)

o(t) = g”‘f: +aM) ’WO@: ?”07: (4.13)
>

Given a discretization step h € Ry, let us define t, = ty + kh, for £ € N. By
integrating (4.9) from ¢ to tx,; one obtains:

V(tes1) = v(t) exp (-W(tkﬂ)) , p=0, (4.14a)
t
v(thy1) = U(f’“)A S >0, (4.14b)
(14 £o(t) F W (k1))
F () " AT
v(thy1) = (U(tk) m W(tk+1)> ’ U(tk)w = mz(tkﬂ) . w<0, (4.14¢c)
0, v(te) ™ = EW (tey)
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where
— tht1

W (tesr) = W (2(1)) dr. (4.15)

tr

The integral in (4.15) may be numerically approximated using the explicit Euler’s method
as follows. Let us consider the dynamical system

w=W(z). (4.16)
Explicit Euler’s approximation of (4.16), with discretization step h € R+, gives us
WEg+1 = Wk + hW(Z(tk)) (417)

Note that by integrating (4.17) one obtains

W) dr = W (E () — W(a(t) ~ wisr — wh (4.18)

tk

then the explicit Euler’s approximation of (4.15), with discretization step h is given, for
every k € N, by .

The discrete time approximation of v, proposed in (Sanchez et al., 2020), given by (4.2¢),
follows by substituting (4.19) in (4.14).

The following theorems, proved in (Sanchez et al., 2020), shows the existence of an
homeomorphism @ : R"\{0} — R x Si, that allows one to map solutions of (2.5)
into solutions of (4.9) and (4.4), as well as to prove other interesting properties of the
discretization scheme.

Theorem 3. The map ® : R"\{0} — R.q x Sy, given for every x € R™\{0} by

Vix
O(x) = (A:/_l( )(;17)> , (4.20)

(z)

is a homeomorphism and its inverse is given, for every (v,z) € Rsg x Sy, by

(v, 2) = AZ% (2).
Theorem 4. If Assumptions 2 and 3 are satisfied, then the origin of R™ is an asymptoti-
cally stable equilibrium point for (4.1) and V' is a Lyapunov function for this discrete-time
system. Moreover (4.1) preserves the type of convergence of the solutions, i.e., for every
k € N and every xo = x(0) € R™, if one considers « as given in (2.20), the following
conditions hold:

1. If =0 then
V(zg) < V(o) exp(—ahk), (4.21)
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and the origin is exponentially stable with respect to the homogeneous norm given

by Vi .
2. If u> 0 then
Vi) € ——— 0 (1.22)
(1 + ﬁVE(xo)ahk) "
and the origin is nearly-fized time stable.
3. If u <0 then
iy b ) E m_yt
Vi) < (V (zo) — =& ozhk) : k< iffahv (x0) (4.23)
0, k> ,:Lnahvﬁ(mo)?

and the origin is finite-time stable.

Theorem 5. If Assumptions 2 and 3 are satisfied, then the discretization scheme given
by (4.1) is order 1 consistent.

We exhibit below some r-homogeneous systems, presented in (Sanchez et al., 2020),
that exemplify some of the advantages of (4.1) over other well-known discretization
schemes. Let us consider the dynamical system

.i'l = —k1L$1—|%+$2
J',‘Q = —kfng’l—IQ, (424)

which is r-homogeneous of degree p = 1 with r» = (2,3). It can be proven that for every
k1 € Ry, there exist 8 € Ry and ko € Ry such that the function V : R? — R, given

for every x € R? by

2 3
Vi) = gkl|$1|g — T1%o + g/@|$2|§, (4.25)

is a Lyapunov function for (4.24). Thus the origin is nearly-fixed time stable. Computing
W for (4.25) one obtains

W) = (kilonlE —22) + ks (alen Lot~ fof) (4.26)

Although Euler’s method converges numerically, when used to approximate the solution
of the initial value problem given by (4.24) and =y € R™ | this method produces un-
bounded trajectories for sufficiently large initial conditions and discretization step, as
discussed for example in (Efimov et al., 2017) and (Levant, 2013). Let us consider the
parameters k1 = 2, ks = 1 and o = 2. With this parameter values, W is positive definite,
which implies that the discretization method described by (4.1) can be applied and the
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discrete-time approximation of the solution of (4.24), using (4.1), is given by

Uk
Uk+1 = 1

(1+ gv,g)5 W ()

S = ackhofgla), ol = (
k1 = diag (v%(2k+1)av%3(gk+l>> Zht1
Ty = diag <v§+1,v,§+1) Zht1 (4.27)
Figure 4.1 shows the output produced by an implementation of (4.27), with dis-
cretization step h = 0.01 and initial conditions z1(0) = 10° and z5(0) = 0. The graph

illustrates that the method of (Sanchez et al., 2020) preserves asymptotic stability even
with large initial conditions, while Euler’s explicit method does not.

262 5
47><1() 8><10
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hk hk

Figure 4.1: Comparison between approximate solutions of (4.24) with explicit Euler’s
method (left) and with the method of (Sanchez et al., 2020) (right).

Now let us consider the scalar system

& = —Psign(x), (4.28)

with § € Ryg. The vector field given by —fsign(x) is discontinuous at the origin, which
is asymptotically stable, with Lyapunov function given by

V(z) = 2°. (4.29)

For r = 1, V is r-homogeneous of degree m = 2 and (4.28) is r-homogeneous of degree
1 = —1, which implies that its solutions converge to the origin in finite-time. Computing
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W one obtains
W(x) = 28|x|. (4.30)

Thus the discrete-time approximation of the solution of (4.28), using (4.1), is given by

07 U S h262
Zk1 = 1

Ty = /Urrisign(xy). (4.31)

Figure 4.2 shows an implementation of the discrete approximation of solutions of
(4.28), with both (4.31) and explicit Euler’s method, for § =3, h = 0.1 and zp = 5. Tt
can be appreciated that Euler’s explicit scheme produces numerical chattering.

