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Resumen

En los tltimos anos, se han propuesto circuitos basados en memristores para emular el
comportamiento de neuronas y sinapsis biolégicas. Los memristores son dispositivos eléctri-
cos no lineales cuya resistencia depende del historial de voltaje o corriente que se les aplica,
lo que los hace adecuados para modelar la memoria y los procesos de aprendizaje en sistemas
neuronales. Al incorporarse a modelos neuronales y sinapticos, estos dispositivos dan lugar
a redes neuronales memristivas (MNN), que han atraido gran atencién por sus posibles apli-
caciones en el ambito de la computacion neuromoérfica.

El objetivo de esta tesis es analizar el comportamiento dindamico de las redes neuronales
memristivas, con especial énfasis en la estabilidad de los puntos de equilibrio y los feno-
menos de sincronizacion. En primer lugar, se investiga la existencia y estabilidad de los
puntos de equilibrio en una clase de redes neuronales memristivas de integracién y disparo
con acoplamiento variable en el tiempo. Se derivan condiciones suficientes para garanti-
zar la existencia de un tnico punto de equilibrio estable para cada condicién inicial. En
segundo lugar, se estudia el comportamiento de sincronizaciéon de dos neuronas Hindmarsh-
Rose acopladas bidireccionalmente a través de un memristor ideal. Mediante el andlisis de
estabilidad de Lyapunov, se demuestra que se produce una sincronizacion idéntica cuando la
memductancia supera un valor umbral determinado y los estados del memristor convergen a
valores constantes.

Finalmente, se investiga numéricamente la sincronizacion generalizada de dos neuronas
Hindmarsh-Rose acopladas a través de sinapsis memristivas activas idénticas. El andlisis
muestra que la sincronizacion generalizada surge cuando el parametro de intensidad del
memristor supera un valor critico, mientras que otros regimenes de sincronizacion, como
la sincronizacion idéntica, de fase y de retardo, no aparecen. Ademas, las variaciones en el
coeficiente de intensidad del memristor afectan significativamente las caracteristicas tempo-
rales de los patrones de activaciéon neuronal.

Estos resultados contribuyen a la comprensiéon de cémo los dispositivos memristivos in-
fluyen en las propiedades dindmicas de las redes neuronales y proporcionan informaciéon sobre
el papel del acoplamiento memristivo en el comportamiento neuronal colectivo.
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Abstract

In recent years, memristor-based circuits have been proposed to emulate the behavior of
biological neurons and synapses. Memristors are nonlinear electrical devices whose resistance
depends on the history of the voltage or current applied to them, making them suitable for
modeling memory and learning processes in neural systems. When incorporated into neuronal
and synaptic models, these devices give rise to memristive neural networks (MNNs), which
have attracted significant attention due to their potential applications in areas such as pattern
recognition, associative memory, and neuromorphic computing.

The objective of this thesis is to analyze the dynamical behavior of memristive neural
networks, with particular emphasis on the stability of equilibrium points and synchronization
phenomena. First, the existence and stability of equilibrium points are investigated in a
class of memristive integrate-and-fire neural networks with time-varying coupling. Sufficient
conditions are derived to guarantee the existence of a unique stable equilibrium point for
each initial condition.

Second, the synchronization behavior of two Hindmarsh-Rose neurons bidirectionally
coupled through an ideal memristor is studied. Using Lyapunov stability analysis, it is shown
that identical synchronization occurs when the memductance exceeds a certain threshold
value, and the memristor states converge to constant values.

Finally, the generalized synchronization of two Hindmarsh—Rose neurons coupled through
identical active memristive synapses is investigated numerically. The analysis shows that gen-
eralized synchronization emerges when the memristor strength parameter exceeds a critical
value, while other synchronization regimes such as identical, phase, and lag synchronization
do not appear. Additionally, variations in the memristor strength coefficient significantly
affect the temporal characteristics of the neuronal firing patterns

These results contribute to the understanding of how memristive devices influence the
dynamical properties of neural networks and provide insight into the role of memristive
coupling in collective neuronal behavior.
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Chapter 1

Introduction

Neural systems exhibit complex dynamical behaviors arising from interactions among inter-
connected neurons. The analysis of such behaviors in neural systems has been a central topic
in nonlinear science and computational neuroscience. Mathematical models of neurons and
their interconnections provide a framework for understanding complex phenomena such as
oscillations, synchronization, and pattern formation in neural networks.

In recent years, memristive devices have emerged as promising elements for modeling
neuronal and synaptic dynamics due to their inherent memory properties. These devices
enable the development of memristive neural networks (MNN), which extend classical neural
models by incorporating a state-dependent coupling mechanism.

The inclusion of memristive elements in neural models has led to the observation of
rich dynamical behaviors, including stable equilibrium states [1], as well as synchronization
phenomena such as identical synchronization [2], and exponential synchronization [3]. Under-
standing the conditions under which these behaviors emerge requires analyzing the influence
of memristor parameters and network topology.

1.1 State of the Art

The electrical behavior of the neuron has been of interest since the beginning of Louis
Galvani’s experiments, who studied the stimulation of muscular nerves in amphibians. In
1840, Emil du Bois-Reymond provided experimental evidence that nerve activity is associated
with electrical signals. Later in 1888, Nernst showed that the fluids inside and outside the
neuron contain ions that flow through the cell membrane, which is proposed to be selectively
permeable. The differences in ion concentration generate an electric potential.

Building on these experimental and theoretical developments, Lapicque proposed in 1907
one of the first mathematical models of the neuronal membrane, capturing the integration of
incoming stimuli and the generation of spikes via a threshold mechanism. In this model, the
insulating properties of the cell membrane are represented by a capacitor, capturing its ability
to store electrical charge. At the same time, the semi-permeable nature of the membrane
allows a continuous flow of ions across it. This passive transport is commonly represented



as a leakage current, modeled as a linear conductance in the neuron’s electrical equivalent
circuit, while the current source represents the external stimulus applied to the neuron. When
this stimulus is applied, the membrane accumulates or integrates the incoming current over
time. This mathematical model is described by a differential equation. When the membrane
potential reaches a threshold, the neuron emits a spike, called an action potential, which is
a discrete event.

Since then, numerous models have been developed to describe neuronal behavior and
their interactions within networks. A major milestone was achieved in 1952, when Hodgkin
and Huxley proposed a dynamical model that accounts for the ionic mechanisms underlying
action potential generation in the giant squid’s membrane. Later, Hindmarsh and Rose
proposed a dynamical model that captures the electrical activity of other invertebrates, [4]
[5]. This model, referred to as the Hindmarsh-Rose neuron model (HR), considers only
two state variables [6] and characterizes bursting activity as rapid, successive spikes in the
neuronal membrane voltage driven by a depolarizing current pulse. These models have made
it possible to study complex dynamical phenomena such as oscillations, pattern formation,
and synchronization.

From the biological point of view, an action potential propagates from neuron to neuron
through a specialized site called a synapse, which is a site where a neuron’s dendrite is aligned
with another neuron’s axon terminal. There are two types of biological synapses, electrical
and chemical. An electrical synapse occurs when two axon terminals are connected by gap
junctions, allowing ions to flow directly between cells. This type of synapse enables the
rapid and bidirectional flow of ions. In contrast, a chemical synapse involves the release of
neurotransmitters from the presynaptic neuron into the synaptic cleft, which then bind to
receptors on the postsynaptic neuron. This process is slow and unidirectional.

In recent years, the incorporation of memristive elements into neural models and synapses
has attracted significant attention. A memristor, an acronym for memory resistor, is a
theoretical device proposed in 1971. It is described by a constitutive relation of the charge
and magnetic flux, which means that the behavior of the device is determined by a functional
relationship between these variables. Depending on how this relationship is expressed, the
memristor can be classified as charge-controlled or flux-controlled. In the case of a flux-
controlled memristor, the memductance depends on the magnetic flux, which is the time
integral of the input voltage. This dependence on past input signals endows the memristor
with memory, distinguishing it from classical resistive elements. Furthermore, a memristor
exhibiting negative memristance is referred to as an active memristor, otherwise is passive [7].

Memristive behavior has also been identified in neuronal dynamics. In 1976 [7], it is
proposed that the opening and closing dynamics of ion channels depend not only on the
instantaneous membrane potential but also on its past activity, indicating the presence of
memory effects. In this sense, such mechanisms can be modeled using memristive elements.
The Leaky-Integrate and Fire neuron model, which captures the passive electrical properties
of the neuron membrane, also admits a memristive description. In this formulation, the
memristive element captures the adaptive behavior associated with the opening and closing
behavior of ion channels, leading to the so-called Memristive Integrate-and-Fire neuron model
[1].

Memristive synapses have been proposed to model the coupling element between neu-



rons; also, memristors have been proposed to model synaptic properties. In particular, the
difference in membrane potential between nearby neurons can induce changes in the electro-
magnetic field, leading to current responses that exhibit memristive behavior [3].

Memristive Neural Networks (MNN) are dynamical models in which a memristor charac-
terizes the behavior of a neuron or synapse. Memristive dynamics have led to the observation
of rich behaviors, including stable equilibrium states and different forms of synchronization.
These advances have motivated the study of the memristor definition influence the emergence
of collective dynamics, particularly in complex, time-varying systems.

1.2 Problem description

The introduction of memristive devices into synaptic and neuronal modeling has opened
new possibilities for capturing complex network behaviors. Further simplified memristive
neuron models, such as the memristive integrate-and-fire neuron, capture history-dependent
voltage dynamics associated with ion-channel activity while maintaining the simplicity of
classical integrate-and-fire formulations. Such as the memristive integrate-and-fire neuron,
has a continuum of equilibria, where each stable equilibrium corresponds to a memory state
determined by the system’s initial conditions [1]. Although conditions for the global asymp-
totic stability of the memory state in memristive integrate-and-fire neural networks (MIFNN)
have been established in |1], the case of time-varying coupling has not been fully addressed.
In particular, sufficient conditions for the existence and stability of the memory state in an
MIFNN with time-varying interconnections remain an open problem.

Beyond memristive neuron models, significant attention has been given to the model-
ing of synaptic interactions using memristive devices to represent synaptic couplings whose
conductance depends on an internal state variable [3]. Several studies have investigated
the synchronization and firing patterns of two HR neurons, or of purely Hindmarsh-Rose
systems, coupled via memristive synapses, revealing rich memory-dependent dynamics. In
reference 2], two HR neurons achieved synchronization when the electromagnetic induction
coefficient is set above a certain value. In [3], exponential synchronization in an MNN consist-
ing of two HR neurons coupled through a locally active memristor is proved analytically under
appropriate memristor coupling coefficient and memristor initial state. In [8], a MNN model
is described that includes an equal number of neurons and memristors. The model shows a
transition from non-synchronization to synchronization, while random and small-world net-
works reach a partially coherent state during this process. While memristive neuron and
synapse models have been extensively studied at the level of pairwise couplings [9]— [8], an-
alytical results on synchronization remain limited. In particular, only [3] provides analytical
results on the synchronization of Hindmarsh—Rose neurons coupled through a locally active
memristor. This limitation highlights the need to investigate the conditions for identical
synchronization in Hindmarsh-Rose neurons coupled by passive memristive elements with
alternative descriptions of memristance function. Moreover, the influence of active memris-
tor parameters on the temporal characteristics of firing patterns in such systems remains
an open problem. Finally, the role of active memristive coupling in the emergence of syn-
chronization regimes beyond identical synchronization, such as generalized synchronization,
remains unexplored in the current literature.



This thesis focuses on the analysis of equilibrium solutions and synchronization regimes
in memristive neural networks, with particular emphasis on understanding how memristive
coupling influences collective dynamics.

Three main problems are investigated. The first concerns the derivation of sufficient
conditions for the existence and stability of the memory state in a Memristive Integrate-
and-Fire Neural network with time-varying interconnections. The second addresses sufficient
conditions for identical synchronization in Hindmarsh—Rose neurons coupled by a passive
memristor. The third focuses on the numerical investigation of the emergence of generalized
synchronization in Hindmarsh—Rose neurons coupled through an active memristive synapse.

1.3 Objectives

Analyze the stability of dynamic behaviors in memristive neural networks (MNN), par-
ticularly the stability of equilibrium points and synchronized behavior.
o Determine sufficient conditions for the existence and stability of the memory state in
a Memristive Integrate-and-Fire neural network with time-varying interconnections

o Derive sufficient conditions for identical synchronization in Hindmarsh—Rose neurons
coupled by a passive memristor.

o Numerically investigate the emergence of generalized synchronization in Hindmarsh—
Rose neurons coupled through an active memristive synapse.

1.4 Document description

This thesis is organized as follows. Chapter 2 presents the theoretical framework used
throughout this work, including fundamental concepts of stability theory, synchronization
in dynamical systems, and basic notions of complex network theory. Chapter 3 introduces
the memristive neural network models considered in this study formulates the corresponding
dynamical systems and the main results on the analysis of equilibrium points, stability and
synchronization properties of the proposed models of this thesis. Finally chapter 4 summa-
rizes the main conclusions and discusses possible directions for future research.

1.5 Published results

The following publications have been produced as a result of the research presented in this
thesis:
Journal Articles

[J.1] Carro-Pérez, 1., Barajas-Ramirez, J.G. (2025). Generalized Synchronization of
Hindmarsh—Rose Neurons with Memristive Couplings. Dynamics, Vol. b5,
Issue 4, pp. 50. DOI: 10.3390/dynamics5040050
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Conference Proceedings
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Carro-Perez, I, Barajas-Ramirez, J.G. (2020). Stability of the Memory State of
a Time-Varying Memristive Neural Network Model. In Congreso Nacional de
Control Automdtico, pp. 1-5, ISSN: 2594-24

Carro-Perez, I, Barajas-Ramirez, J.G.(2022). Synchronization of memristor based
bidirectionally coupled Hindmarsh-Rose neurons. In Congreso Nacional de Con-
trol Automadtico, pp. 516-521. October, ISSN: 2594-2492.

Chapter

Anzo-Hernéndez, A., Carro-Pérez, 1., Bonilla-Capilla, B., Barajas-Ramirez, J.G. (2024).
Synchronization of Memristive Hindmarsh—Rose Neurons Connected by
Memristive Synapses. In Complexr Systems and Their Applications, EDIESCA
2023, Campos-Cantén, E., Huerta-Cuellar, G., Zambrano-Serrano, E., Tlelo-Cuautle,
E. (eds), Springer, Cham. DOI: 10.1007/978-3-031-51224-7_8
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Chapter 2

Preliminaries

This chapter presents the theoretical framework used throughout this thesis. First, the
mathematical models of neurons and synapses are introduced. The discussion begins with
the physical structure of the neuron, followed by electrical representations of the neuronal
membrane, culminating in the Hodgkin—Huxley model.

Next, memristors are introduced as suitable devices for modeling neuronal and synaptic
dynamics. Their fundamental properties are discussed, along with simple examples illus-
trating their behavior. Based on these concepts, memristive neuron models are presented,
followed by an overview of memristive neural network (MNN) models relevant to this work.

Finally, the theoretical tools required for the analysis of memristive neural networks are
introduced. In particular, fundamental concepts of Lyapunov stability are presented, provid-
ing sufficient conditions for the stability of equilibrium points and synchronization manifolds
in coupled dynamical systems. These concepts form the basis for analyzing the stability of
synchronized motion in the memristive neural networks considered in this thesis.

The discussion begins with fundamental concepts of Lyapunov stability, which provide
sufficient conditions for the stability of equilibrium points and, more generally, for the sta-
bility of synchronization manifolds in coupled dynamical systems. These concepts are fun-
damental for understanding current approaches to the stability of synchronized motion in
memristive neural networks. For instance, in [3], two memristive HR neurons are connected
via a memristive synapse without an external current, and it is demonstrated that expo-
nential synchronization can be achieved using the Lyapunov direct method. Similarly, for
other memristive neural network models composed of memristive integrate-and-fire neurons
interconnected via resistive elements, sufficient conditions for global asymptotic stability of
the network equilibrium have been established.