{(\/v_ —hnB)*,  w > R
Vk+1 =

0 0.5 1 1.5 2 25 3 3.5 4

t

Figure 4.2: Comparison between approximate solutions of (4.61) with explicit Euler’s
method (left) and with the method of (Sanchez et al., 2020) (right).

4.2 LFB family of discretization schemes

It was demonstrated in (Sanchez et al., 2020) that the scheme (4.1) possesses a consis-
tency order of one, mirroring the order of the explicit Euler method applied to (4.15)
and (4.4). Consequently, it is logical to anticipate that employing higher-order con-
sistent methods for the approximation of W and z will yield enhancements over the
strategy detailed in (Sanchez et al., 2020). In this section, we introduce a refinement
to the scheme from (Sanchez et al., 2020), generating a family of numerically conver-
gent discretization schemes with varying consistency orders. These schemes maintain
the stability of the origin, thereby preserving the convergence type of the solutions. We
derive this family by generalizing the approximation of (4.15) and (4.4) to include any
single-step discretization method that is consistent, numerically convergent, and compli-
ant with specific regularity conditions, rather than limiting the approach to the explicit
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Euler method. This modification significantly enhances the performance and computa-
tional efficiency found in (Sanchez et al., 2020). Analogous to the method in (Sanchez
et al., 2020), our proposed family avoids numerical chattering in discrete-time solutions.
Our method prevents the sustained oscillations characteristic of chattering by preserving
both the Lyapunov function and the convergence type of the solutions. We reported the
results presented in this section in (Silva et al., 2025).

Consider the initial value problem given by ((2.5),(2.6)) under the proviso that (2.5)
satisfies Assumption 2. The dynamics of (2.5), projected on the level set Si, is given
by (4.4), with the dynamics of v given by (4.9). Let F(z) = v [f(2) + LW (z)Rz].
Let M denote an arbitrary explicit one-step discretization method in the form (2.24),
which is assumed to be numerically convergent and consistent of order o € N. Define
vo = V(o) and zg = A:/%}( )(:L’O), for o € R™. For a discretization step h € Ry,

o

denote by

Wk-+]_ = \Ifw(zk, tk, h), (432&)
Zk—f—l = \I/F(Zk7 Uk, tk, h) (432b)

the discrete-time approximations of (4.15) and (4.4), respectively, obtained by means of
M. In (4.32a), W1 is computed by applying M to (4.16) and using (4.18), here Wy is
assumed to be equal to zero. In (4.32b), instead of considering z; as the previous value
computed only with M, one considers

i.e., the projection of Z; on S, to ensure that each element of the sequence (), x, do

not stray too far from Si; 2 is also defined in this way for (4.32a). Equation (4.33) is
well defined only if M satisfies the following assumption.

Assumption 4. For every h € Ry there exists € € Ry such that
Vp(z, v, 8, h)|| <e (4.34)

for every z € S1, v € Ryg, t € Ryy.

It can be demonstrated by induction that if Assumption 4 is satisfied, then for every
h € R.g and every k € K}, one has zZ; # 0. Since we allow M to be a general explicit
method, U is not explicitly known in general, making it almost impossible to derive
general sufficient or necessary conditions for M to satisfy Assumption 4. However, this
becomes more manageable when a specific M is provided. For instance, consider the
LFB explicit Euler’s method in (Sanchez et al., 2020). For z € S; (where V(z) = 1),
t € Ryg, and h € Ry, one obtains :

1 L
Up(z,0,t,h) =z +vmh | f(z) + —W(2)Rz| =2+ vmhF(2). (4.35)
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By using the Euler’s theorem (see e.g. Proposition (5.4) in (Rosier & Bacciotti, 2005))
one has

ov oV 1 oV
E(Z) F(2) = 5(2) fz) + EW(Z)g(Z) Rz

= W)+ V(z)W(z)=0.

Thus F(z) is orthogonal to 2%(z). A necessary condition to satisfy Assumption 4 is
U(z,1,t,h) # 0, which is not satisfied if zy and F(z) are collinear. Therefore 2% (z)-zo #
0 is a sufficient condition for Assumption 4 to hold. In (Sanchez et al., 2020), it was
shown that the set {x € R" : V(z) < 1} being convex is another sufficient condition for
Assumption 4 to hold when M is the explicit Euler’s method. As the consistency order
of M increases, finding conditions that satisfy Assumption 4 becomes very complex.
Nevertheless, when implementing the scheme (4.37), one knows the explicit expression
of the system (2.5), and selects the auxiliary scheme M, and it is more feasible to verify
that Assumption 4 holds for one specific M and one specific system, as we verified in
examples 2 and 4 of Section 6. When both the system in (2.5) and the scheme M exhibit
substantial complexity in their structures, we consider it more feasible and practical to
numerically verify the condition at each implementation as follows: given one auxiliary
scheme M, one discretization step h € R.( and one final time ¢; € Ry, verify that
zZr # 0, for every k € K. The above implies that Assumption 4 is satisfied for at
least one auxiliary scheme and one value of discretization step, on a subset of S; and
for ¢ € [0,t¢]. This numerical verification is done in examples 1 and 3 of section 6.
The set of auxiliary methods employed to create the family of schemes, which represents
the primary contribution of this work, is outlined by Assumption 4, together with the
following assumption.