Synchronization theory is an essential part of the theoretical framework developed in this
chapter, providing fundamental tools for analyzing collective dynamics in memristive neural
networks. Various synchronization phenomena have been investigated in memristive neural
networks. In addition to identical synchronization, which has attracted significant attention
[10], other collective behaviors such as phase synchronization and spatiotemporal patterns
have also been reported [9,[11]. Moreover, coexisting firing patterns have been observed in
memristive neural networks with non-identical neurons coupled through memristive synapses



[12,/13].

In addition, network theory plays a central role in the analysis of large-scale memristive
neural networks, as the collective dynamics strongly depend on the underlying interconnection
topology. Recent studies have highlighted the influence of network structure on the synchro-
nization of MNN [8]. In particular, different topologies such as fully connected, small-world,
and random networks have been considered, motivating the need for a theoretical framework
that captures the effects of connectivity patterns on network dynamics.

2.1 Neuronal models

2.1.1 Historical notes

The brain is an organ that has been of interest to the research community in the search
for answers about its function and structure. Inquiries about its function date back to
the classical era. The philosopher Aristotle claimed that the brain was a secondary organ
that served as a cooling source of the heart, as opposed to the heart, which was attributed
to being the center of sensation and movement. The physician Galen hypothesized that the
brain was the site of termination of all senses and was responsible for cognition and conscious
actions [14].

One of the significant milestones in the brain structure was achieved in 1888 by Santiago
Ramon y Cajal, revealing that the nervous system is composed of individual cells called
neurons, which are separate from each other. The slight separation between them was a
communication site. Among different shapes of neurons observed through his experiments,
it was identified that the neuron cell body extended to a long slender cable called azon. A
representation of the neuron obtained from [?] is depicted in Figure where the main
parts of the neuron are observed. Since the neuron is a biological cell, it has a membrane
separating its interior from its environment.

DeI{dnte terminal Extracellular
fluid
i axon
Myelin y ¢ Membrane
Sheat& AXlon ﬁ@ W
o Axon Intracellular
longitudinal cut fluid

Figure 2.1: Neuron (a) Classic structure (b) approximation of its membrane

Regarding brain function, at the end of XVIII century, experiments had been initiated to
discover the electrical properties of the nervous system. Galvani performed experiments in
which the sciatic nerve of a frog was electrically stimulated, and he observed the contraction



of the animal muscle. This led him to hypothesize that nerves conduct electricity and are
generated inside the animal body [15]. Later, in 1841, Emil du Bois-Reymond provided
new evidence that confirmed the existence of a constant electric potential in striated muscle
during its contraction; this phenomenon was coined the name of action potential [16].

The physicochemical mechanisms of electrical nerve stimulation remained unclear until
1888 [17] was pointed out that the nerve, as an organic tissue, is composed of a semi-permeable
membrane, which, in the presence of an electrolytic solution and a current applied, causes
ions movement by diffusion force. Also, given that the membrane is semipermeable, ions with
one type of charge are stopped on one side of the membrane; this causes its polarization,
where the net charge at the membrane results from two forces interacting: electrostatic
and diffusive. Following this insight and the interest in the electrical characterization of
nerve membrane, Lapique [1§] obtains a first approximation of its equivalent circuit and its
associated mathematical model characterizing the electrical polarization of nerve membrane
under external stimulus. This model is presented in the next section.

2.1.2 Lapicque model

Lapicque characterizes the electrical polarization of nerve membranes as the one of a capac-
itor; he adds the effect of leakage inherent to this electrical element.

o vout

Extracellular fluid l
® O ®0 by ’icl
Vout ® ) e
9. Q== It@)

Intracellular fluid o U,
(a) Neuron mem- (b)  Integrate-and-fire
brane neuron circuit

Figure 2.2

The circuit associated with membrane electrical behavior is represented in [2.2b] where
Uout, Vin is the voltage inside and outside the membrane, respectively. Therefore, the mem-
brane voltage:

E = v, — Vo (2.1)

1. is the capacitor’s current, 7, is the leakage current, C' is the capacitance, gy, is the leakage
conductance, I.,; is an external constant current.

The current . associated with the membrane capacitance is proportional to the rate of
change of the voltage across the capacitor, that is:

i.=CE (2.2)



the current in the conductance g. is given by i; = grv. Therefore, the dynamic model
associated with the circuit in Figure is obtained through Kirchhoff’s Current Law (LKC):

CE=—g.E + Ly (2.3)
- Iez

TE=—F 4 =% (2.4)
gL

where 7 = C'/gr. Equation corresponds to the classical leaky integrate-and-fire (LIF)
model, originally introduced by Lapicque, which describes the membrane potential as a leaky
integrator driven by an external current.

Nonetheless, the relation between nerve stimulation and action potential generation was
unknown. In 1949 [19], a technique was developed to measure ion concentrations through
the membranes of excitable cells. Hodgkin and Huxley applied this technique to the squid
giant axon and subsequently proposed the first dynamical model describing the electrical
behavior of neurons, now known as the Hodgkin—Huxley (HH) model, which incorporates
the contribution of ionic currents to action potential generation.

2.1.3 Hodgkin and Huxley neuron model

Neuron membrane is a complex structure consisting of two layers of lipids, where special-
ized structures are embedded —known as ion channels—, through which ions move from one
side to the other [20]. Electrical properties are inherited from membrane composition. The
lipid layer insulates the neuron’s interior from the exterior; its permeability can be affected
by several factors, such as temperature and the types of solutes present. This is why the
feature of semi-permeability is attributed to it. An illustration of the membrane and ion
channels is illustrated in figure 2.3} Ton channels can be classified according to their acti-
vation mechanism; voltage-gated types are opened and closed depending on the membrane
potential, which is associated with an electrochemical gradient. Hodgkin and Huxley found
three different ions that influence the membrane voltage: chlorine Cl~, potassium K, and
sodium Na'. The concentration of such ions at resting state inside and outside the mem-
brane (in mM):

[Cl7]im =~ 32945, [Cl7|ow =~ 40
[K*)iw =~ 400, [KT]ow =~ 20 (2.5)
[Na™);, =~ 50, [NaT|pue =~ 440

When channels of a specific ion (positive or negative) are activated, the net flux of ions
results from two opposing forces: diffusion and electrostatic. When the external stimulus
is applied, ions with specific charge start to move across the membrane by diffusion force
through the voltage-gated channels; this causes the accumulation of (positive or negative)
charges on one side of the membrane, whereby ions start to move by the electrostatic force,
attracting ions oppositely charged and repulsing equally charged. This makes it possible to
have different amounts of electrical charges inside and outside the cell. Nernst [21] found that



when these forces are balanced, the net flux of ions is null. Thus, the membrane is said to be
at electrochemical equilibrium, and its corresponding electric potential v;,, can be calculated

through:
kT
Eion =—1In (COUt) (26)

qz Cin
where E,,, is the Nernst potential of the specific ion, k(Joule/°K) Boltzmann constant,
T temperature in °K, ¢(Coulomb) is the electric charge of the ion, ¢, and ¢, is the ion
concentration outside and inside the membrane respectively. See Appendix A for a more
detailed description of Nernst’s potential derivation.
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Figure 2.3: Multiscale representation of a neuron, showing its morphology, axonal cross-
section, and the ion-channel mechanisms responsible for the generation of membrane potential

From the Nernst equation, it is obtained %T = 25.8mV [22|. The equilibrium potential
for C'17, it is calculated considering z = —1, Eg- = —54.4mV. For cations K+ and Na™, the
equilibrium potential is calculated using z = 1, as a result Fx = —77mV and Ey, = 50mV.
In 23], the membrane potential, potassium, sodium, and chlorine equilibrium potentials are
expressed with respect to membrane resting potential E,., that is:

v =FE—-FE,

Na=— ENa - Er
Vg — EK — E,« (27>
ver = Ecai — E,

Where v represents the shifted membrane potential and vy,, vk, ve; are shifted equilibrium
potentials of the corresponding sodium, potassium, and chlorine ions. Considering E, =
—65mV, it is obtained vy, = 115mV, vg = —12mV, vg; = 10.6mV.

Membrane electrical properties are inherited from its physical composition. The first is
related to the fact that it is a dielectric layer separating two conductors (the inside and the
outside of the cell). Positive charges accumulate on one side of the insulator, while negative
charges are on the opposite side through the application of the external stimulus. Therefore,
the membrane has the capacitance property. A second electrical characteristic is related
to the flow of ions through their corresponding channels at a specific rate; this induces an
electrical current and its associated conductance.

10



The circuit associated with neuron membrane electrical behavior proposed by Hodgkin
and Huxley is represented in Figure [2.4]

o,

A Y
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Em__ EK ENa'_

o T I

vy

Figure 2.4: Circuit representation of the Hodgkin—-Huxley (HH) neuron model

The electrical representation of potassium and sodium conductances in [23] are considered
to be non-linear resistors and considered to be built through active elements. In contrast,
the conductance of the chlorine channel is modeled through a resistor. The external current
is represented by I.,; whose units are pA-cm?.

The capacitance C' of the membrane is characterized through its properties such as thick-

ness ¢ and dielectric constant e: A
C = % (2.8)

where A is the cross-sectional area. If e = 1 x 107'2F/cm and 6 = 10nm, the capacitance per
unit area is C' = 1uF/cm?.
The conductivity of the chlorine channel is modeled as a passive element:

1

B 2.9
pcio (2:9)

goir =
where pe; is bulk membrane resistivity (€2-cm), which is po; = %Q-Cm. As a result g =
0.3mS/cm?. This is also called leakage conductance, given that ions flow constantly. The
current associated with the chlorine ion channel is:

iC’l = gC’l(E — ECl) (210)

the units of i¢; are pA/cm?. For convenience chlorine current (2.10)) is rewritten in the form:

ici = goi(v — ver) (2.11)

Hodgkin and Huxley performed experiments to characterize the sodium and potassium
conductances. The electrical characterization was performed by measuring the ionic current
of interest —which was not influenced by other currents— and simultaneously fixing the
membrane voltage to a constant value —known as membrane voltage-clamp — so that the
current necessary to maintain this potential was recorded. Their recordings showed that
sodium and potassium conductance behavior is not constant over time. Furthermore, potas-
sium conductance grew monotonically in time to a steady level and stayed at that value

11



during the membrane voltage-clamp polarization. This rise in conductance is called the ac-
tivation of Kt channel. The potassium conductance curves were observed to correspond to
a first-order system with a delay. Hodgkin and Huxley proposed the potassium conductance
to be modeled as:

gx = ggnP" (2.12)

where p,, is constant representing the probability that K channel opens, gx is the maxi-
mum conductance of potassium channels and n represents the fraction of opened potassium
channels —a dimensionless state variable, i.e. n € [0,1]—. The differential equation of the
rate of change of n is:

_ Ne(v) =1
O (2.13)
where the functionals n.(v) and 7,,(v) depend on «,(v) and §,(v) defined by:
1
T (V) = () T A0 (2.14a)
Neo(V) = (V) 7, (V) (2.14b)

where n4(v) is the limiting fraction of opened K channels if the membrane potential is
steady as t — 00, 7,,(v) is the time constant of approach to the steady state. Where a,,(v)
and f,(n) are defined by:

~0.01(10 — v)
Oén(fv) = 6{10161;} 1 (2.15&)
Bn(v) = 0.125¢{%0} (2.15b)
Substituting (2.14)) in (2.13)) is obtained:
n = a,(v) — n(a,(v) + 5,(v)) (2.16)
rewriting (2.16)) is obtained:
n=a,(v)(1—n)—F(v)n (2.17)

From the equation , it is shown that 1 — n is the fraction of closed K+ channels,
then «,(v) and 3,(v) are functions representing the rate of opening and closing actions of
ion channel, respectively. The constants p, and gx were obtained in such a way that the
experimental curves fit the proposed model; it was found p,, = 4 and gx = 36mS/cm?.
Unlike the potassium curve, the sodium conductance curve reaches a peak and decays back
to rest during a constant voltage-clamp membrane polarization. The smooth rise and fall of
conductance— as recorded by Hodgkin and Huxley — meant the channel transitioned from
a closed-opened-closed state. Two specialized structures are involved during this process:
activation and inactivation gates. Each gate can be opened or closed, as shown in Figure [2.5
(a). Sodium channel transitions are illustrated in Figure 2.5 The dynamic model involves
two state variables: an activation variable m (for the fraction of opened activating gates) and
an inactivation variable h (for the fraction of opened inactivation gates). Where m, n € [0, 1].

12



As depicted in Figure if m, h = 1 means that all of the activation and inactivation gates
are opened.

m=1

m=0
activation gate N

(closed) \

/o

gate ()
(open)

. S h—0
inactivation gate inactivation gate inactivation gate
(open) (open) (closed)
(a) (b) (c)

Figure 2.5: Gating states of a voltage-gated ion channel in the Hodgkin—-Huxley model: (a)
closed but activatable state (m = 0, h = 1), (b) open state (m = 1, h = 1), and (c)
inactivated state (m =1, h = 0).

The sodium conductance is modeled as:

dNa ngmpmhph (218)

where gy, is the maximum conductance of sodium channels when opened, p,, and p, are
constants representing the probability of opening and closing of m and h gates. The dynamic
model of m,n is described by:

Meo(V) — M

=T (2.19a)
j fec(v) = h (2.19b)

Th(v)
(2.19¢)

Functions ms(v) and hy(v) represent the limiting fraction of activation and inactivation
gates, respectively, when v(t) reaches a steady state as t — oc.

Moo (V) = (V)T (V) (2.20a)
hoo (V) = ap (V)13 (V) (2.20b)

the functions 7,,,(v) and 7, (v) are considered to be the time of approach to the steady state.

1
Tm(v) = am(v)l ) (2.21a)
(v) = —ah(v) @) (2.21b)

Where a5 (v) and By, 5 (v) are functionals that determine the rate of opening and closing of
the activation and inactivation gates, respectively. By means of numerical methods it was
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found gy, = 120mS/cm2, Pm = 3 and p, = 1, where a,, (), Bm.n(v) are:

0.1(25 —wv

am(v) = e {25,15v T 1) (2.22a)

B (v) = de 115 (2.22b)

ap(v) = 0.07e {20} (2.22¢)

1
Bh(v) = 6{30161)} 1 (2.22(1)
Substituting (2.21af) in (2.19a]) is obtained:
m = o, (v)(1 —m) — Bn(v)m (2.23)
alternatively, substituting (2.21b)) in (2.19b)) is obtained:

h = an(v)(1 — B) — Bu(v)h (2.24)

From electrical circuit of figure and conductances (2.12)) and ([2.18]), the currents for

sodium and potassium are:
ix = grn*(v — vg) (2.25)

iNa = §Nam3h(v — ’UNa) (226)

To apply Kirchhoff’s Current Law, the membrane current densities are scaled by the area
A, then it is obtained:

A(ig +ing +ici +ic) = et (2.27)

Substituting (2.26]), (2.10]), (2.25) into (2.27) electrical behavior of neuron membrane
proposed by the Hodgkin-Huxley is:

U= é{lxt — grnt (v — vg) — Gnam*h(v — Ung) — Ger(v — vcz)} (2.28a)
n=a,(v)(1—n)—LFuv)n (2.28b)
m = o, (v)(1 —m) — Bn(v)m (2.28¢)
h=an(v)(1—h) — Bu(v)h (2.28d)
0.01(10 — 0.1(25 — v
Bn(v) = 0.125¢{w0}, Bm(v) = 4e~ {35}, Br(v) = %
el 41

In [22], the HH neuron model is usually written in terms of unshifted membrane voltage
E and ion Nernst potentials Fr, Ena, Ec; [22], in contrast with the original representation
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shown in (2.28)). For which the coordinate translation is performed using (2.7)), therefore
equation (2.28n)-(2.28d) becomes:

. 1 (lewe _ _
jo c{ < Gen' (B — Bx) — gnam®h(E — Bxa) — gl - ECI)} (2.292)
n=a,(E)(1—n)—5.,(E)n (2.29Db)
m = an(E)(1 —m) — G,(E)m (2.29¢)
h=an(E)(1—h) — B (E)h (2.29d)
0.01(E + 55 0.1(E + 40
an(E) = % (2.30) am(E) = (7&40) (231)  apu(E) = 0.07e 07 (2.32)
1 —e 150 1 -l
1
Bu(E) = 0.125e 1501 (2.33)  Bn(E) =4e 751 (2.34) Bu(E) = ey (235)
In summary, the constant parameters of the HH neuron model are:
Constant ¢ I INa gci Uk Una Vo Ea Ex  Eng
Value 1 36 120 0.3 12 -115 -10.6 -54.4 -77 50

Units ~ pF/ecm? mS/ecm? mS/cm? mS/cm? mV mV mV mV mV mV

The dynamics of the HH neuron ([2.29) can be rewritten as follows:

where x = (E7 n,m, h)T S R4 and fHH() = (fl()7 f2<')7 f3(.)7 4<'))T S R47 with fl('r)a T ,f4($l}')
functions described by the left side of equations (2.29n)-(2.29d) respectively.

2.1.3.1 Dynamical Analysis
Equilibrium Point Analysis

Let z. = (E., ne, me, he) T an equilibrium point of (2.29h)-(2.29d) which satisfies:

0= é{ [Zt — grne(E. — Ex) — gnamihe(Ee — Eng) — gor(Be — ECZ)} (2.37a)
0= an,(Ee)(1 —n) = B, (Ee)ne (2.37h)
0= o, (Ee)(1 —m) = B, (Ee)me (2.37¢c)
0= an (Ee)(1 = h) = Bn.(Ee)he (2.37d)
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Ie

o gxNeEx + gnamihe Ena + gorEcy + (2.38)
‘ GrnE + gnam3he + 9o
an(Ee)
— 2.
e = Go(E.) + Bu(E.) (2.38b)
am(Ee)
. 2.38
Me = n(Be) + OB (2:38¢)
E.
an(Ee) (2.38)

he =
ah(Ee) + 5h(Ee)
Substituting (2.38b)-(2.38d) in (2.38k), it is obtained:

= a”(E) 4 = am(E) 3 ah(E) Iez
f(E) = g (azpinm) Br + Inva(aminnm) (st o) Ere + oo + 55t
e . anB) i - om(B) _ \3(__an(B)
gK(an(Ewn(E)) +9Na<am(E>+ﬁm<E)) (ah(E>+ﬁh(E>>+gol

(2.39)
As can be seen, the roots of depend on the input current I.,;. The roots of
can be obtained numerically, and the function f.(-) is graphed for an adequate range of
E. € [—100,0]. Its intersection with the horizontal axis is obtained for several values of
Iwt = 0,10,40,70 pA/cm?, and the cross-sectional area is A = lem?. As can be seen in

figure In particular for I.,; = 0, 2, = (—65,0.3177,0.0529,0.5961)".
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Figure 2.6: Graph of the roots 1} with respect to the external current I.,,
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ofi _ —4gxn®(E—Ek)

on C
8f1i _ —3gnam*h(E—En,)
om C
Afi _ —gnam*(E—Ena)
oh C
E+55
3] 001(E+55)—6_ 10 E+65
Ofs 0.01 (1 o n)
OE _{ E+55 _{ E+a5 640
dfs _ _ 0.01(E+55) E+55
o E‘+55 — O 1256 80
1—

{E+40
ofs _ 0.01 001(E+40 (1 _ ) 2m _{E+65
OF M} E+40

T (1 _-{H >
8fs _ _ 0.1(B+40) £+65
om { E+40 46 {
1—e
of E+65 . {E+35
4 _ _0.07e L =V J 07e e

B = (1—h)—

( {E+35}+1>
o — _0.07e {550} —

oh : _{ E+s5 }+1

The Jacobian matrix of the HH neuron model is:
—0.6773 —55.4275 69.30821 2.0544

J(z) 1 0.0028  —0.1617 0 0
=% 10.0263 0 —4.2228 0
—0.0041 0 0 —0.1174

eigenvalues are \y = —4.6765, A, = —0.1920 + 0.3826¢, A3 = —0.1920 — 0.3826¢, A\, =
—0.1196 + 0.0000¢z which corresponds to a stable focus.

2.1.3.2 Bifurcation Diagram

The bifurcation theory investigates how solution behavior changes as system parameters
change. The HH neuron model includes external current as a parameter. A bifurcation di-
agram of the HH neuron model is obtained through Matlab by setting as an initial
condition the resting potential z. and varying the external current I.,,. Such numerical anal-
ysis shows two bifurcation points at I; = 6.2135 and Iy = 165uA/cm?. The first corresponds
to the transition from an equilibrium point to a limit cycle. The second corresponds to tran-
sitioning from a limit cycle to a fixed point. For I..; € (0,6.2135), the trajectory returns to
the resting potential, while for /.., € (0,165), the solution converges to a limit cycle called
in neuroscience literature as the action potential.
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Figure 2.7: Bifurcation diagram of HH neuron model

2.1.3.3 Numerical solution

The course of an action potential is divided into four stages: resting, polarization, depolar-
ization, and hyperpolarization. These stages are observed in Figure [2.8] which correspond to
the following time intervals: [0, 5), [5,6.491),[6.491,9.113),[9.113, 20).

At the resting stage —t € [0,5) —, the potassium channels are open, and sodium channels
are closed but capable of opening. As a result, K ions leave the cell while Na™ ions remain
stationary, resulting in the membrane voltage at —65mV.

The application of an external current — ¢ = 5 — yields the polarization stage during
t € [5,6.491), which begins when the sodium channel pores are unobstructed by the activation
and inactivation gate respectively —i.e. the sodium channel is open as shown in Figure 2.5p
—therefore Na™ ions are free to enter the cell.— As more potassium channels open up, an
increasing number of K ions leave the cell, causing the membrane potential to increase until
it reaches a maximum value (41.4 mV) at ¢ ~ 6.491.

During the depolarization stage — ¢ € [6.491,9.113) —, the inactivation gates of the
sodium channels block sodium channel pores — 7.e. the sodium channels close as depicted in
Figure .— While more potassium channels close, less K ions continue to leave the cell.

During the hyperpolarization phase ¢ € [9.113,20), the neuron voltage drops below its
resting value because the sodium channels remain closed, while the potassium channels re-
main open; as a consequence, the K ions continue to leave the cell.
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Figure 2.8: Temporal dynamics of the Hodgkin-Huxley neuron model under external stim-
ulation: (a) membrane potential E(¢) showing an action potential triggered by the applied
current (b) gating variables n (activation of potassium channel) and h (inactivation of sodium
channels) (c) activation variable m (sodium channel activation), and (d) external current
stimulus I.,; applied over a finite interval

For t > 20, the membrane potential returns to its resting state. The action potential can
also be observed in the state space as a limit cycle. Figure[2.8shows a projection of the state
space in the n — E plane.
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Figure 2.9: Phase-plane representation of the Hodgkin—-Huxley model in the (E,n) space,
showing the trajectory under a constant external current I.,; = 20. The red point denotes
the equilibrium point corresponding to I.,; = 0.

As can be seen in Figure 2.§(b) and (c), the state variable m changes faster over time
than n and h. This can also be illustrated by graphing the functions 7,,(E), 7,,(E), m(F),

which correspond to equations ([2.21b))-(2.21b)) respectively.
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Figure 2.10: Voltage dependence of the time constants 7,,, 7,,, and 7, in the Hodgkin-Huxley
model as functions of the membrane potential E.

Figure shows 7,,(E) << 7,,(F) for E € [—100,50], which means that m evolves
faster in time than n, h for E' € [-100, 50]. The above observation led Krinskii and Kokoz [24]
to propose a reduced model for the HH neuron model , which consisted of a system of
two differential equations, as described in the following.
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2.1.4 Krinskii and Kokoz neuron model

The Krinskii and Kokoz model [24], known as the Krinskii-Kokoz (KK) neuron model, was
obtained by reducing the order of the HH neuron model to a second-order system.
Such a reduced model significantly decreased the number of terms in the dynamic analysis
in comparison to the HH model, for example, local stability analysis of equilibrium points.
Furthermore, it allows us to use graphical analysis tools such as phase diagrams.

The state variable m, which is associated with the activation gate of the sodium chan-
nel, reaches its limiting value —given by the function m.,(E)— faster than the variable n,
associated with the inactivation gate of the sodium channel. The first consideration, on HH
neuron model reduction, was that the dynamics for m is infinitely fast, which can be replaced
by its instantly reached value my(E). The second consideration was that n + h = 1; for
more reference on such reduction see reference [24].

E= é {Izt — gxn'(E — Ex) — gnami,(E)(1 — n)(E — Ena) — geu(E — ECZ)} (2.41a)

R = an(E)(1 — 1) — Bu(E)n (2.41b)

am(E)
am(E) + Bm(E)
The neuron model (2.29)) can be rewritten as follows:

where r = (E,n)" € R and f(-) = (fi(-), f2(:))" € R?, with f(), f2(z) functions described
by the left side of equations (2.41a))-(2.41b)) respectively.

Moo () =

2.1.4.1 Dynamical Analysis
Equilibrium Point Analysis

Equilibrium points are obtained by solving the following polynomial:

an(E)
an(E)

o) |1 (g )| (8 B =0

As a result we have three equilibrium points for /.., = 0 which are (—49.0529, 0.5643)T,
(—21.5180,0.8270) ", (—64.8322,0.3203)
The Jacobian matrix of the Krinskii and Kokoz neuron model is:

ofi  9fr
D, fxx = [ 8E 8 ]
oFE on

Iewt — ga1(E — Ect) — gk l (E)] (F — Ek)

(2.43)

(2.44)
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0 dm dme
8fE‘1' = —gkn4 — gNa( — ) <3E dE 2 (E) + mi(E) — 3ENacwmgo(E>> — JdcL (245)
afl 4 3 3
I = —4dggn’ (E — Ex) + gnam> (E)(E — Eng) (2.46)
E+55
Ofs 0.01 0.01(E + 55) e 155 s
87E = B+55 B B4551 ) 2 (1 ) . %e <2.47)
(ot (-t
O1(F
O _ 001 J;i’? —0.125¢ 1507 (2.48)
an <1 — e_ 10 }>
(e E ) J o
+40)e
< 7{E+40 de” { }+4 sl 1 _{E+40
dmo o ) ( B )
o = 5 (2.49)
[ty et
1—e
The Jacobian matrix of the Krinskii and Kokoz neuron model is:
—0.1711 —-59.7189
J(z) Q1=(—64.8322,0.3203)T — l 0.0018 01835 1 (2.50)

eigenvalues are \y = —0.1773 + 0.3296¢, \y = —0.1773 — 0.3296¢, which corresponds to a
stable focus.

20.6000 —961.3056
J(2)|Q=(—19.0520,0.5644)T = l 00019 —0.2351 1 (2.51)
eigenvalues are A\; = 120.5128, \y = —0.1479, which corresponds to a saddle node.
0.0057 —9.9771
J ()| ga=(-215180,08270)7 = 1 x 107° [ 0.0000 —0.0004 1 (2.52)

eigenvalues are \; = 3.7851, Ay = 1.5353, which corresponds to a unstable node.
The equilibrium points, nullclines, and vector field diagram of the KK neuron model, with
I = 0, are plotted in the phase plane illustrated in Figure [2.11}

The system ([2.41a))-(2.41b)) are:

fi(E,n) = IZt — gxn*(E — Ex) — gnam (E)(1 = n)(E — Eng) — gou(E — Eci)  (2.53a)
fo(En) = a,(E)(1 —n) — B.(E)n (2.53b)
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The vector field vectors are unitary and then scaled to fit properly in the phase plane. The
vector field diagram shows that for any initial condition (£(0),n(0))" € [-80,45] x [0, 1], the
variable E evolves faster than n; given that the second component of the vector fxx(E,n) =
(fi(E,n), f(E,n))" with E;n € [-80,45] x [0, 1], is considerably smaller compared to the
first component. For this reason, and (2.53b]) are called fast and slow nullclines,
respectively.

If £(0) € (—64.8322, —21.5180), the trajectory moves horizontally away from the E—nullcline,
in the appropriate direction. Until it reaches the E—nullcline, causing the trajectory to
change its direction, moving very close to the E—nullcline, until it reaches ()7 or QJ3. If the
trajectory approaches to ()9, through the F—nullcline, it moves away from )9, given that
(2> is an unstable equilibrium point. On the other hand, if the trajectory is near (), then it
stays there, given that (); is a locally stable equilibrium point.

Upon an external current /.,; = 40, the E'—nullcline moves upwards as depicted in Figure
A closed trajectory is formed that passes through the points P;, P, Qs3, Ps.

1.0

- 7 —— E-nullcline

0.9 n-nullcline

stable e.p.
0.8 saddle e.p.

unstable e.p.
0.7

=0.6

?f1flllllll

e

Figure 2.11: Nullcline analysis of the Krinskii-Kokoz neuron model in the (E,n) phase
plane. The solid curve represents the E-nullcline, while the dotted curve corresponds to the
n-nullcline. Their intersections define equilibrium points, classified as stable (black circle),
saddle (blue diamond), and unstable (white circle). The vector field illustrates the system
dynamics in the phase space.
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Figure 2.12: Nullcline analysis of the Krinskii-Kokoz neuron model in the (E,n) phase
plane under I.,; = 40. The solid curve represents the E-nullcline, while the dotted curve
corresponds to the m-nullcline. Their intersections define equilibrium points, classified as
stable (black circle), saddle (blue diamond), and unstable (white circle). The vector field
illustrates the system dynamics in the phase space.

2.1.4.2 Bifurcation Diagram

The Krinskii-Kokoz neuron model includes external current as a parameter. A bifurcation
diagram of neuron model — is obtained through Matlab by setting as an initial
condition the resting state (—64.8322,0.3203)" and varying the external current I.,;. Such
numerical analysis shows a bifurcation point at I.,; = 1.737, corresponding to the transition
from an equilibrium point to a limit cycle.
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Figure 2.13: Dependence of the membrane potential £ on the external current I.,, for the

the Krinskii-Kokoz neuron model. The diagram shows the transition from a resting state to
sustained oscillatory behavior as the external current increases.

2.1.4.3 Numerical solution

The numerical simulation of the KK model is obtained using Matlab. An external current is
configured as a pulse that starts at ¢t = 10 and ends at ¢ = 20. In Figure [2.14] the graph of
voltage versus time is observed, and it is observed that the voltage of the neuron changes from
the resting state to a periodic behavior that corresponds to the firing state of the neuron. In
figure [2.15] the periodic behavior is observed as a limit cycle in the phase plane.
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Figure 2.14: Temporal dynamics of the Krinskii-Kokoz neuron model under external stim-
ulation: (a) membrane potential F(t) showing an action potential triggered by the applied
current (b) external current stimulus I.,; applied over a finite interval
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Figure 2.15: Phase-plane dynamics of the Krinskii-Kokoz neuron model in the (E, n) space.
The E-nullclines for I.,; = 0 and I.,; = 40 are shown along with the n-nullcline. The red
curve represents a stable limit cycle, indicating oscillatory (spiking) behavior arising from
changes in the external current.

2.1.5 FitzHugh—Nagumo neuron model

One of the main features of the KK model is the cubic form of the E—nullcline, while the
n—nullcline is a monotonically increasing function. FitzHugh [25] proposed a simplified model
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—which is based on the van der Pol model— whose nullclines are similar to the KK model.
Later, Nagumo [26] presented the equivalent circuit of the model |25]. The model’s name is
FitzHugh-Nagumo (FN), after both authors FitzHugh and Nagumo.

V=g(V)—w+I (2.54a)
w = €e(V —yw) (2.54b)

where V' is the membrane potential (fast variable), and w (slow variable) represents the
“recovery” actions of sodium channel deinactivation and potassium channel deactivation,
with0 <a<1l,e>0,v>0,g(V)=V(V—-a)(l—-V) a third order polynomial. We can
consider the fixed constants a = 0.1,¢ = 0.005,y = 0.5. Notice if I = 0 and v = 0 the system
corresponds to the classic Van der Pol oscillator.

2.1.5.1 Dynamical Analysis

Equilibrium Point Analysis
Considering the above parameters and I = 0, the unique equilibrium point of (2.54a})-([2.54b))
is the origin (V.4, we,)" = (0,0)". The eigenvalues of the system (2.54a))-(2.54b)) Jacobian

matrix evaluated at the origin are:

—(ey+a)+ \/az — 2eva + (€77)? — 4e
2

For a = 0.1, = 0.005,v = 0.5 the eigenvalues are \; o = —0.0512 £ 0.0512¢, which corre-
sponds to a stable focus.