Assumption 5. For every h € Ry, there exists ¢ € Ry such that
< < \I’T/V(Zv tu h’)a (436)

for every z € Sy and every t € Ryy.

Although Assumption 5 might seem too strong at first sight, it is actually satisfied by
a number of discretization methods in the present setting since the restriction W to S;
is bounded below by « given in (2.20). Consider for example the Heun’s method applied
to approximate (4.15):

| >

qu(z7 2 h) = (W(Zk> + W(Zk+1)) )

where zp, 1 = A:/;l(’ . with Zpy1 = 2z + hF(z). Since zy, zk41 € S; one is able to
m (Zk41

conclude Wy, (z,t,h) > ha. Using a similar reasoning, it can be shown that all classical
Runge-Kutta methods also satisfy this assumption.

By replacing hW(z) and Zx; in (4.1) by (4.32a) and (4.32b), respectively, one
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obtains a family of LFB discretizations of (2.5), written in the form

Ari (2k+1) if $k7é0,

Thy1 = Ukt (4.37)
for every initial conditions zg € R", zy = A:/i( )(xo), and vy = V' (z¢), where
m (g
Uks1 = Ve exp (= W), =0, (4.38a)
Uk = o - >0, (4.38D)
]_ ‘I’ ﬁU’?Wk_’_l,) g
g T gy T
Vpas = (vk ~ Wk+1) y AW < Uk,u7 <0, (4.38¢)
Oa %Wk‘-i-l > ’UEa
and
A" Z if v 0,
Zpp1 = VW@H)( ki) e (4.39)
2k if vgp1 =0,

for every k € N. Note that when the method M is the explicit Euler’s method, (4.37)
recovers the discretization proposed in (Sanchez et al., 2020). Although the structure
of (4.37) remains similar to the one proposed in (Sanchez et al., 2020), its flexibility in
the choice of the method M renders the analytical study of (4.37) and its properties a
more elaborate endeavor. In (Sanchez et al., 2020) it was shown that the scheme they
proposed is consistent of order 1, but the convergence of such a scheme was not proven.
In the subsequent we will prove that the consistency order of (4.37) is equal to the order
o of the auxiliary method used to compute (4.38) and (4.39), and that the discretization
scheme given by (4.37) is convergent, which implies that the method of (Sanchez et al.,
2020) is also convergent. Moreover, we will prove that (4.37) preserves V' and the sta-
bility of the origin. This results are reported in (Silva et al., 2025).

Theorem 6 (Stability preservation of the origin). Under Assumption 2, let M be a
convergent discretization scheme, which is consistent of order o € N and satisfies As-
sumption 5. If M is used to compute (4.32a) and (4.32b) in (4.37), then the following
propositions hold :

1. The functionV is a Lyapunov function for the discrete-time system given by (4.37).

2. If uw = 0 then the origin is exponentially stable with respect to the homogeneous
norm Vm and
Vi(z) < V(xo) exp (—kG) (4.40)

for every k € N.
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3. If u > 0 then the origin is nearly fized-time stable and

Viay) < Vizo) P (4.41)
14 k—uV(.To)HCh) "
for every k € N.
4. If p < 0 then the origin is finite-time stable and
s ke )T ke s
V(zy) < (V(-’Eo) poo Ch) y e < V(iﬁo)_M : (4.42)
0, TG 2 V(@)™

for every k € N.

Proof. By construction z; belongs to S; for every k € N. Moreover, V' is r-homogeneous
of degree m. It follows that for every k£ € N one has

o

Since v satisfies (4.38) and W is bounded below, it is a strictly decreasing function,
which implies vp 1 < v for every k € N, when p > 0 and for every k € [0, 7], with
T = LMJ, when p < 0. Therefore

V($k+1) — V([Ek) = Vg1 — Vg < 0.

From Lyapunov’s stability theorem for discrete-time systems it follows that V' is a strict
Lyapunov function for (4.37). To prove the convergence types, consider the solutions of
the discrete-time equations (4.38):

U = Up €Xp (—Wium> : =0, (4.44a)
Yo

(1 + %voﬁwlsum>

Vg = p >0, (4.44D)

i3

m
K —k —w —k
) K
(Uom m Wsum) ) m Wsum < UO "

pn <0, (4.44c¢)

e —u?
_ m
0, WWSWL Z ’UO

where qum = Z?lej. By Assumption 5, (Wj)ren is bounded below by ¢, hence,
inequalities (4.40)—(4.42) follow from (4.44) and (4.43). Since V' is r-homogeneous of
degree m, positive definite and continuous in R\{0}, there exists positive constants C}
and Cy, such that (see, e.g., (Nakamura et al., 2002) and the proof of Corollary 5.4 in
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(Rosier & Bacciotti, 2005))

Cg S V(Z) S Cl, Vz € Sl. (445)

Note that every x € R™ can be written as x = A" (A’” 1 (x)), moreover z —
Vm (x) Vm (x)

A" S () belongs to S; . The function Vi is an r-homogeneous norm in R”, which

we denote by Vi (z) = ||z/|,. From r-homogeneity of V one has
Vi(x) = [lz];"V (2). (4.406)
It follows from (4.46) and (4.45) that
Collzlls" < V() < Cull]5"- (4.47)

The type of convergence of (zy)rek, is readily deduced from (4.40) to (4.42), and (4.47).
[

Given the existence of the homeomorphism (4.20), which maps solutions of (2.5) into
solutions of (4.9) and (4.4), and vice versa, the convergence and consistency of (4.37)
are easily established by proving the convergence and consistency of (4.38) and (4.39).
In (Sanchez et al., 2020), consistency of order one for (4.2c) was shown using L’Hopital’s
rule, which allowed the authors to calculate the local truncation error. An attempt to use
the same method to prove higher-order consistency of (4.38), say of order o > 1, would
require additional differentiability conditions on the system dynamics f, as derivatives
of higher order would then occur in the computations. We utilize a different approach
to prove that (4.37) is convergent and consistent of order o.