The simplicity of this model presents the advantage of analytically analyzing the birth of
other dynamic behaviors, such as periodic oscillations, due to the presence of the external
current /. In the first instance, the following shows that the equilibrium point of the system
depends on I, which can also be observed graphically through the system nullclines. The

nullclines of the system ([2.54al)-(2.54b]) are obtained as follows.

V-nullcline:

A=

w=g(V)+1 (2.55)

w-nullcline:

w="V/y (2.56)

where (2.55)) and (2.56|) correspond to the fast and slow nullcline respectively. The intersection

of (2.55)) and ({2.56) give us the equilibrium point (V,, w,.)" € R? of the system (2.54al)-(2.54b).
It is observed equilibrium voltage V. depends on I. Furthermore, V, satisfies the following

equation:

1
—‘/63+(a+1)‘/192—<a+7>%+120 (2.57)
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Figure 2.16: Nullcline analysis of the FitzHugh-Nagumo neuron model in the (V,w) phase
plane. The V-nullclines are shown for different values of the input current I, while the w-

nullcline is represented by the blue line. Their intersections define the equilibrium points
(Veq, Weq), which vary with I.

From Figure (2.16)) is observed that increasing the value of I causes the equilibrium point
(V., we) to move from the left branch to the right branch of V' —nullcline. A natural question
that arises is the stability of the equilibrium point (V,,w.)" for a given I. The system

(2.54a)-(2.54b)) can be rewritten in vector form as follows:

where z = (V,w)" € R? and frn(-) = (f1(+), f2(-)) 7, where fi(-), f2(-) are given by the left
side of equations ([2.54al),(2.54b]) respectively.
The Jacobian matrix of (2.54al)-(2.54b)) when I # 0 is:

4y 1
Dyfrn = ( ! _%> (2.59)
where g—‘% =3V2+2V(a+1) —a. Let Jpx = Dofry ey let g'(Ve) = ZZT% vy the
eigenvalues of matrix Jpy are given by: !
1 / 1 / 2 /
Aa(Ve) = 5 (g (Vo) = 76) £ 5y (g/(Ve) = 7)? = 4e(1 = 79/ (V2) (2.60)

If R{ \12(V.)} = 0 where R(-) denotes the real part, the equilibrium point (V,,w,) is
non-hyperbolic. Through bifurcation theory, it is determined the type of behavior that
arises. Figure[2.17(a) shows the plot of the Fitz-Hugh Nagumo eigenvalues R(A;2) vs S(Ay2)
in the complex plane with respect to the parameter V,. The characteristic loop pattern
indicates that the eigenvalues start as complex conjugates, move toward the real axis, and
then separate. The point where they cross the imaginary axis R(\;2) = 0 marks the Hopf
bifurcation point. Given that A\ 2(V) is a convex quadratic function of V., there are two
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values of V., for which $(A12(V.)) = 0. This Hopf bifurcation is expected to appear when
Vo1 = 0.42918 and V5 = 1.5708 as shown in Figure (b) as a result, this zero-crossing is the
Hopf bifurcation point where the system transitions from a stable fixed point to oscillatory
behavior (limit cycle). In particular, when V., = 0.0568, (A1 2(V.)) = 0, which correspond
to I = 0.0498.

1 05 12
e (0.42918,0)
e (1.5708,0) 10
0.5 0 k 8 o (0.42918,3.25)
~ = o (1.5708,10.0)
< 0 < -05 ~ 6
e =
4
-0.5 -1
2
s -1 -0.5 0 0.5 -5 0.5 1 1.5 2 % 0.5 1 1.5 2
R(A12) Veq Ve
(a) (b) (c)

Figure 2.17: (a) Eigenvalue trajectory in the complex plane. The plot displays f(A12) vs
$(A12), showing how the eigenvalues move as the neuron voltage V. changes. (b) Bifurcation
diagram showing R(\; 2) vs the parameter V.. (c¢) The relationship between V. and external
current [

2.1.5.2 Bifurcation Diagram

Considering the external current I of the FN neuron model as a parameter. A bifurcation
diagram of neuron model — is obtained through Matlab by setting as an initial
condition the resting state (—64.8322,0.3203) " and varying the external current I,,;. Such
numerical analysis shows one bifurcation point at I.,; = 1.737, which corresponds to the
transition from an equilibrium point to a limit cycle.

0 0.2 0.4 0.6 0.8 1

Figure 2.18: Bifurcation Diagram of FN neuron voltage vs External Current
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2.1.6 Hindmarsh and Rose neuron model

After reaching a milestone in characterizing the electrical behavior of nerve cells in the giant
squid |23], subsequent studies emerged focusing on the electrical activity of nerve cells in
other invertebrates, like the Mollusca |4] and Aplysia [5].

In [5], it was reported that when the Aplysia neuron membrane, initially silent, was de-
polarized by a short current pulse, the neuron voltage showed periods of rapid and successive
spikes for a time that greatly exceeded the stimulus, as shown in Figure 2.20] This behavior
was also observed in the membrane potential of Lymnaea stagnalis when subjected to a short
depolarizing current pulse [6]. One dynamic model that captures such behavior is proposed
by [6] —in view of which it is known as the Hindmarsh-Rose (HR) neuron model—.

T1 = Xy — ax‘(f + bx% + Lot

Lo =C— Tg — dxf (2.61)
where z; is the neuron membrane potential, x5 is called the recovery variable as in the FN
model and a = 1,0 = 3,¢c = 1,d = 5. The model is commonly referred to as the
two-dimensional HR neuron model due to the number of state variables it encompasses.

There exist three equilibrium points of the system without external current I.,; = 0,
which are Q; = (—1.6180, —12.0901)",Q, = (=1, —4)",Q3 = (0.6180, —0.9098)".
The nullclines of the system (2.61)):

x1-nullcline:
Ty = —ax’ + br® + Ly (2.62)

zo-nullcline:
Ty =2 — dr’ (2.63)

The e.p. ()1,02,Q3 correspond to a stable node, saddle and unstable focus.

— zmullline

xo-nullcline

®  stable node

¢ saddle ep.

B unstable focus
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Figure 2.19: Nullcline analysis of the Hindmarsh-Rose neuron model in the x; and x5 plane.
The solid black curve represents the x; nullcline, the solid blue curve represents the x,
nullcline. Gray arrows show the direction field indicating trajectory flow. The intersection
of the x1 and x5 nullclines are the equilibrium points, with different symbols indicating their
stability types as shown in the legend
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Notice one of the main differences between the FN neuron model - and
is that the w-nullcline in the first model is linear while the xs-nullcline is quadratic.

The simplicity of this model presents the advantage of analytically analyzing the birth of
other dynamic behaviors, such as periodic oscillations, due to the presence of the external
current /.

In the first instance, the following shows that the equilibrium point of the system depends
on I, which can also be observed graphically through the system nullclines.

2.1.6.1 Dynamical Analysis
Equilibrium Point Analysis

0= —ami’+bx%+]€xt

2
0=c—x9—dz]

(2.64)

Furthermore, the neuron did not fire indefinitely but slowed down and terminated with a
slow after-hyperpolarizing wave [4].

This type of neural oscillation is called a burst. The period between bursts of activity
is called an interburst interval, while the period between two adjacent spikes is named an
interspike interval.

1 1 1 1 1

100 200 300 400 500

Figure 2.20: Bursting neural oscillation obtained from Hindmarsh-Rose neuron model
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T, = Ty — T3 — axi’ + bxf + Lot
By = c— my — da} (2.65)

5&3 =& [O' (ZL’I - (L’()) - $3]
2.2 Synapse models

Although Ramon y Cajal findings was one of the major milestones in neuroscience, the
transmission mechanisms among neurons were uncertain. It was until 1930 that Otto Loewi
discovered the first chemical transmitted at the synapse, called neurotransmitter. From
a neuroscience point of view, the synapse is a site where a neuron’s dendrite is aligned
with another neuron’s axon terminal. The small space between both structures is called
synaptic cleft, where electro-chemical signals are exchanged . The mechanisms of chemical
transmission were set up with Loewi experiments. Upon the arrival of an action potential to
the neuron, which is called presynaptic neuron, the neurotransmitters are generated inside
the neuron then released at the synaptic cleft and received by receptors in the receiving
neuron, which is called postsynaptic neuron. The process is illustrated in figure 2.21]

Enzyme
Neurotrasmitter @/ Receptor

ol A »— }
il @ o
==
v
®
Presynaptic Neuron Postsynaptic Neuron

Figure 2.21: Schematic of a chemical synapse with a single active zone.

There is another specialized structure of connection called a gap junction, where the
adjacent neurons are close together, forming a direct channel. This type of connection is also
known as an electrical synapse. In an electrical synapse, ions flow through channels from
one neuron to another. Tons’ movement is triggered by the voltage difference between paired
neurons, and they flow at a constant rate in either direction.
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Figure 2.22: Schematic of a gap junction connection between two apposed neurites (dendrites
or axons)

The electrical synapse can be characterized through an electrical circuit model, which in
turn describes the postsynaptic response generated by the arrival of an action potential at
the presynaptic terminal. In the case of the electrical synapse, as the ions flow directly from
one neuron to another, it allows us to model the synapse as an electrical current that obeys
Ohm’s Law.

The purpose of these sections is to describe the chemical and electrical synapse models.

2.2.1 Chemical synapse

When a neurotransmitter is released into the synaptic cleft, it interacts with specialized
receptors located on the postsynaptic membrane. This binding process triggers the opening
of ion channels, allowing specific ions to flow in or out of the cell. These channels remain open
for a limited duration, which determines both the length of time the ions can pass through
and the volume of ions that enter or exit. In other words, conductance determines current.

The electrical current resulting from the release of a unit amount of neurotransmitter at
time t > t, is:

Usyn (t) = gsyn(t) (Upos (t) — Usyn) (2.66)

where gs,,(t) is the synaptic conductance which is function of time that represents the con-
ductance change due to the opening of the postsynaptic receptors, v,,s is the voltage across
the postsynaptic membrane, and v,,, represents the Nernst potential of the channels which
are activated by the neurotransmitters. The two primary neurotransmitters in the mam-
malian nervous system are glutamate and a-aminobutyric acid.

The a-amino-3- hydrozil-5-methyl-4-isozazole-propinate (AMPA) receptor mimics the ef-
fect of glutamate on the receptor. Channels activated by AMPA neurotransmitter are per-
meable to sodium Na™ and potassium K ions. The Nernst potential for channels permeable
to sodium ions is vy.+ =70mV, while for potassium ions, it is v+ = -110mV. Consequently,
the Nernst potential associated with AMPA neurotransmitter is v4y;pa & O0mV. In contrast,
channels activated by GABA are permeable to chloride ions C'I~ and their Nernst potential
is v+ =68mV.

Additionally, the synaptic conductance gs,,(t) has been characterized by Rall in his work
[28] as a transient conductance exhibiting exponential decay.
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. t—t,
gsyn(t) = Gsyn €XP (_ ) (267)

T

where gy, is the average conductance ion channels activated by AMPA or GABA neuro-
transmitters as it correspond, t, is the time of the presynaptic spike, 7 is the time constant
which determines how fast the conductance decays over time.

In 28], synaptic conductance was described as increasing gradually as channels open and
then decaying exponentially after the channels close. This type of function is referred to as
an alpha function and is expressed by:

_ t - ts t - tS
Gsyn(t) = Goyn——— exD (— - ) (2.68)

2.2.2 Electrical synapse

The channels in a gap junction allow ions and other small molecules to flow rapidly and
bidirectionally between cells. In [29], it is proposed that the gap junction has the property
of permeability. Thus, this behavior allows us to model the synapse as an electrical current
that obeys Ohm’s Law, hence its electrical character [29]. The electrical circuit is depicted
in Figure [2.23]

Cell 1 Cell 2
[ g:r D ———— '92
v o v

Figure 2.23: Equivalent circuit of gap junction

Where V1, V5 are the membrane potentials of cell one and cell two, respectively. Although
this connection is simple, it gives rise to complex behavior, which is analyzed as follows. The
current that flows from Cell 2 into Cell 1.

I =g.(Vo = V) (2.69)
while the current that flows from Cell 1 into Cell 2 is given by:

Iy = g.(Vi = V3) (2.70)

Assume that voltage V; is held constant by injecting a current into Cell 1. Applying
Kirchhoff’s current law at node V5 gives:
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(Vi = V2)ge = Vaga (2.71)

rearranging is obtained:
Va 9e

Vi g2+ 9.

assuming steady state of capacitor % = 0, from it can be seen that V; > V5 if go > 0,

which means that the V5 is attenuated with respect to Vi. Similarly if V5 is held constant
the attenuation is:

(2.72)

Vi Je
Ji 2.73
Voo 1 +9e (2.73)

Synaptic strength is not fixed as in electrical synapse model and is determined not only
by the opening of postsynaptic receptors as in the chemical synapse, but also by the temporal
relationship between pre- and postsynaptic activity. When a sequence of action potentials
arrives at the presynaptic terminal, the amplitude and time evolution of the postsynaptic
response vary depending on the type of synapse and the activity history.

2.2.3 Synaptic Plasticity Mechanisms

Synaptic transmission can be modulated through several activity-dependent mechanisms.
Among the most studied are facilitation, potentiation and depression, each involving distinct
biophysical processes that regulate neurotransmitter release.

The first mechanism, facilitation, occurs when action potentials arrive in rapid succes-
sion. Each time an action potential reaches the presynaptic terminal, it causes the release
of residual calcium. This accumulation of calcium from previous stimuli results in a greater
release of neurotransmitter with each successive action potential. Consequently, the concen-
tration of neurotransmitter in one instant is higher than in the previous instant. Recovery
from facilitation is established in few hundreds of milliseconds following the termination fo
the stimulation.

The second mechanism, potentiation, typically involves the activation of N-methyl-D-
aspartate (NMDA) receptors during sufficient postsynaptic depolarization. This causes an
influx of calcium ions (Ca?") in to the postsynaptic neuron, which results in an increase
in AMPA receptors. After potentiation, the same presynaptic spike will produce a larger
postsynaptic response. This strengths the synaptic connection between neurons. Under
certain conditions potentiation can last for a very long amount of time, which can consolidate
into long-term potentiation.

Finally depression, when high frequency stimulation occur, voltage-gated calcium chan-
nels open and Ca?* ions flow. This sudden rise of calcium concentration causes vesicles fuse
with the presynaptic membrane at specialized sites called active zones where their content is
released into the synaptic cleft. The neurotransmitter diffusion occurs but the rate at which
the vesicles release neurotransmitter is faster than the rate at which the vesicles are replen-
ished. The number of active available vesicles at active zones decreases with each spike. This
produces a weaker synaptic transmission strength.
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2.3 Memristors

2.3.1 Mathematical Definition

The electrical response of the three fundamental two-terminal circuit elements is char-
acterized by a relationship between the basic circuit variables: current ¢, voltage v, electric
charge ¢, and magnetic flux ¢. Out of the six possible combinations of these four variables,
two are defined from the fundamental definition of voltage and current:

dy
= 2.74
V= (2.74)

dq
) = — 2.75
= (2.75)

alternatively (2.74)) give us the definition of electric charge:
t

q(t) =/ i(7)dr + qo (2.76)

and ([2.75)) give us the definition of magnetic flux:

o(t) = [ o(r)dr +uy (2.77)

The remaining four pairs can defined from the perspective of nonlinear circuit theory by
a constitutive relation, an implicit relation of basic circuit variables [30]. The constitutive
relation of a resistor is expressed by:

f(v,i) =0 (2.78)

The linear resistor is a special case in which:

f(v,i) =v—1iR (2.79)

where R is the resistance .This relation in equation (2.79)) takes the explicit form, which is
called Ohm’s Law:

v=1iR (2.80)

The constitutive relation of a capacitor is defined in terms of charge and voltage.

felg,v) =0 (2.81)

The linear capacitor is a special case in which:

flg,v) =q—Cv (2.82)
where C' is the capacitance. This relation in equation ([2.82)) takes the explicit form:
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qg=Cv (2.83)

The constitutive relation of an inductor is defined in terms of magnetic flux and the
current flowing through it.

frlp,i) =0 (2.84)
For a linear inductor, (2.84]) simplifies to:

o =Li (2.85)

where L is the inductance (in Henrys). Critically, capacitance (C), inductance (L), and
resistance (R) are not merely constants but emergent properties determined by both geometry
and material properties.