Theorem 7 (Consistency order). Under Assumption 2, let M be an auxiliary method,
used to compute (4.32a) and (4.32b) in (4.37), consistent of order o € N. Let us suppose
that M satisfy Assumptions 4 and 5. Then the discretization scheme (4.37) is consistent
of order o.

Proof. Let (W)rer, and (vg)rex, be the sequences given by (4.32a) and (4.38). Let
vy = V(z0) and 2y = A:/;l (7g). The local truncation error T, ,, for (4.38), is given

(wo
by
Ty = v(tet1) — Uk,

with v(t,) = v,, by definition. Let us consider p = 0, leading to the conclusion derived
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from (4.38a) and (4.14a) that

—

Tngrl = v(tr) exp(=W (tg41)) — vp exp (_Wk—i-l))
— uexp (—W (tk+1)) (1 B eXP(:\WHl) )

exp(—W (tr+1))
= vpexp(—W (tgs1)) <1 — exp (W (trt1) — Wk+1>> :

Recall that the local truncation error is computed at each step of discretization, without
considering previous errors, thus z(t;) — zx = 0, which implies that W (teg1) — Wiat
tends to zero as h tends to zero. Now, by applying the Maclaurin series expansion for
the exponential function at zero one obtains

Wr W3
exp (Wg) = 1+WR< +7+?+ )

with WR = /W (tk+1) - Wk+1, thus

—_~ 2
‘ +1| 1 )U’f exp(—=W (tg41))Wr (—1 — % - % .. )‘
im

h—>0 he h—0 ho
| R’ . g W W2
(}l}_}o ho (}Zlg(l) ‘vk exp (—W(tk+1)> (—1 — SR —SE—.. )D )

Since the scheme M is asumed to be consistent of order o, it follows that limy_.q Wl

he o T
0. Moreover, because W (tx11) and Wg tend to zero as h tends to zero, the term

VR, €Xp (—W\(tkﬂ)) (—1 - % - —2 - ) tends to v, as h tends to zero . It follows

T/U
that limy_, | Zil‘ = 0, i.e., the discretization method given by (4.38a) is consistent of

order 0. Now let us assume i # 0. The local truncation error T}/ ; for the schemes given
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by (4.38b) or (4.38c), is

Y —ne e —u P
T, = m(ty) — —W(t — vy - LW
k+1 (U (tr) m (k+1>> <Uk m k+1)
= Foeame, )
= (v + LWten) " [ 1- | 2

-_m
I

i i
= (Uk +EW(tk+1)> 1-— =

= e = B
" v+ EW (ki)
B =
= (W LWte) " [ 1- | =W +1

= (o + AW ) " (1= oW+ D)),

where

By a procedure similar to the one carried out for u = 0, one approximates

—m

(C <Wk+1 — /W(tk+1)> + 1) B by the generalized binomial Maclaurin series:

<C (Wkﬂ ! W<tk+l)> " 1> ‘- i (:1) (C <Wk+1 - W(tk+1))>j

j=0 7

where

() 2 G0 G
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therefore

) |0 AT G) T (1T () (o)
lim L — 1im
h—0  h? h—0 ho
(v; + ﬁW(tkH)> Z (cwR >, (;Tm) (—CW,@))
= lim
h—0 he
W : = e [ :
() (g (7 + ) 7 3 () e )

Since Wx tends to zero as h tends to zero, the term

—C <Uk_ﬁ + %W(tkﬂ)) > i (_JTm) (—CWg)’

=2

also tends to zero as h tends to zero. From the consistency of order o of the method M,

it follows that limy_o ] = 0, hence, limyo %68l = 0. Therefore, (4.38b) and (4.38¢)

are also consistent of order o.

On the other hand, the i-th component of the local truncation error 77, of (4.39)
is defined by

—r;

(le—i-l)i = 2'(tgs1) =V (Ze1)Zhp

= lten) = T+ (1= VF (@) Zh (4.48)

. (Ekﬂ)) can

Because z(tg41) lies in Sy, it is known that V(2(tx41)) = 1. Then <1 -V

be rewritten as

(1-vFEn) = o (V) —1)

Vo (Zkr1)
1 T, T4
= Vi) <Vm(zk+1) —Vm (z(tk+1))) (4.49)

M being convergent implies that for every h € R, there exists ¢ € Ry such that for
every k € N one has |2(t;41) — Zp11| < €, . By triangle inequality, it follows that

Zera] = [Zro + 2(tesr) — 2(tkr)]
< B — 2(eg) |+ l2()| S et |z(teg)| < e+ sup 2] -
z€51

Note that sup,cg, |2| exists because Sy is compact. Let e+sup,cg, = €. Since M satisfies
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Assumption 4, it follows that
e < [Zpp| <2 (4.50)

Since V' is a homogeneous norm on R”, one is able to conclude from (4.50) that there
exists constants di,dy; € R such that d; < V(Zp11) < dp. Because the set [dy, do]
is compact, the function g : [dy,ds] — Rsg, that maps V(Zps1) into Vi (Zp) is
Lipschitz continuous, and since V is Lipschitz continuous on 5y, it follows that there
exist Ly, Ly € R.q such that