In 1971, Chua proposed the existence of a fourth theoretical device, for which logical
consistency and symmetry, the constitutive relation is defined as:

fu(e,q) =0 (2.86)

This device is named memristor (acronym for memory resistor), and it is charge-controlled
if its constitutive relation can be expressed as:

v =gm(q) (2.87)

or flux-controlled if its constitutive relation can be expressed as:

q = gw(y) (2.88)

where f); and gy are continuous and piecewise-differentiable functions. Differentiating ([2.87))
and ([2.88) with respect to time ¢, we obtain:

dp d dq

dq d dy

— = —gy— 2.

at — dp?"ar (2.90)

rewriting (2.89) using (2.74]) we obtain the charge-dependent Ohm’s Law and electric charge

dynamics for charge controlled memristor:

v=M(q)i (2.91a)
G=i (2.91D)

d
where M = g M is called the memristance function and M(q) is the memristance at electric

charge ¢, which has units of Ohms (€2).
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Rewriting ([2.90)) using (12.75|) we obtain the flux-dependent Ohm’s Law and magnetic-flux

dynamics for flux-controlled memristor:

i =W(p) (2.92a)
p=v (2.92b)

d
where W £ 0w is the memductance function. Furthermore, W (y) is the memductance

at o, which has units of Siemens (.59).

An important feature of this device is the non-volatility property; that is, once the input
signal across its terminals becomes zero, its magnetic flux (electric charge resp.) remains
fixed until the input signal changes again. This property is the reason for the device name,
an acronym for "memory" and 'resistor".

Among the different definitions of the memductance function W (-), in |31], it is proposed
that the memductance function is constant by parts.

b, v < =l
wip)=qa , —1 < ¢ < 1 (2.93)
b, I < o

where a, b, [ are positive constants and a < b. Other memductance functions can be found to
be quadratic.

Other memductance functions can also be defined using smooth nonlinear functions, such
as quadratic or hyperbolic tangent functions, which allow modeling saturation effects and
bounded responses. For instance, a quadratic memductance function can be expressed as:

W(p) = ap®+b (2.94)

where a and b are real constants chosen to ensure physical consistency of the model.

More generally, the choice of the memductance function W (-) plays a crucial role in
determining the dynamical behavior of memristive systems, which are defined as follows.

In [7], a generalization of the original memristor proposed in [32] is introduced, known as
memristive systems. These systems are characterized by a state and input-output equations
expressed as follows:

= f(z,u) (2.95a)
y=g(z,u)u (2.95b)

where © € R and y € R denote the input and output of the system, x € R™ denotes the
state of the memristive system. Here f : R" x R — R" is a continuous vector function,
g : R" x R — R is a continuous scalar function. Moreover, it is assumed that the state
equation has a unique solution z(t : zp) for any initial condition xzy € R™. Also, the
output y is zero whenever the input is zero.

Memristive systems are one-ports or two-terminal devices when they interact with the
external circuit through a single pair of electrical terminals, voltage, and current. One-port
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Memristive Systems can be classified as either current-controlled or voltage-controlled. Both
consists of two equations, a state-dependent Ohm’s Law and state dynamics.
An n-th-order current-controlled memristive time-invariant one-port is represented by:

T = f(x,1) (2.96a)
v =g(x,i)i (2.96Db)

An n-th-order voltage-controlled memristive time-invariant one-port is represented by:

&= f(x,v) (2.97a)
i=h(x,v)v (2.97b)

x € R" and f is similarly defined as in ; h,g : R® — R are a continuous scalar
functions and g(z,0) # oo, h(z,0) # co. Memristive systems exhibit several distinguishing
properties that set them apart from other nonlinear devices. In this section, the most relevant
properties are presented for the theoretical framework.

A current-controlled memristive one-port time-invariant (2.96a)),(2.96b)) is passive if and
only if the following hold:

g(x,1) >0, Vi (2.98)

proof of the previous property can be found in [7].
The memristive system (12.96al)-(2.96b]) exhibits non-volatile memory if, for v = 0, the
state dynamics satisfy:

f(z,u) =0, VzreR" (2.99)

therefore a continuum of equilibrium points 7, = {(z.,0)" € R" x R : x, € R"} is obtained.
Furthermore, in [7], it is pointed out that the continuum of equilibrium points is stable [7].
Although this claim of stability is based on the physical behavior of the ideal memristor,
rather than a mathematical proof of stability.

From —, two particular subclasses of memristive systems are derived. Generic
memristor is a particular case of a memristive system, when its output function only depends
on the state variable x, that is, a current-controlled generic memristor is described by:

i = f(x,9) (2.100a)
v=g(x) (2.100Db)

or equivalently, for a voltage-controlled generic memristor:

&= f(x,v) (2.101a)
i = h(z)v (2.101b)

A subclass of a memristive system is classified as ideal when the time evolution of the
state depends linearly on the input signal, for example:
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i =u (2.102a)
y=g(x)u (2.102b)

in this definition the state variable x corresponds to magnetic flux in the case of a charge-
controlled ideal memristor and electric charge for a flux-controlled ideal memristor and g :
R™ — R is a continuous scalar function. Memristor and memductor belong to
the Ideal category.

2.3.2 Locally active memristors

Since the mathematical generalization of the concept of memristor in 1976 [7], a more flexible
interpretation allows us to consider memristive devices that are not strictly passive; i.e., for
some intervals of the memristor’s internal variable, its memristance is negative, and it is
therefore said to be locally active.

2.3.3 Experimental Definition

A memristor can be experimentally characterized; this method is called the axiomatic
definition or black box definition of the device, and the internal composition of the device
is irrelevant. The axiomatic definition includes device fingerprints that serve to identify the
memristive nature of the system based on experimental data.

The first fingerprint of the memristor and memductor is characterized by
Lissajous figures of the voltage-current relationship ((v(¢),4(¢))) in response to any periodic
input signal, which are pinched at the origin. The pinched hysteresis loop is odd symmetric
when the input source is driven by a half-wave odd symmetric.

A current-controlled memristive (voltage controlled resp.) one-port time-invariant system
([2-964))-([2.96b) (or (2.97a))-([2.97H)) exhibits a pinched hysteresis, at the origin in the sense
(i,v) = (0,0), in the v-i plane when subjected to a periodic input i.e. i(t) = I cos(wt)
(v(t) = I coswt resp.). This pinched hysteresis is called in the literature pinched hysteresis
loop (PHL). Furthermore, when the input signal of memristor — is a periodical
signal described by an odd function of time, then the (v — ¢) PHL will be odd symmetric,
the proof of the property can be found |[7].

The second property is referred to as no energy discharge, which says that memristors can
not release stored energy to the external circuit i.e., [*__ p(7)dr > 0, where p(7) = v(7)i(7)
is the instantaneous power. As a result, the PHL loop is confined to the first quadrant when
v,7 > 0 and in the third quadrant when v,7 < 0 of the v — 7 plane.

The third property is called limiting linear characteristics if the time-invariant current
controlled memristive one-port bounded input bounded-state stable, then under periodic
input as the frequency w — oo, then the system — behaves as a linear time-

invariant resistor. The same property holds for a time-invariant voltage-controlled memristive

one-port ([2.97al)-(2.97b)).
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2.3.3.1 Example charge-controlled ideal memristor

In [31] an example of an ideal charge-controlled memristor is given, and the PHL is
visualized in the v — ¢ plane. The charge controlled memristor is defined by (2.91)) and the
constitutive relation written in explicit form as ¢ = gas(q):

1

gula) =4+ 3¢’ (2.103)

Also the memristance can be obtained through (2.91a))
d
M=% —gy=1+¢ 2.104
g =1+a (2.104)

notice R(q) > 0 Vg, therefore the memristor is passive.

Given ([2.103)), and the input current defined as:

. 0 t<0

ilt) = {A sin(wt) t>0 (2.105)
where w = 1 is the angular frequency and the amplitude is A = 1. The electric charge can
be calculated as follows:

o) = (1 = cos(wt)) ¢>0 (2.106)

w

substituting (2.106)) in (2.103)) it is obtained the magnetic flux for ¢t > 0:

o(t) = é(1 — cos(wt)) [1 + (AQ> (1-— cos(wt))ﬂ (2.107)

w 3w?

differentiating (2.107]) it is obtained the voltage across memristor terminals:

v(t) = Asin(wt) (1 + fz(l — cos(wt))2> (2.108)

the Lissajous figure of (v(t),i(t)) can be obtained through (2.105) and (2.108) is shown in
figure (2.24)

From figure we can observe the hysteresis is pinched at the origin, which occurs
because both i(¢) and v(t) become zero at the same time as can be seen in figure and
from equation (2.91a). The PHL can be divided into six segments. The line segment a, which
is colored in green, corresponds to the segment in time where both i(¢) and v(¢) increase until
the current reaches maximum at ¢ = w/2. After this, the segment b, which is colored in blue,
is characterized by a decrease in current and an increase in voltage; this segment ends when
the voltage reaches its maximum value at t ~ 2.21. Notice, the curve segment b seems to
have a negative slope, but this is not possible considering the memristor is passive; the reason
of this because the voltage lags behind the input current, or in other words, the maxima of
the input current occurs before the maxima of the voltage. The segment ¢, occurs when both
i(t) and v(t) decrease at the same time until ¢ = 7. Therefore, the right lobe of the PHL
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Figure 2.24: For memristor [2.103| (a) Lissajous figure of (v(t),i(¢)) (b) input current i(¢) and
output voltage v(t) (c) electric charge ¢(t), magnetic flux ¢(t), M(q) meristance

corresponds to v(t),i(t) for 0 < ¢ < m. This behavior is repeated symmetrically; furthermore,
PHL is odd-symmetric with respect to the origin.

In the following subsection, numerous examples of real two-terminal devices that exhibit
a pinched hysteresis loop in response to any periodic input with zero DC component will be
presented.
2.3.3.2 Example of Generic Memristor

In 2008, HP Labs launched the first fabricated memristor constructed from a thin film of
titanium dioxide of constant length D. This structure is divided into two regions: one region
is doped with oxygen, referred to as T%O,, while the other region is undoped, designated as
Ti0O5_,. Upon the application of an external current i(¢) to this device, the width of the
region Ti0;_, is modified, which is expressed by the variable w(t) € [0, D]. The electrical
behavior of such a device is described by:

v(t) = M(w(t))i(t) (2.109a)
Ch:li(ft) = w(w(t))i(t) (2.109b)

where M : [0, D] — [R,n, Rofy] is de the memristance function defined as:
M(w(t)) = Ron“’g) + Ry ( - wé”) (2.110)

where R,ff, R,, are constants that represent off and on resistance respectively, @(w) LK =
pfier Tt worth noticing that M : [0, D] = [Rofs, Ron).

From equation , the equation relating the electric charge ¢(¢) and the width of
the T'iO,_, region w(t) can be obtained. First, equation (2.109b]) is rewritten as:

dw = Ki(t)dt (2.111)
integrating both side of equation (2.111]) it is obtained:
w(t) = Kq(t) (2.112)
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Memristance in (2.110]) can be rewritten in terms of electric charge, by substituting (2.112))
in (2.110]) is obtained:

M(Kq(t)) = KRonclg)jLRoff( —K;])(t)ﬂ (2.113)

2.3.4 Two terminal devices exhibiting PHL

Before the memristor was discovered, several electrical devices exhibited behaviors of elec-
trical properties that could not be categorized as those of a resistor, capacitor, or inductor.
After 1971, it was experimentally found that some of these materials exhibited memristive
properties, with the most revealing a pinched hysteresis loop (PHL) in the v — i plane.

The gas discharge lamp produces light when a voltage is applied across two aligned carbon
electrodes, separated by a specific distance. This causes gas to become ionized, leading to the
emission of light [33]. In 2014, a model was proposed to characterize the electrical behavior
of a discharge lamp as a memristor. The validation of this model demonstrated a significant
correlation between the experimental measurements and the theoretical predictions.

From 1948 to 1970, the formation of oxide films on various metals, including aluminum
and copper, was studied. This process is an important aspect of semiconductor technologies.
The earliest study was reported by Hickmott [34]. In [35], it is later pointed out that the
Lissajous figures presented in Hickmott’s publication [34] reveal the presence of a pinched
hysteresis loop in the voltage-current v — ¢ plane. Following 1971, a number of works focused
on devices exhibiting memristive properties, among others [36-39).

Biological systems exhibit memristive properties [40-43]. For instance, the electrical prop-
erties of human skin can be modeled through a memristor, particularly the electro-osmotic
transport in human sweat ducts. A unicellular organism exhibiting memristive behavior is
the Amoeba. When a periodic voltage is applied to an amoeba, the resulting Lissajous figure
is a PHL in the v — ¢ plane [42]. Within the Plantae kingdom, the venus flytrap plant shows
a PHL when a periodic voltage is applied through Ag/AgClt electrodes [43].

2.4 Dynamical Modeling of Memristive Neurons and
Synapses

Memristive systems have been proposed to model properties of neuron |[7,[10,44-46] and
synapse models [3,19,47]. Hodgkin and Huxley introduced an electrical model of the squid
axon membrane, in which potassium and sodium channel conductances—initially represented
by time-varying conductances driven by time-varying gating variables—are modeled as mem-
ristors. In this characterization [44], an ion channel is modeled as a memristor governed by
an internal-state equation and an input-output equation. The conductance is explicitly de-
scribed by voltage and state variables, which capture the opening and closing mechanisms of
ion channels based on past membrane activity. In addition to the sodium and potassium ion
currents that shape the neuronal membrane potential, the magnetic flux induced across the
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neuronal membrane also contributes to its dynamics. Authors in [45] [10] proposed a memris-
tive Hindmarsh—Rose neuron model, which captures the magnetic flux across the membrane,
and a memristor is used to model the coupling between the magnetic flux and the neuron’s
membrane potential. Authors from [46] presented a slight variation of the model from [45],
using a different formulation of the memristance function to describe the coupling between
magnetic flux and membrane potential in a neuron.

Beyond the neuronal membrane itself, memristive devices have also been extended to
describe synaptic dynamics. Regarding electrical synapses, the term memductive synapse
has been used in [47-49] to refer to a model used as a coupling device between neuron models
and that adopts the behavior of a memductor. Different from the models mentioned above,
in references [9] [50], it was proposed a synapse model based on the idea that neuron voltage
fluctuation and signal propagation induced a magnetic flux in the media of the nervous system
and an additional current in the neuron, which was called electromagnetic induction effect
in the electrical activity of neurons [45]. Such an induced current was characterized by the
one generated by a memductor; therefore, it is called a memductive synapse.

In this section, we are going to describe the memristive HH [44] and HR [45] models, along
with their memductive synapse counterparts [9,50], which serve as coupling mechanisms
between neurons. These formulations form the basis for analyzing the synchronization and
collective dynamics in memristive neural networks presented in the following subsections.

2.5 Memristive Neurons

2.5.1 Hodgkin-Huxley Ionic Channels as Memristive Elements

Hodgkin and Huxley proposed a model to describe the electrical properties of the squid
axon membrane. In their model, the conductances of potassium and sodium channels are
time-dependent and are influenced by gating variables that evolve according to ordinary
differential equations describing gating kinetics. In this characterization, the gating dynamics
are governed by empirical rate laws, where the transition rates «(v) and S(v)— as shown in
equations — are externally prescribed functions of the membrane voltage.

In contrast, the memristive description presented in [7] reframes the ion channel as a
dynamical system whose internal state and membrane potential co-evolve bidirectionally.
This introduces a crucial property that the internal state variable carries a memory of the
input voltage history. Consequently, the channel’s opening and closing dynamics is not solely
determined by the instantaneous voltage but are also shaped by its past activity, providing
a more physical basis for the model’s behavior. In this section, we present the memristive
description of potassium and sodium channels, as shown in [7]- consisting of an internal-state
equation and an input-output equation.
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Figure 2.25: Equivalent representation between a time-varying resistor (a) and a memristor

(b).