IN

’V%<Zk+l) i V%<Z(tk+1))) Ly |V(5k+1) — V(Z(tk+1>>’

~ L1L2 ‘zk—l-l - Z(tk+1)| . (451)

A

From (4.49) and (4.51) one obtains

<1 - V%<zk+l)> < ¢ [Zhp1 — 2(tes1)|

with ¢; = Lngdlﬁ. Moreover, since ‘zi(tnﬂ) — ?;LH‘ < |2(tps1) — Znyal, it follows by
triangle inequality that

(Tiv)i] < Jziltery) = Z | + (1 - V#(Ekﬂ)) Zist
< ailtirn) = Zn |+ cil2(tean) = Zksal [Zhsa |
< 2(trgr) = Zral + ¢ [2(tkrr) — Zrga| [Zrpa
= (L4 ci[Zhal) |2(s1) — Zoral
< (T +¢E) |2(ter1) — Zoal -
Therefore,
lim |(Tkz+1>l‘ < lim (14 cE) |2(the1) — Zraa]
h—0 he h—0 he
- J2(trra) = Zena|
= (1+em) (1
(14 cim) (hlg(l) o
From the consistency of order o of M we have that limj_, WH;}—;EW = 0. Thus,
limy, ¢ ’(T’;l+1)1| =0, for ¢« = 1,...,n. Therefore, the discretization method given by
(4.39) is consistent of order o.
Finally, the local truncation error of (4.37) is given by
Ty = a(tker) — Togr- (4.52)
Since (4.20) is an homeomorphim, then zp; = @ '(vpy1,2001) = A", (2x41) and
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T(tps1) = D71 (0(tptr), 2(tksn)) = A (2(tey1)), with z(tgy1) = A"

_ x(t .
o () T
Thus

T

(Tkx—H)i =om (trr1) zi(thyr) — U;ﬁlz;iﬂ. (4.53)

It follows that

T

lim T3 | — lim o (trgr) Zi(trgr) — Ulfl-lzli—l-l
h—0 ho h—0 he ’

(4.54)

But

VRZs + ZRUs = 2 (v% (tr1) 2zi(te1) — v,ﬁlz,iﬂ) ,
with vg = 'U%(thrl) — Uy, Vs = v (tr) + U7, 2s = 2i(tier) + 2y, and zp =
2i(te+1) — 2j4q- 1t follows that

T

.

o (1) 2i(t) — vzl < lvrzs| + zrus] . (4.55)
From (4.55), and the o consistency order of (4.38) and (4.39), it follows that limy,_,o |T5§1| =
0. O

Theorem 8 (Numerical convergence). Under the assumptions of Theorem 7, the
discretization (4.37) is numerically convergent.

Proof. By a similar reasoning as the one carried out to compute the local truncation
error T}, in Theorem 7, one obtains from (4.14) and (4.44) that the global error of
(4.38) up to k € K, (with K}, defined in Chapter 2) is given by

o (Wo(tk) —W )j

sum

e, = Vg exp (—W\o(tk)> , w=0,

(4.56a)
= (6 + 2 w) (=3 (7)) (W - Tatw)) | w0

(4.56b)

Since M is convergent then, by definition of global error, for every h € R, there exists
= —k
p = maxpeg, |(Wo(ty) — W

sum

, such that limy,_,q p = 0. Thus, for every k£ € K}, one has

<p. (4.57)

sum

— —k
‘Wo(tk) W
Since W restricted to S; is strictly positive, it follows that 0 < /Wo(tk). Moreover,
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—m

when p # 0 one has (UO% + ﬁ/WO(tk» " <. Tt follows from (4.56) and (4.57) that

< = .
max [ej] < |uo Z il p=0, (4.58a)
,u m+p b -m .
< |=v,™ H <0 > 0. 4.58b
max e} < | Loy Z(j)pf' b<0or g (458b)

One can deduce from (4.58) that limj,_,o (maxker, |e}|) = 0, for every p € R. Thus,
(4.38) is convergent.

On the other hand, since M is assumed to be convergent, from the definition of global
error it follows that for every h there exists p; = maxyek, |2(tx) — Zk|, which satisfies
limy,0(pz) = 0. By a similar reasoning to that used to compute the local truncation
error T} in Theorem 7, the i-th component of the global error of (4.39) up to k € K,
is given by

a(t) ~ 7+ (V;@) (Vi@ -V <z<tk>>)) 2

< (T4 cmv) |2(te) — Zil

Thus (maxpeg, |€f]); < (1+ ¢vs)pz, and it follows that limy,_,o maxe, lef| = 0, ie.,
(4.39) is convergent. As in Theorem 7, convergence of (4.37) follows from consistency of
(4.38) and (4.39). O

4.2.1 Implementations

Implementation 1
Consider the following system on R?

ill = X2 — .Z’?,

iy = —ai, (4.59)
which is r-homogeneous of degree y = 2 for r = [1,3]T. The function V : R? — R

defined by
V(r) = %I(f ;xl [ ] 3 +3 Lo (4.60)

is - homogeneous of degree m = 6. By Young’s inequality it can be proved that
6 2

oL+ 2 < V(x), for every € R", then V is positive-definite and that its derivative
along the trajectories of (4.59) is V(z) = —W(x), with

8 2 5
W(z) = a7 + glvals — Zailan]s — Jailaaf5.
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Using the homogeneity of W, along with Young’s inequality, one concludes that 0.035125+
0.0731z% < W(x), for every z € R™, which implies that T is positive-definite and hence
V' is a strict Lyapunov function for (4.59), so the origin is an asymptotically stable
equilibrium point. In this example, we apply the discretization method (4.37) to numer-
ically approximate the solutions of (4.59), using three different schemes to approximate
(4.32a) and (4.32b): Explicit Euler, Heun and RK4. As mentioned in Chapter 2, the
three methods are numerically convergent, though they differ in their consistency orders.