The electrical representation of the potassium channel in the Hodgkin-Huxley (HH) model
[23] is used to define the voltage across the time-varying resistor Ry, denoted ug. This voltage
can be expressed in terms of the shifted membrane potential v, which is derived from ,
and the shifted equilibrium potassium potential vg. This relationship can be expressed as
follows:

U =V — Vg (2.114)

The gating variable n, representing the fraction of opened potassium channels, is defined
generically through the state variable n = x;. Therefore, we can define the current, denoted
as Yk, on the resistor Rg as:

yr = Gr(r1)ug (2.115)

where G is the conductance of of potassium channel defined as:

Gr(zy) & grat (2.116)

the dynamics of the state variable z; (2.17) can be rewritten using the change of variable
(2.114) as follows:

i1 = o (ug)(1 — 1) — Bulug)ry = folwr, ug) (2.117)

where o, (ug) and 3, (uk) are defined as:

0.01 (10 — (ux + vi))

an(ug) = (10_(uK+UK)) , (2.118a)
e 10 -1
_ (ug+vg)
Bn(v) =0.125¢€ 80 . (2.118b)

therefore, we obtain the input-output equation and the dynamics of the potassium channel
that define the memristor
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yr = Gr(r1)ug (2.119a)
&1 = fo(21,uK) (2.119b)

it is observed that memristor (2.119a))-(2.119b|) is a particular case of a generic memristor
(2.101a)), where there a single state variable. By treating potassium channels as memristors,
we structure the model to emphasize their true nature. It reveals the fundamental physical
property of the channel; its conductance depends on the history of the voltage across it,
making it a device with inherent memory. This shift in perspective is what enables deeper
analysis using nonlinear dynamics.

On the other hand, we have the sodium channel, represented by a time-varying conduc-
tance controlled by two gating variables, m and h. Following the same memristive formula-
tion, we define the voltage across the sodium conductance as:

+ l 1 K + l YNa
UNa RNa(t) UNa Mpya
(a) Time-varying resistor (b) Memristor element

Figure 2.26: Equivalent representation between a time-varying resistor (a) and a memristor

(b).

UNg = U — UNq (2.120)

where vy, is the shifted equilibrium potential for sodium. The sodium current yy, is then
given by:
Yna = Gna(T2, T3)Ung (2.121)

where G, is the conductance of the sodium channel, defined in terms of two independent
state variables o = m, x3 = h:

G na(T2,3) = GnaThTs (2.122)

the dynamics sodium state variables are dfined by:

3':2 = O5m<uN0L)<1 - 1’2) - Bm(uNa)xQ £ fm($2>uNa) (21233)

i3 = an(una)(1 — 23) — Br(una)rs = fir(xs, unag) (2.123b)
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the rate functions ay,, B, an,B, are similarly expressed as functions of uy,

0.1(25 — (ung + Vna))

A(Ung) = (25_(uNa+vNa)) (2.124a)
e 10 -1
_ (“Na,+”Na)
Bin(una) = TS (2.124b)
(ung+YNg)
an(tng) = 0,07~ a0 (2.124¢)
1
Br(una) = (g (2.1244)
e 10 + 1
therefore, we obtain the memristive system for the sodium channel:
YUna = Gna(T2, T3)upn, (2.125a)
i2 fm(x27 uNa)
2l = 2.125b
[133] [fh(%, uNa)‘| ( )

it is observed that the memristor is a particular case of a generic memristor (2.101al)
that involves two state variables. This higher dimensionality is what enables the channel’s
complex temporal behavior, such as rapid activation followed by slower inactivation. The
co-evolution of its internal activation and inactivation states, both of which retain their own
distinct memory of past voltages. Describing the potassium and sodium channels as first
and second-order memristors reveals that global behavior for membrane potential, that is,
the action potential, is an emergent property of memory-driven conductance changes in ion
channels. Furthermore, the membrane adapts to its recent input, given the neuron’s past
history of voltage across its ion channels.

2.5.2 Memristive Hindmarsh-Rose neuron model

A different line of work introduced by [45], proposes a memductive synapse from a distinct
physical analogy. Building on the electromagnetic-induction argument, models from [10}/11]
assume that fluctuations in neuronal membrane voltage generate a time-varying magnetic
flux in the surrounding medium. This flux is then used to define an additional current
term—interpreted as an induction-like contribution to the membrane dynamics. Under this
formulation, the synapse is termed memductive because the self-induced current is governed
by a flux-dependent memductance function. As this is a self-induced current, this synapse is
called an autapse, given that it is a chemical connection of a neuron onto itself [51].
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Figure 2.27: Memristive Hindmarsh-Rose Neuron model

To represent this flux-dependent contribution to the membrane current, a memristive
element is introduced. In this formulation, the magnetic flux serves as the memristor’s
internal state variable, its rate of change being driven by the membrane voltage. The resulting
memristive current is then expressed as the product of the voltage and a flux-dependent
memductance function.

The dynamical equations for the improved four-dimensional HR neuron model are de-
scribed by:

i1 = 29 — 23 — axs + bx] + Ly — kW ()7,
To =C— Ty — d:cf
by = £lo (01— %) —
$=x1 — ko
where a, b, c,d,y are constants, where the variables z, x5, x3 represent the membrane po-
tential, slow current for recovery variable, and adaptation current, respectively. I.,; denotes

the external forcing current, and the fourth variable ¢ describes the magnetic flux across the
membrane. W : R — R is the memductance function, which is described

W(p) = a+ 334 (2.127)

(2.126)

where a and [ are fixed constants. The term kW (p)z; could be regarded as an induction
current on the membrane, which the author [45] describes as the suppression modulation on
membrane potential.

Electromagnetic induction effect is relevant given that time-varying electric field and
magnetic fields can introduce non-negligible feedback coupling effects that are not capture
by purely resistive elements. Generally, the electromagnetic induction effect is bounded
above and below, reflecting physical saturation constraints. For this reason, authors from
[3,/52] emulate electromagnetic induction using a memristor whose memductance function
is modeled by a hyperbolic tangent function. This function is monotonic, continuous, and
differentiable, and it is commonly used as a neuron activation function in the Hopfield neural
network. The resulting device is referred to as a threshold flux-controlled, which is described
as:

W(p) = — tanh(yp) (2.128)
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Considering the above effect the resulting memristive two-dimensional Hindmarsh-Rose
neuron model is described as:

iy =1y — 21 — axi + br} + ktanh(p)x

Ty = c—x — da? (2.129)

Y =1
where ¢ is the flux variable representing the time integral of the membrane potential ;. The
term ktanh(p)z; stands for the electromagnetic induction current on the membrane and k
indicates the electromagnetic induction strength.

2.5.3 Memristive Integrate and Fire neuron model

The Leaky-Integrate-Fire (LIF) neuron model, as described by equation , can be viewed
as a simplified representation of the Hodgkin-Huxley model. In which the nerve membrane
polarization is modeled as a leaky capacitive element. While the LIF model describes the
passive electrical properties of the neuron membrane, it does not account for ionic channel
dynamics. To address this limitation, [1] introduced a memristive element to replace the
resistive component, thereby capturing the opening and closing behavior of ion channels.

vrr(t) v(t)
+ + iw (1)
ve(t) —— ve(t) ——C MG low (t)
iCp (ﬁ‘ Zc(ﬁ Y
(a) IF neuron circuit (b) Memristive equivalent circuit

Figure 2.28: Equivalent representation between an integrate-and-fire neuron model (a) and
its memristive realization (b).

A memristor whose constitutive relation is obtained from equation (2.88)) is used in the
circuit ([2.28b)). The current iy () and voltage vy (t) of the memristor are the time derivatives
of its charge and flux, then from equation (2.88)) is obtained:

where W (p) = is the memductance of the memristor in Q.
From Figure using Kirchhoft’s currents law

ic+iy =0 (2.131)
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where the capacitor current ic € R is:
1o = Cue (2.132)

with v € R the voltage across the capacitor and C' its capacitance. Using the Kirchhoff’s
voltage law vo — vy = 0, therefore ve = vy = v.
From the above, the MIF neuron model is given by:

Co = —W(p)ve (2.133a)
S = (2.133Db)

with initial conditions ¢(ty) = o and v(ty) = vp.
The equilibrium points of (2.133h)-(2.133b) are a continuum given by:

. = {[0,¢0]" € R?*: p € R}. (2.134)

It is important to note that for a given fixed initial condition, there exists a unique
equilibrium point [0, )" € R? for (2.133). Furthermore, this equilibrium point, if stable, is
the memory state of the MIF neuron model.

2.6 Modeling of Multi-Modal Coupling in Memristive
Hindmarsh—Rose Neurons

The concept of the self-induced current phenomenon, proposed by [45], is further devel-
oped by [10], [11], and [53]. They suggest fluctuations in a neuron’s action potential generate
a magnetic flux in its surrounding medium. The rate of change of this magnetic flux is pro-
portional to the difference between neighboring magnetic fluxes.

Specifically in [11], it is proposed two memristive Hindmarsh-Rose neurons are coupled
through a magnetic-flux mediated memductive coupling, that is, the magnetic flux interacts in
a diffusive manner among neighboring neurons, leading to an indirect coupling. This diffusive
interaction allows variations in the magnetic flux of one neuron to influence the membrane
dynamics of nearby neurons. Such a mechanism provides a physical interpretation of field-
induced coupling and establishes a link between neuronal activity and memductive synaptic
dynamics.

T11 = T1p — T13 — axs + 022 + k(o + 3803211 + Leg
T19 = Cc— 219 — da?,

i3 = elo(z11 + 1.6) — x13]

¢1 = k111 — ka1 + D(p2 — 1)

Tg1 = Tog — To3 — axhyy + bas, + k(a + 3603) 21 + Loy

3 2
Tog — C — T929 — d.fL"Ql

(2.135)

j323 = 5[0‘(1’21 + 16) — 1’23]

P2 = k121 — koo + D(p1 — ¢2)
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where x;1, x;2, x;3, ¢ describe the membrane potential, recovery variable for slow current,
and adaptation current, respectively. I..; is the external forcing current, and a, b, ¢, d, €, o are
parameters, k, k1, ko are positive feedback gains, ¢ is the magnetic flux across the membrane.
The term k(o + 38¢3)z;1 characterizes the self-induced current arising from electromagnetic
induction effects. The rate of change of magnetic flux ¢; is proportional to the membrane
potential x;; and to the difference between neighboring magnetic fluxes D(p; — ;) with i # j.
Moreover, this term accounts for flux diffusion between neurons. The term kop; models the
gradual decay of induced magnetic flux caused by resistive losses in the neural environment.

In contrast to the views presented by [10], [11], and [53], the study by [54] proposes that
each neuron generates its own electromagnetic field. However, these fields do not interact
directly; rather, interaction occurs through chemical and electrical synapses.

B = 210 — ax + b3, — 213 + Ly — KiW (@1)211
— el — 56(3511 - $21),

i1y = ¢ — da}, — 119,

B3 = glo(w1y — 1) — 213),

o1 = kxin — koo,
(2.136)

j?gl = T99 — a:c%l + bx%l — X923 -+ Iext — k1W(g02)l'21
—de2 — 86(9021 - $11)7

gy = ¢ — dxy; — T,

Togz = 5[0(9021 - 7“) - 3523],

Py = ko1 — k’2902~

where I; is the current due to chemical synapse, with V, the reversal potential which tunes
excitatory or inhibitory behavior, ¢; is the strength of chemical synaptic coupling.

xi + Ve
e (P T0)
o

with @ # j and e.(x9; — x11) is the current due to the electrical synapse, W (p) is the
memductance function depending on the magnetic flux, characterizing the memory effect of
the memristive synapse.

2.7 Memristive Synapses

In the context of electrical synapses, the term memductive synapse has been used in [47]
[48] to describe coupling elements that behave as memductors, providing a conductance that
depends on an internal state rather than being fixed.

Memductive devices have been proposed to model synaptic properties [9]- [2]. In [9],
two FitzHugh—Nagumo neurons are coupled through a memristive synapse, and their syn-
chronous behavior is numerically investigated by fixing the initial condition of the memristor
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and the external input current, while varying the coupling strength associated with electro-
magnetic interaction between adjacent neurons. Subsequently, [55] extended this framework
by incorporating a gradual decay term for the induced magnetic flux, thereby accounting for
dissipative effects in the electromagnetic coupling.

A different line of work in [2,3,[12,|13]/50}|55] indicates that differences in membrane
potential between nearby neurons can induce changes in the electromagnetic field, thereby
generating a current, similar to the behavior of a memristor. The following is the model
presented by [3]:

T11 = T12 — T13 — am:f‘l + bx%l + tanh(y)z1; + ktanh(p)(x1; — xo1)

3 2
T12 = C — T12 — dl’n

Y1 =11

i‘gl = X999 — To3 — am%l + b{L‘gl + tanh(§02)$21 + ktanh(cp)(xgl — IH) (2138)
igg = C— T92 — dflfgl

Py = g1

Y =211 — T2

where ¢; represents the magnetic flux of the i—th neuron, the term tanh y;x;; characterizes
the self-induced current arising from bounded electromagnetic induction effect, which moti-
vates the use of tanh(-) to ensure saturation. Here, ¢ denotes the magnetic flux generated by
the difference in membrane potential of neighboring neurons. The term & tanh ¢(z;1 — x;1)
represents the coupling current induced by electromagnetic interaction between adjacent neu-
rons.

2.8 Memristive neural networks

Dynamical models of memristive neurons and memristive synapses have been presented [45]—
[2]. By introducing a memristive element into the neuronal model, a memristive neuron is
constructed. The resulting system dynamics have been investigated using Lyapunov exponent
spectra and bifurcation analysis to characterize the emergence of diverse firing patterns [10,45]
46]. On the other hand, by embedding a memristor into the synaptic coupling structure, the
synchronization behavior of the coupled neuronal system has been analyzed using analytical
techniques [3] and numerical simulations [54] [2] [55] [13] [56].

Collectively, the works in [45]— |10] and [54]— [56] establish the fundamental framework
of memristive neural networks (MNN), in which memristors are used to characterize the
behavior of synapses and neurons.

Building upon these studies, an example of MNN is presented in [§]. It is presented
a network consisting of N identical Hindmarsh-Rose neurons N' = {ny,---,ny} called the
nodes of the network, the set of the edges S C N'x N, with s;; € S which mean that n; and
n; are connected. The connections of in the network are presented by the adjacency matrix
A ={a;} € RVN where a = 1if 5;; €S and a;; = 0 otherwise.
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N
T = Tio — ax + bxd + Lo + koM (07) Z Ajp(Th1 — 741),
k=1

T = ¢ — da?) + by, (2.139)

N
i =—0 + i — > Au(za — z).
k=1
In this network, each neuron generates an intrinsic magnetic flux ;, induced by electro-
magnetic flux effects. The flux variables are coupled diffusively across the network topol-
ogy, enabling neighboring neurons to exchange electromagnetic information. The resulting
induced current is incorporated into the membrane potential dynamics via a memductive
diffusive coupling term with an identical memductive function for all couplings. In this
work [8], the network firing patterns are investigated through spatial-temporal plots under
different adjacency matrix configurations, including regular network, random network, and
small-world interaction.

2.9 Stability Theory

Stability of dynamical systems is one of the most fundamental problems in nonlinear dy-
namics and control theory, as it provides a rigorous framework for assessing the stability of
equilibrium points without requiring explicit solutions of the system trajectories. One of the
important scientists of 18th century, Leonhard Euler, posed the question of whether a me-
chanical system — described by state variables such as position or velocity— would maintain
its motion or return to a reference state after being subjected to small perturbations. Euler s
main contribution to stability was to establishing an analytical and mechanical foundations
upon which modern stability theory was later formalized [57].

Subsequently Joseph-Louis Lagrange, another prominent scientist of the late eighteenth
century and early nineteenth centuries, addressed the problem of whether the stability of
a system could be determined directly from the structure of its equations, without relying
on the specific mechanical interpretation of the system. in this context, Lagrange sought a
general analytical stability criterion which was based on energy methods [5§].

Later, in late nineteenth century and early twentieth centuries Henri Poincaré made a
fundamental contribution by transforming the study of differential equations into a qualitative
theory. By introducing geometric and topological methods, Poincare enabled the analysis
of global system behavior, extending beyond local neighborhoods to the investigation of
trajectories and invariant sets over large regions of phase space.