The three methods may be viewed as particular cases of the Runge-Kutta family
of discretization techniques and they all satisfy Assumption 5. The parameter values
used for the implementations are as follows: The total duration of the experiment is
t; = 2, and the initial condition at ¢ = 0 is xy = [-5,0]T. The main objective of this
implementation is to show how the order of consistency of M influences the global error
of the approximate solutions. Before executing the implementations, it was numerically
verified that ||z || # 0 for every k € K, (Figure 4.3), across all selected values of h (i.e., h
=0.001, 0.01, 0.05 and 0.1). This confirms that Assumption 4 is satisfied, at least for the
chosen parameters and the given initial condition. Figure 4.4 displays the approximations
for each scenario, while Figure 4.5 shows that as the discretization step increases, the
discrepancy in the global error of the approximate solutions becomes more pronounced.
This behavior is expected due to the order of consistency of M and, by extension, the
LFB method. The maximum values of the global errors obtained for discretization steps
h =0.001,0.01,0.05,0.1, using each of the three methods are provided in Table 4.1. To
calculate the global errors, we used an approximation obtained with Matlab’s ODE45
method as a reference, with a maximum discretization step of A = 0.0001 and absolute
tolerance equal to 10710,

Table 4.1: Maximum global errors.

h oLE oLH o LRK4
0.001 0.682566 0.308292 0.010251
0.01 7.062057 2.946040 0.994293
0.05 21.355208 11.859379 5.994323
0.1 25.481345 24.830830 12.208390

Maximum global error of (4.37), using explicit Euler’s method.
Maximum global error of (4.37), using Heun’s method.
Maximum global error of (4.37), using order 4 Runge—Kutta method.

Implementation 2

The following system
&= —1° (4.61)



LFB RK4

— h=0.001
h =0.01
— h=0.05
— h=0.1
T T
1.50 1.75 2.00
— h =0.001
h =0.01
— h=0.05
— h=0.1
1 T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
tn = hk
LFB Euler
37 — h=0.001
h = 0.01
_ _‘_\_‘_‘_‘_‘_‘_‘\ — h=0.05
& 94 — h=0.1
1 T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
tr = hk

Figure 4.3: Implementation 1. Norm of zj for different values of h, using three methods
to compute (4.39). Numerical verification of Assumption 4.

is r-homogeneous of degree u = 1, for r = % The function given by V(z) = z? is an

strict Lyapunov function for this system, moreover is r-homogeneous of degree m = 1.

From (4.4) one obtains
p=w[" =27, (4.62)

and it is easy to prove that the explicit Euler’s, the RK4 and the midpoint methods
satisfy Assumption 4 for this system., beacuse S; = {1,—1}. Figure 4.6 displays the
discrete-time solutions of (4.61), approximated using the LFB midpoint method and the
explicit Euler’s method. The discretization step size was set on h = 0.005. For this
experiment, several initial conditions were defined as zy = 5%, with & ranking from 0 to
2.5 on intervals of 0.25. For xy > 52, the explicit Euler method produces discrete-time
solutions that diverge from the origin. In contrast, the solutions obtained via the LFB
midpoint method converge in fixed-time to the ball Byags = {x € R : < 0.298}, for
each of the initial conditions set. To exhibit the nearly fixed time convergence, another
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h =0.001

h =0.01

m —— ODE 45 —— ODE 45
o5 4 | —— LFB Euler —— LFB Euler
= LFB Heun = LFB Heun
20 4 LFB RK4 LFB RK4
£ 15
10 A
5 -
0 -
T T T T T T T
0.0 0.5 1.0 1.5 2.0 1.5 2.0
ty = hk
h =0.05 h=0.1
30 30
- ODE 45 - ODE 45
25 = LFB Euler 25 - = LFB Euler
I = LFB Heun = LFB Heun
20 LFB RK4 20 4 LFB RK4
£ 15 L £ 15 1 I—
10 A I‘ 10
—1
5 - LL 5
I-__HH ‘_‘_‘—\_‘_‘_‘_\
0 1 0
T T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
tr = hk tr = hk

Figure 4.4: Implementation 1. Norm of the states of the LFB discretization of (4.59) for
different sizes of h. The Matlbab ODE45 approximation is taken as reference.

implementation was carried out, in which the discretization step was set at h = 0.01,
and several initial conditions were defined: zy = 5,50, 500, 5000. The continuous-time

solution of (4.61) is given by
Lo

1+ 2t

In Figure 4.7 it can be appreciated that the discrete-time solutions, obtained with the
LFB Midpoint method for the initial conditions given, converge to the ball Sy = {z €
R:|z| <0.2} in t < 0.2, i.e., in fixed-time.

x(t) =
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h = 0.001
! LFB Euler
0.6 1 —_ LFB Heun
_©® LFBRK4
0.4 -
&
0.2
N
P \
0.0 1 _

0.0 0.5 1.0 1.5 2.0
tr = hk
h =0.05
., @ LFB Euler
20 1 ) ___ LFB Heun
_©® LFBRK4
15 (1}

€k

0.0 0.5 1.0 1.5 2.0
tr, = hk

h =0.01

@ _ LFB Euler
e LFB Heun
_® LFBRK4

0.0 0.5 1.0 1.5 2.0
tr = hk
h=0.1
@®_ LFB Euler
0o - LFB Heun
_® LFBRK4

0.0 0.5 1.0 1.5 2.0
tr = hk

Figure 4.5: ITmplementation 1. Global errors up to k for the LFB discretization of (4.59)

for different values of h.