However, an abstract and rigorous definition of stability for dynamical systems, together
with a systematic characterization of stability, was not established until the late nineteenth
century by Aleksandr M. Lyapunov. In his seminal work (1892) Lyapunov introduced two
fundamental methods for stability analysis. The first, known as Lyapunov’s first method or
Lyapunov’s indirect method, investigates the stability of an equilibrium point through the
linearization of the nonlinear system. The second approach, known as Lyapunov’s direct
method, establishes stability by constructing an appropriate Lyapunov function without re-
quiring linearization or explicit solutions of the system trajectories.
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In this chapter it is considered systems of the form

T = f(x) (2.140)
where f : D — R" is a locally Lipchitz map from a domain D C R" into R". x =0 € R" is

an equilibrium point of equation (2.140)); which means f(z) = 0. The study of the stability
of x is characterized as follows.

Definition 2.1. The equilibrium point £ = 0 of (2.140) is stable if, for each e, there is
d = d(€) such that:

2(0)]|< & = ||lz(t)]|< &, ¥t > 0 (2.141)

Definition 2.2. The equilibrium point x = 0 of ([2.140)) is asymptotically stable if it is stable
and o can be chosen such that:

J#(0)|< & = Jim a(t) = 0 (2.142)
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Figure 2.29: Lyapunov stability illustration: trajectories starting within the §(¢) ball
(dashed), remain within the e ball (dotted) and converge to the stable equilibrium point

at the origin
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In mechanical systems, stability is often analyzed using energy-like scalar functions that
decrease along system trajectories due to dissipation. Lyapunov’s direct method generalized
this idea by relying on scalar functions with suitable mathematical properties, known as
Lyapunov functions, which are positive definite. This allows it to be applied without requiring
a physical energy interpretation to general nonlinear systems. As a first step, it is introduced
the notion of positive definite functions, which play a fundamental role in the construction
of Lyapunov functions. The following definitions are obtained from [59].

Definition 2.3. A continuous differentiable function V' : R® — R is said to be positive
definite in a neighborhood of the origin if

V(0)=0 and V(z)>0 forall z#0. (2.143)

Definition 2.4. Let V : R® — R be continuously differentiable. The derivative of V' along
the trajectories of system (12.140)) is defined as

V(z)=VV(z)" f(z). (2.144)
using this notion we now define a Lyapunov function

Definition 2.5. A continuously differentiable function V' : R® — R is called a Lyapunov
function for a system [2.140[if V' (z) is positive definite and its derivative along system trajec-
tories satisfies.

V(z) <0 (2.145)

in a neighborhood of the equilibrium point z = 0

2.9.1 Direct method

Based on the concept of a Lyapunov function, Lyapunov’s direct method provides sufficient
conditions for determining the stability properties of an equilibrium point without requiring
explicit solutions of the systems trajectories.

Theorem 2.1. Let £ = 0 be an equilibrium point for (2.140}) and D C R™ be a domain
containing x = 0. Let V : D — R be a continuous differentiable function such that

V(0)=0 and V(z)>0 Vxe D\{0}. (2.146)

then, Z = 0 is stable if V < 0. Moreover if

V(z) <0 Vxe D\{0}. (2.147)
then, * = 0 is asymptotically stable

While Lyapunov’s direct method provides sufficient conditions for stability through the
construction of a Lyapunov function, such functions are not always easy to find in practice.
An alternative approach, known as Lyapunov’s indirect method, analyzes stability by exam-
ining the linearized system around an equilibrium point.
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2.9.2 Indirect Method

Through this method, conclusions about the local stability of the equilibrium point for the
nonlinear system can be drawn by investigating its stability as an equilibrium point of the
linearized system.

Theorem 2.2. Let x = 0 be an equilibrium point for the nonlinear system where f : D — R™
is continuously differentiable and D is a neighborhood of the origin. Let

of
= 5-() (2.148)

=0

A

be the Jacobian matriz of the system evaluated at the equilibrium point. Then
o The origin is asymptotically stable if all the eigenvalues of A satisfy Re[\;] <0
o The origin is unstable if for one or more the eigenvalues of A Re[\;] > 0

It should be noted that the Lyapunov’s indirect method provides only local stability
results and does not yield conclusions when the eigenvalues of the Jacobian matrix have zero
real parts.

Lyapunov theory is fundamental to state the problem of synchronization. Before es-
tablishing the problem of synchronization it is necessary to define mathematically what is
synchronization and all of the types of Lyapunov stability theory provides the mathemati-
cal foundation for analyzing the stability of invariant sets in dynamical systems, including
synchronization manifolds. Before addressing stability properties of synchronized motion, it
is necessary to introduce a precise mathematical definition of synchronization and to distin-
guish between its different forms.

2.10 Synchronization

The term synchronous originates from the Greek words sync (meaning together or common)
and chronos (xpovos), meaning time. Literally, synchronization refers to the phenomenon of
sharing a common temporal evolution. Furthermore, it means correlation in time of different
processes [60]. Synchronization is ubiquitous phenomenon observed in nature, science, social
systems, and engineering, and it plays a fundamental role in the collective behavior of coupled
dynamical systems.

One of the earliest documented observations of synchronization is attributed to Christiaan
Huygens. In a letter written in 1665, Huygens reported that two pendulum clocks mounted
in a common support eventually oscillated with a coherent rhythm, with their pendula swing-
ing in opposite directions. In modern terminology, this behavior is described as anti-phase
synchronization, which results from weak mechanical coupling mediated by a common sup-
porting beam.

In [61], synchronization is defined as a form of collective dynamics arising in coupled
nonlinear systems, including chaotic systems. A nonlinear dynamical system is said to exhibit
chaotic behavior when its long-term evolution depends sensitively on initial conditions. As a
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consequence, two identical chaotic systems that start from arbitrarily close initial conditions
will generally evolve along trajectories that diverge exponentially in time.

Several synchronization regimes have been identified in coupled dynamical systems [62].
Complete (or identical) synchronization occurs when the states of the coupled systems evolve
along trajectories that become identical asymptotically in time. Phase synchronization arises
when the phases of the oscillations are locked, while the amplitudes remain uncorrelated. Lag
synchronization (LS) is characterized by the alignment of both phases and amplitudes, with
one system following the other with a constant delay.

Generalized synchronization (GS) typically occurs between nonidentical systems and is
said to emerge when there exists a function relationship that maps the state of one system
to that of the other. Complete synchronization can be viewed as a special case of generalized
synchronization, in which the functional relationship reduces to the identity map. This
function need to be invertible, implying that the state of one system may be predicted from
the other [63].

2.10.1 Complete Synchronization

Continuous chaotic systems are said to achieve complete synchronization when the states of
the coupled systems asymptotically become identical. Geometrically, this corresponds to the
collapse of the system trajectories onto an invariant subspace, known as the synchronization
manifold, defined by the equality of the state variables of the coupled systems. Consequently,
the dimensionality of the synchronized dynamics is reduced. For instance, if the full coupled
system evolves in a six-dimensional phase space, the synchronized motion is confined to a
three-dimensional manifold, identical for each node.

Coupled dynamical systems may be arranged in two fundamental configurations. In a
unidirectional (driver-response) configuration, the dynamics of the driver system influence
the response system, while no feedback from the response to the driver is present. In contrast,
a bidirectional (mutual) coupling configuration allows the states of the dynamical units to
influence each other symmetrically.

2.10.1.1 Bidirectional coupling

Bidirectionally coupled chaotic systems can be modeled through the introduction of a sym-
metric dissipative coupling term in the system dynamics, given by

= f(x)+ Aly — ), (2.149)
y=fy)+Alz—y). (2.150)

The bidirectional coupling model uses symmetric diffusive terms A(y — x) and A(z — y),
which drive the states x and y toward each other. Where z,y € R" are the state vector
of the chaotic systems, while f is the vector field f : R® — RY, A € R™" is a matrix
whose coefficients rule the dissipative coupling, and " stands for matrix transposition. On
the synchronization manifold where z = y, these terms vanish, allowing the coupled system
to follow the isolated system’s chaotic dynamics exactly.
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The full phase space for the coupled system is 2n-dimensional, but synchronization con-
fines motion to the n-dimensional diagonal subspace (manifold) z = y. The coupling terms
vanish on the synchronization manifold defined by x = y, ensuring that the synchronized
motion coincides with the dynamics of the isolated system.

The synchronization manifold is defined as:

M={@="y") eR": 2=y} (2.151)

2.10.2 Phase synchronization

Phase synchronization can arise in both unidirectionally and bidirectionally coupled oscil-
lators systems, depending on the nature and strength of the interaction between them. In
unidirectionally coupled systems, phase synchronization typically manifests as phase locking
of the response system to the driving system. In contrast, in bidirectionally coupled systems
the oscillators mutually adjust their phases through the coupling interaction.

When two oscillators are coupled, each system can be associated with an instantaneous
phase, denoted by ¢;(¢) and ¢2(t). Phase synchronization is said to occur when the phases
satisfy a rational locking condition. Specifically, two oscillators exhibit n:m phase synchro-
nization if there exist integers n and m and a constant C' such that:

for all ¢. In this regime, the phase difference remains bounded in time, even though the
amplitudes of the oscillations may remain uncorrelated.

In chaotic systems, there is no unique method for determining phase synchronization,
since the instantaneous phase of a chaotic signal is not uniquely defined. In [61], three
different strategies are proposed to estimate the instantaneous phase of chaotic signals. For
a detailed discussion of these approaches, see [61].

2.10.3 Lag synchronization

Lag synchronization occurs when the trajectories of two coupled systems coincide after a
constant time shift xo(t) ~ x1(t — 7). This synchronization regime can arise in both unidi-
rectional coupled drive-response systems, where the response follows the drive with a delay,
and in bidirectionally coupled systems, where one system spontaneously leads while the other
lags.

In a unidirectional coupling, the dynamical system is described as:

1 = f(z1) (2.153)
to = f(xe) + H(x1,22) (2.154)

where z1,x9 € R" and the coupling function H : R" x R” — R.
In this case, lag synchronization is defined as:
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xo(t) ~ a1 (t — 7) (2.155)

which means that the response system reproduces the drive system’s trajectory with a delay.
In a bidirectional coupling, the dynamical system is described as:

1 = f(x1) + H(xq, 22) (2.156)
jlg = f(.TQ) + H(Q?l, I‘Q) (2157)

lag synchronization can still occur, but now:

x1(t) = zo(t + 7) (2.158)

or

Lag synchronization is usually detected using the similarity function:

o\ 1/2
7) = ([t + 1) —2a0)) (2.160)

ORI
where (-) denotes time averaging (f()) = limro = fy f(t)dt. In numerical simulations,
the time average () is usually computed in a discrete form using sampled data (f(t)) =
% Sney f(tk), where N denotes the number of sampled time points.
If lag synchronization exists, there is a value T = 74 such that S(7p) ~ 0.

2.10.4 Generalized synchronization

So far, the synchronization phenomena between identical coupled systems have been dis-
cussed. When non-identical systems are coupled, the manifold in the state space that attracts
the trajectories may have a more complicated structure. A more general way to describe the
temporal relationship between coupled systems is through a functional relationship between
their states that holds asymptotically.

In this context, generalized synchronization is introduced for a unidirectional (driver-
response) coupling scheme:

33:2 = G(LCQ, h#(l'l)) (2162)
where z; € R™ is the n-dimensional state vector of the driver and x, € R™ is the m-
dimensional state vector of the response.The functions F' : R” — R" and G : R x R™ — R™

are vector fields describing the dynamics of the driver and response systems, respectively. The
coupling between the response and the driver is described by the function h,(z) : R* — R™,
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where p denotes a (parameter or a set of parameters) controlling the coupling strength or
structure. In the literature, p is the parameter that controls the transition to synchronization.

Generalized synchronization in unidirectionally coupled systems occurs if, after a transient
time ¢ > tr, there exists a transformation Y : R” — R™ such that [63]:

xo(t) = Y(z1(t)) Vt>tr (2.163)
the synchronization manifold is defined as:
M ={(z1,2)T €R™™ 1y = T(m1) (2.164)
For bidirectionally coupled systems:

.Z"l = F([Ifl) + H1<.’L'1, 1’2) (2165)
J,;Q = G(ZL‘Q) + HQ(JZQ, IL‘l) (2166)

where r; € R” is the n-dimensional state vector of the first system and xo € R™ is the
m-dimensional state of the second system. The functions /' : R* — R™ and G : R — R™
are vector fields describing the dynamics of the first and second systems, respectively. H; :
R™ ™ — R™ and Hy : R"*™ — R™ are coupling functions

The bidirectionally coupled system is said to achieve the generalized synchronization
regime if, after a transient time t > tp, its states are related through a static function ®(-)
that holds uniformly in time, such that [64]:

x1(t) = P(ao(t)) t >ty (2.167)
which in implicit form can be written as:
U (zq(t), xo(t)) = x1(t) — P(x2(t)) =0 Vit > tr (2.168)

where the functional relation W(-) must be independent of time and state variables, the
synchronization manifold becomes:

M ={(z1,22)" €R™™ 1 W(ay,35) = 0} (2.169)

The synchronization regimes described above illustrate the diverse ways in which coupled
nonlinear dynamical systems can exhibit coordinated behavior. Depending on the nature of
the interaction and the properties of the systems, synchronization may appear as complete
synchronization, phase locking, lagged correspondence between trajectories, or more general
functional relationships between system states. These concepts provide the theoretical foun-
dation for analyzing collective dynamics in coupled systems. In the following section, the
stability of synchronized motion is analyzed.

2.10.5 The stability of the synchronized motion

The emergence of synchronization in coupled dynamical systems can be understood by study-
ing the stability of the synchronization manifold. The synchronization manifold represents
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the subset of the state space in which the states of the coupled systems satisfy the synchro-
nization condition. If the synchronization is stable with respect to perturbations transverse
to it, then the coupled systems converge toward a synchronized motion.

Different analytical tools can be employed to prove stability. The Lyapunov method can
be used to establish sufficient conditions for global asymptotic synchronization by construct-
ing an appropriate Lyapunov function for the error system. Global asymptotic synchroniza-
tion is achieved if for any initial condition (z{ (0),z4 (0))" € R™™ it is fulfilled:

|x1(t) — x2(t)[|[— 0 as t — oo (2.170)
The synchronization problem can be analyzed in terms of the error between the system
states:
e =1 — Ty (2.171)
taking the time derivative of change (2.171)) is obtained:

6 =T — g (2.172)
The stability of the synchronization manifold can therefore be analyzed through the sta-
bility of the equilibrium point e = 0 of the error system. If the equilibrium point is asymp-
totically stable, then the trajectories of the coupled system converge to the synchronization
manifold and synchronization motion is achieved.
Alternatively, the Lyapunov indirect method, based on linearizing the error dynamics
about the equilibrium point e = 0, establishes conditions for local asymptotic synchroniza-
tion.

For bidirectionally coupled systems ([2.149))

i = f(z) + Ay — ),
y=[f(y) +Alx —y).

the synchronization problem is addressed in terms of the error:
e=xr—y (2.173)

the error dynamics is obtained by differentiating:

E=1—y (2.174)
by substituting the system’s equations in equation is obtained:
é=(f(x) + Aly —2)) = (f(y) + Alz — ) (2.175)
now simplifying the coupling terms:
Aly —z) = Alx —y) = Ally — 2) — (z — y)] (2.176)
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since y — x = —(x — y) this becomes
Ally —x) = (z —y)] = —24e (2.177)

the error system is given by:
é= f(z) — fly) —24e (2.178)

on the synchronization manifold x = y = s(t), where s(t) satisfies:

5= f(s) (2.179)
so synchronization means:
z(t) — s(t), y(t) — s(t) (2.180)
and equivalently:
e(t) =0 (2.181)

thus, the problem becomes the stability of the equilibrium e = 0 of the error system. The
linearization of the error dynamics about e = 0 is obtained. First-order Taylor expansion
around the synchronized trajectory is obtained:

f(z) = f(s(t) + Df(s(t))(x — s(t)) (2.182)
fy) = f(s(t)) + Df(s(t))(y — s(t)) (2.183)
where the Jacobian matrix is defined as:
on| . on| ]
axl z=s(t) 8$n z=s(t)
Df(s(t) = : : (2.184)
on| . o
971 |y O%n |y

subtracting the vector fields:

f(@) = f(y) = Df(s(t))[(z —s(t))]e (2.185)

the linearized error system is obtaining by substituting (2.185)) into (2.174]) therefore it is
obtained:

¢ = (Df(s(t)) — 2A)e (2.186)

If the zero solution of this linear time-varying system is asymptotically stable, then the
synchronization manifold is locally asymptotically stable, and hence the coupled systems
achieve local asymptotic synchronization.