Implementation 3

Let us now turn to another system on R? given by

j?lz.TQ

igz

—K “xljg + 27[12J3J

2

9

(4.63)

With x > 1, the origin of R? is an asymptotically stable equilibrium point for (4.63),
which is readily established as follows. Taking r = [4, 3]T one shows by inspection that
(4.63) is r-homogeneous of degree ;1 = —1, which implies that the solutions converge to
the origin in finite time. The differentiable function

9
V(z) = |z’ + [1]1@s + Z |2



300 -
= LFB Midpoint = Explicit Euler

1.5 1 log14(0.298) 250 A

1.0

logyo(|zk|)
logyo(lzk])
= — [
o w o
S o 3
1 1 1

(13

o &
1 1
-

T
00 25 50 75 100 125 150 0.0 0.1 0.2 0.3 0.4 0.5
ty = hk ty = hk

Figure 4.6: Implementation 2. log,, of the norm of the states of the discretization of
(4.61) with LFB Midpint method (left) and Explicit Euler’s method (right).

is 7-homogeneous of degree m = 12. By applying Young’s inequality to the second term

of V we obtain
Viz) > (1= 3) |o1|> + (Z — 1) |ao|".

Hence, V' is positive-definite, and its derivative along the trajectories of (4.61) is given

by V(z) = —=W(x), with

W(z) = |[z1]F +27[2)?]° — (3[:61J2+ 2 |x1|z:c2) s,

which is positive-definite for a sufficiently large value of k > 0 (see for example Cruz-
Zavala and Moreno, 2017, Lem. 12). Thus, V serves as a strict Lyapunov function for
(4.63). We employ the LFB fourth-order Runge-Kutta method and the LFB Heun
scheme, both described in (4.37), to numerically approximate the solutions of (4.63).
The parameters used in these simulations are the following. The total simulation time
is t; = 280, and the initial condition at ¢ = 0 is xy = [—123,14*]T. The discretization
step is set to h = 0.1, with k = 1. Prior to running the simulations, we numerically
checked that ||zx|| # 0 for these parameters (Figure 4.8), confirming that Assumption 4
is fulfilled, at least for this choice of values. The same verification was performed using
a larger step size h = 1, for which Assumption 4 is not satisfied. Figure 4.9 displays
the norm of the computed trajectories, showing that, in both cases, the approximated
solutions reach zero exactly in finite time. The sequence (xy)rek, converges to zero at
tr = 243.2 when using the LFB Heun scheme, and at ¢, = 253 when using the LFB RK4
method.
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x0 =5 xg = 50

= LFB MidPoint : = LFB MidPoint
0.6 - log,0(2) ~ 0.3 1591 log10(2) ~ 0.3
Continuous solution Continuous solution
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0.0 1 S Rt T
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0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
tr = hk tr = hk
20 = 500 20 = 5000
25 | = LFB MidPoint | = LFB MidPoint
| logo(2) = 0.3 3 | logqo(2) = 0.3
204 | Continuous solution i Continuous solution
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8 159 § &8 94 ]
E = |
£ 101 g
1 -
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0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
tr = hk tr = hk

Figure 4.7: Implementation 2. log;, of the norm of the states of the LFB discretization
of (4.61) with MidPoint method for different initial conditions.
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1.1 4 1.1

1.0 4 1.0 4
E 0.9 E 0.9

0.8 1 0.8

0.7 1 0.7

- LFB RK4 LFB Heun
0.6 +— T T T T T 0.6 T T T T T
0 50 100 150 200 250 0 50 100 150 200 250
tr, = hk tr, = hk

Figure 4.8: Implementation 3. Norm of z; using two methods to compute (4.39). Nu-
merical verification of Assumption 4.

—— LFB RK4 —— LFB Heun
200000 - . 200000 | :
150000 150000 -
= =
£ 100000 £ 100000
50000 - 50000 -
0 - 0
T T T T T T T T T T T T
0 50 100 150 200 250 0 50 100 150 200 250
ty = hk ty = hk

Figure 4.9: Implementation 3. Norm of the states of the discretization of (4.63), approx-
imating (4.9) and (4.4) with two LFB methods.

Implementation 4
Now let us consider the scalar system
& = —fsign(x), (4.64)

with § € R.y. Note that the vector field given by —psign(z) is discontinuous at the
origin and that the origin is an asymptotically stable equilibrium point for (4.64) . A
Lyapunov function for this system is given by

V(z) = 2% (4.65)

For r = 1, V is r-homogeneous of degree m = 2 and (4.64) is r-homogeneous of degree
@ = —1, which implies that its solutions converge to the origin in finite-time. Computing
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W one obtains
W(x) = 2p|x|. (4.66)

From (4.4) one has for this system
2 =07 [3]z]z — 3sign(2)], (4.67)

Since S; = 1,—1, it can be readily shown that the explicit Euler, RK4, and Heun
methods all satisfy Assumption 4 for this system. Figure 4.10 displays the discrete-
time approximations of (4.64) obtained using the explicit Euler method, along with
two schemes from the family proposed in this work: LFB Heun and LFB RK4. The
parameters used were 3 = 3, discretization step h = 0.1, simulation horizon t; = 3, and
initial condition xy = 4. In Figure 4.10, it is clear that the explicit Euler method produces
discrete-time trajectories that exhibit chattering, while the two LFB-based schemes do
not. This difference arises because the explicit Euler method is not constructed to
preserve stability of the origin, unlike the LFB schemes. Consequently, the discrete-time
trajectories generated by the LFB methods cannot jump to level sets farther from the
origin; instead, they evolve through progressively nested level sets that contract toward
the origin.
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Figure 4.10: Implementation 4. Discretization of (4.64) for explicit Euler’s, LFB Heun
and LFB RK4.
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Conclusions and Future Work

The central problem addressed in this thesis is the discretization of homogeneous systems
while preserving the asymptotic stability of the origin, a challenge on which conventional
schemes typically fall short. General-purpose methods, such as Runge-Kutta schemes, as
well as the explicit Euler method, do not guarantee stability; they may produce discrete
solutions that diverge or require overly restrictive step-size conditions that compromise
computational efficiency. Moreover, they often fail to retain key qualitative properties
of the continuous-time dynamics, including the nature of convergence—whether expo-
nential, finite-time, or practically fixed-time.

On the other hand, methods that can guarantee stability, such as implicit Euler
under some convexity assumptions, introduce a substantial computational burden. Be-
cause they require solving a system of equations at every iteration, their implementation
becomes impractical for high-speed simulations or real-time control applications, where
efficiency is essential.

Even advanced schemes tailored specifically to this problem, such as the one proposed
in (Efimov et al., 2019), do not fully resolve this dichotomy. Although they preserve
stability and the convergence type through time scaling, their performance still hinges
critically on selecting a suitable step size. Another example is the squeme proposen in
(Polyakov et al., 2019), which preserve the convergence type of the solutions, but their
practical use is limited. Implementing them requires finding a homogeneous rule with
specific properties, an extremely difficult task in general, and their implicit or semi-
implicit nature leads to higher computational cost compared to explicit methods. The
family proposed in (M. P. Calvo et al., 2010), which is a family of modified Runge-Kutta
methods, preserves a given Lyapunov function, however, their numerical properties were
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not established, and they do not preserve the convergence type of the solutions.

This highlights the need for for a discretization shceme that is both computationally
efficient and robustly stable. This dissertation builds upon the scheme presented in
(Sanchez et al., 2020), notable for maintaining key properties, including stability and the
specific convergence type, while remaining computationally inexpensive. However, this
approach was fundamentally limited by its low (first-order) consistency. Consequently,
achieving high accuracy demanded extremely small step sizes, highlighting a clear need
for the higher-order methods developed in this thesis.

This thesis introduces an extension to the discretization scheme proposed in (Sanchez
et al., 2020), which allows, for the approximation of (4.15) and (4.4), using any one-step,
convergent discretization method of order o € N, rather than being restricted to the ex-
plicit Euler method considered in the original scheme. This leads to a family of numeri-
cally convergent discretization schemes with different orders of consistency, all of which
preserve the convergence characteristics of solutions for asymptotically stable weighted
homogeneous systems. Each method in this family is explicit, providing a computational
advantage over implicit and semi-implicit methods found in existing literature for this
class of systems, as it eliminates the need to solve implicit equations at each discretiza-
tion step. The proposed schemes involve the explicit knowledge of a Lyapunov function,
as well as a projection onto a specific function’s level set, which are not required in other,
more general and well-known schemes. However, due to these requirements, the schemes
we propose do not exhibit inconsistencies that have been found in other schemes, such
as Euler’s methods, for example chattering, divergence of solutions, instead of consis-
tency. These inconsistencies can be found, for example, when the system’s vector field is
discontinuous or non-smooth at the origin. Furthermore, the projection is consistently
performed onto the same level set, thus eliminating the need to compute a new level set
at each discretization step.

It was proven that the order of consistency of each of the schemes in the family we
propose equals the order of consistency of the auxiliary method used to approximate Zj 4
and vi,1. Moreover, it was proved that every scheme is numerically convergent. Con-
sistency order property, besides being essential for any discretization method, translates
into a reduction of the number of discretization steps needed to achieve a desired level
of accuracy for the discrete-time solutions: the higher the order, the fewer discretization
steps required, thus reducing the computational cost. Chattering in the discrete-time
solutions is observed as a sustained oscillation of the solution; the family of schemes we
propose is specifically designed to prevent this situation, as it preserves the Lyapunov
function and the type of convergence. Therefore, the discrete-time solutions always move
from one level set S, to inner ones, characterized by smaller values of c.

The family of schemes proposed in this work may be extended to incorporate some
linear multi-step discretization methods, taking into account the necessary considera-
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tions, without affecting the preservation property of the stability of the origin. These
methods are a useful class of schemes for discretizing dynamic systems, especially when
the differential equations defining the system are stiff. Stiff equations are those for which
standard methods become unstable unless very small discretization steps are used. An
interesting direction for future work would be to expand the range of dynamic systems for
which the family of methods proposed in this thesis maintains its properties by applying
them to non-autonomous systems. This would increase the methods’ applicability, espe-
cially in control theory, such as in the discretization of observers. Another open problem
is the design of a discretization scheme, or even a family of discretization schemes with
different consistency orders, satisfying assumptions 4 and 5 for any discretization step,
thus eliminating the dependence on a set of auxiliary methods, which may cause the
properties of the schemes we propose to be satisfied only for discretization steps within
certain value intervals.
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