To introduce the stability of the synchronized motion in complex networks, it is necessary
to introduce complex networks theory. In the following, the mathematical description of a
complex network is presented, followed by a description of the type of coupling between
nodes, such as undirected, directed, and weighted.
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To study the stability of synchronized motion in complex networks, it is first necessary
to introduce the basic concepts of complex network theory. In the following section, the
mathematical representation of a complex network is presented. Subsequently, the types of
coupling between nodes are described, including undirected, directed, and weighted connec-
tions. In addition it is described adjacency and Laplacian matrices which provide mathe-
matical representations of the connectivity structure of a network, describing how nodes are
interconnected. However, the organization of connections between nodes can follow different
structural patterns. These patterns define the topology of the network and play an important
role in determining the collective behavior of dynamical systems evolving on the network.
For this reason, several network models have been proposed to describe different types of
connectivity structures.

2.11 Complex Networks

A network, which is a visual representation of a physical structure. Networks can represent
social interactions, power grids, and communication systems. A network can be mathe-
matically described as a graph composed of a set of nodes and edges, which represent the
interactions or relationships between the elements.

2.11.1 Graphs

Let G be a nonempty graph with at least one node (or vertex). The nodes are described by
the set N = {nq,...,ny}, the number of nodes is N = |N|. The set of edges of the network
E C N x N, where ¢;; € E indicates that there exists a connection between nodes n; and n;
are coupled, the number of edges is M = |E].

Definition 2.6. A graph G = (N, E) is said to be undirected if the edges have no orientation.
In this case, the edge (n;,n;) is identical to the edge (n;, n;). Therefore, if (n;,n;) € E, then
(nj,n;) € E also holds.

Definition 2.7. A graph G = (N, E) is said to be directed if the edges have orientation.
In this case, connections are not symmetric; this means that an edge is represented as an
ordered pair (n;,n;) € E, indicating a connection from node n; to n;. Unlike the undirected
case, the existence of n;,n; € E does not necessarily imply that n;,n; € E.

Definition 2.8. A graph G = (N, E) is said to be weighted if each edge (n;, n;) is associated
with a real number w;; called the weight of the edge. The weight represents the strength or
intensity of the connection between the nodes n; and n;.

2.11.1.1 Adjacency and Laplacian Matrices

For a graph G with N nodes, labeled as N(G) = 1,2,..., N its adjacency matrix A = (a;;)
is defined the N x N constant matrix whose (i, 7)th entry is equal to 1, if nodes i,j are
connected, and is 0 otherwise, with a; =0 for alli =1,..., N.
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{1, if nodes 7 and j are connected,
CLZ'J' =

0, otherwise.

In addition, a; =0 forallte=1,..., N.
The properties of the adjacency matrix are the following:

« An adjacency matrix is symmetrical, that is, a;; = aj;.
o All main diagonal elements of the adjacency matrix are 0, i.e., a; = 0.

o The concept of degree is the most fundamental characteristic for describing the structure
of a network. In an undirected network, the degree of node ¢, denoted by k;, is defined
as the number of edges connected to that node.

N
ki = Z Q.
j=1

o For directed networks, two types of degree are defined: the in-degree and the out-
degree. The in-degree of node ¢ is the number of incoming edges,

) N
m
k=" aji,
=1

while the out-degree is the number of outgoing edges,

N
out __ } : )
j=1

The degree matrix D is defined as the diagonal matrix
D = diag(ky, ko, ..., kn).
The Laplacian matrix of the graph is defined as:
L=D-A (2.187)

one of the properties of the adjacency matrix is:

> Li;=0 (2.188)

j=1
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2.11.2 Structural Properties

Structural properties are quantitative measures that characterize the topology of a network
and describe how nodes are connected and organized. One of the most fundamental measures
is the distance (d;;) between two nodes, labeled ¢ and j, respectively, which measures the
number of links along the shortest path between them. On the other hand, the maximum
distance between any pair of nodes is called diameter (D).

A related measure that characterizes the network’s global connectivity is the average path
length. This quantity represents the average of the shortest path distances between all pairs
of nodes in the network and is defined as:

1
L=——%d;
N(N—l); J

where N is the number of nodes in the network and d;; denotes the shortest path distance
between node ¢ and j.

2.11.3 Network Models

Mathematical network models are important for understanding the relationships between the
topology and dynamics of complex networks. This section introduces several basic network
models, such as regular networks, random-graph networks, small-world networks, navigable
networks, scale-free networks.

Definition 2.9. A regular network is a network in which each node has the same number of
connections (degree). In other words, the connectivity pattern is uniform across the entire
network. Such networks exhibit a high degree of structural regularity and symmetry.

ki=Fk Vi (2.189)
Formally, a graph is k-regular if every node has degree k.
2.11.3.1 Fully-connected network
A fully connected network has the average path length
Ly =1 (2.190)
and the average clustering coefficient
Crun =1 (2.191)

The number of edges is N(N — 1)/2 edges
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Figure 2.30: Complete graph with 10 nodes N = 10

2.11.3.2 Ring-shaped network

A ring network is a regular network in which nodes are arranged in a circular topology and
each node is connected to its nearest neighbors. In a k-regular ring network, every node is
connected to k/2 neighbors on each side.

Zah~

~ =
(b)

Figure 2.31: Network topology of a ring graph with 12 nodes (N = 12) and 4 neighbors per
node



Chapter 3

Synchronization of Memristive Neural
Networks

In this chapter, the main contributions of this thesis are presented. These contributions focus
on the dynamical analysis of Memristive Neural Networks, which are dynamical models in
which memristors are used to characterize the behavior of synapses and neurons.

The first contribution considers a memristive integrate-and-fire (MIFN) neuron model
as the node of the network, where time-varying resistances are used to couple the nodes.
This leads to the formulation of a time-varying MIFNN model, for which simple conditions
are derived to establish the existence of a unique stable equilibrium point for each initial
condition.

The second contribution studies a pair of Hindmarsh—Rose neurons coupled through an
ideal memristor. It is shown that, for sufficiently large positive memductance, the Hind-
marsh—Rose neurons achieve synchronization.

The third contribution analyzes two Hindmarsh—-Rose neurons coupled through identical
active memristive synapses. It is shown that Generalized Synchronization occurs when the
memristor parameter exceeds a certain threshold value. It is also investigated the influence
of the memristor strength coefficient on the temporal characteristics of their firing patterns.

3.1 Stability of the memory state of a time-varying
memristive neural network model

The brain is capable of information integration and processing incoming from several different
organs resulting in capabilities like memory and reasoning. The neuron is the basic processing
unit of the brain, has been studied in many different ways. The neuron’s electrical behavior
is captured by the Hodgkin and Huxley model (HH) [65]. In particular, the action potential
phenomenon is the result of the physiological excitability of the ionic currents in the neuron’s
membrane. The so-called Integrate and Fire (IF) neural model is a simplified model that
captures this phenomenon as a charge and discharge of a capacitor [66].
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The electrical representation of neural models required the use of time-varying conduc-
tance to model the opening and closing of ion channels in the membrane. No basic discrete
electronic component had these features until in 1971 L. O. Chua theorized the existence of
a fourth electric basic element called Memristor [32]. That name is a contraction of words:
resistance and memory.

The memristor is an electronic device characterized by a relation between its electric
charge and its magnetic flux. Since these variables are related to the current and voltage
across the device via its derivative, the resistance value of the memristor depends on the
history of the voltage that passed through it, furthermore as the derivative goes to zero the
resistance value is maintained in the device without new current been needed. As a result,
non-volatility is a property of this resistive memory [31].

As presented in [67], the memristor is a candidate to represent the time-varying conduc-
tances of the neural model [65]. The possibility of implementing memristive circuits as a
representation of biological neurons gives interest in them as neuromorphic circuits [68]. In
particular, [1] proposes a memristive version of the IF neural model.

As biological neurons communicate with each other through synapses, several memristive
neurons can be coupled together into networks where dynamical phenomena can emerge.
Yet, the dynamical behavior of memristive neurons, in particular Memristive Integrate and
Fire neurons, needs to be studied further.

An important feature of the MIFN model is that it has a continuum of equilibrium points.
However, for a given fixed initial condition there exists only an equilibrium point and further
this unique equilibrium point is stable, as such, in the sense of a memristor resistance, this
unique stable equilibrium point is the memory state of the MIFN model [1].

This contribution aims to establish under what conditions a network on identical MIFN
models with a time-varying coupling structure has a memory state. In other words, under
what conditions, both in terms of the memristor description and the coupling structure of
time-varying connections, of a memristor IF neural network (MIFNN) has a unique stable
fixed point for a given fixed initial condition.

In the next section, the memory state problem for the time-varying MIFNN model is
described in detail.

3.1.1 Problem statement

Consider the Memristive Integrate and Fire neuron model as proposed in |1] consisting of a
memristor M connected in parallel to a capacitor C' as represented in Fig. [3.1]
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io(t) i (®)

U, (t) =—C M (Y (t)

.

Figure 3.1: Electrical circuit of the MIFN model

From Fig. [3.1] the current i.(t) € R of the capacitor is defined by:
io(t) = Cuio(t) (3.1)

where v (t) € R is the capacitor voltage and C' is its capacitance. The memristor current
iw(t) is defined by:

i (t) = w(e(t))va(t) (3-2)
as before w(y) is the memductance of the memristor. According to Kirchhoff’s Voltage Law
ve(t) — v (t) = 0, therefore ve(t) = vp(t) = v(t). The dynamical model of the circuit in
Fig. is obtained by the Kirchhoff’s Current Law.

io(t) +iw(t) = 0 (3.3)

Substituting equations (3.1) and (3.2) in (3.3) and recalling (3.61p), the following MIFN

model equations are obtained:

p(t) = v(t) (3.4b)

with initial conditions ¢(ty) = o and v(ty) = vp.
The equilibrium points of (3.4h)-(3.4b) are a continuum given by

{[0,0]" €R?: p € R}. (3.5)

Te

It is important to note that for a given fixed initial condition, there exists a unique
equilibrium point (0, ,) € R? for . Furthermore, if stable, this equilibrium point is the
memory state of the MIFN model.

In the following section, the MIFNN model is presented and investigated under time-
varying couplings.

3.1.2 Model description

Consider a set of N identical MIFN (3.4)) called nodes M = {my,....,my}. Where each
node has unitary capacitances C; = .. = Cy = 1 and identical characteristic memristive
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functions fy,(-) = ... = fuy(-) = fu(:). Therefore, all nodes have identical memductance

If node m, is connected to node m; by a fized edge s;; € S C M x M where i # j,
then a;; = 1. Alternatively, if these nodes are not connected a;; = 0. Since the edges are
undirected, a;; = a;; Vi,j and there are no isolated nodes in the network. The coupling
structure is given by the adjacency matrix A = {a;;} € RV*V,

Let every edge has an associated time-dependent connection weight given by a func-
tion ¢;; : Ry — Ryg locally Lipschitz in R;. The time-varying Laplacian matrix £(t) =
(¢;;(t)) Nxn associated to this connection topology is given by:

N . .
li;(t) = k=1ZJf7éi aucir(t), 1= (3.6)
—aijci(t), i #£ ]

The dynamics of the i—th node is given by:

Ui(t) = —w(epa()vi(t) — 3 G (H)v; (1) (3.7a)

©i(t) = v(t) : (3.7b)
fori=1,2,---,N.
A vectorial form of is:
V(t) = =W((t)V(t) — LE)V(t) (3.8a)
o(t) =V (t) (3.8b)

where V(t) = [v1(2),...,on(®)]" € RY and ¢(t) = [p1(t), ..., on(t)]T € RN are the volt-
age and magnetic flux vectors, respectively. With the memductance matrix W(¢(t)) =
diag(w(p1(t)), ., w(en(t))) € RM*N.

From (3.6) we have that the time-varying Laplacian matrix of the MIFNN is uniformly
diffusive, that is, the sum by row and by columns is zero at all times. As a consequence the
eigenvalues of L(t), denoted as \;(t) (¢ = 1,---, N) can be arrange as [69):

An(t) = - Xa(t) 2 A =0 (3.9)

In other words, the coupling of the MIFNN is captured by a Laplacian matrix that is semi-
possitive at each time instant.
As before, for (3.7a)-(3.7b) there is a continuum of the equilibrium points defined by the

set

Be={[0,¢]" e R*™ : ¢ e RV}, (3.10)

The equilibrium point [0, ¢.]" € B. is a memory state of the MIFNN model, if for a
given fixed initial condition [V, o] € R*N, [0, ¢]" is unique and stable equilibrium point
to which the network model converges, as shown in the following section, where we determine
the conditions for the existence and stability of a unique equilibrium point of —b) for a
given fixed initial condition.
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G (t) 1.5 —6 —0.5+exp(2—0.1t)  —0.5 — texp(—0.1¢t) —0.1¢2

-15 U (t) —exp(0.1¢ — 6) —6cos?(t) sin(0.17t) — 7 — exp(—0.5t) —exp(0.1¢)
- —6 —exp(0.1t — 6) l33(t) —0.1t —cos(t) — 1.1 — arctan(t)
£ = —0.5 —exp(2 — 0.1¢) —6cos?(t)sin(0.17t) — 7 —0.1t Lyq(t) —-10 -3 (3 1 1>
—0.5 — texp(—0.1¢) — exp(—0.5¢t) —cos(t) — 1.1 —10 Us5(t) —sin(nt) — 1.1
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1546+ 0.5+ exp(2 — 0.1¢) + 0.5 + ¢ exp(—0.1¢) + 0.1¢2
1.5 4 6 cos?(t) sin(0.17t) + exp(0.1t — 6) + 7 + exp(—0.5t) + exp(0.1t)
6+ exp(0.1¢ — 6) + 0.1t + cos(t) + 1.1 + arctan(t) (3 12)
0.5 + exp(2 — 0.1¢) + 6 cos?(¢) sin(0.17t) + 7+ 0.1¢ + 10 + 3 :
0.5 + texp(—0.1t) + exp(—0.5t) + cos(t) + 1.1 4 10 + sin(nt) + 1.1
0.1¢% + exp(0.1t) + arctan(t) + 3 + sin(7t) — 1.1

533333
LI [ 1

In following section the results are illustrated with numerical simulations, then the con-
tribution is finished with closing remarks.

To establish the existence and stability of a unique equilibrium point for the MIFNN
model given fixed initial condition [Vj, ¢o] ", we start considering the voltage equation )

Assuming:

1. There exists a solution to the magnetic flux equation (3.7p) which is unique and con-
tinuous on R for each node 1.

2. The memristive characteristic f,, () of the neurons is a monotonic and strictly increasing
function.

The voltage equation of the MIFNN model (3.8p) can be written as
V(t) = -Bt)V(t) (3.13)

where B(t) = W(4(t)) + L(t),
We have the following results:

Theorem 3.1. The voltage equation has a unique equilibrium point given by
V.=0eR"Y (3.14)

Proof. Given that the L(t) is a positive semidefinite matrix for all time instants, and W (¢(t))
is positive definite due to assumption (2). Their sum is positive definite V¢, and as a conse-
quence B(t) is a non-singular matrix V¢, therefore get that V, = 0 is the only solution to its
equilibrium point algebraic equation. O

From the above result we can derive the following:

Theorem 3.2. Under assumptions (1) and (2) the unique equilibrium point V, = 0 € RY is
uniformly asymptotically stable.

Proof. To establish the stability of V, = 0 consider the Lyapunov candidate function, F(V(t))
%VT(t)PV(t) with P a constant symmetric and positive definite matrix of appropriate di-
mensions. Its derivative on the trajectories of (3.13)) is given by

E(V(t) ==V (t)[PBH)]V(t) (3.15)
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If 3Q € RM*N definite positive for all time, such that PB(t) > —Q, would imply that
E(V(t)) < 0, Vt, that is, V., = 0 is uniformly asymptotically stable equilibrium point of
(3-8p). O

As a consequence of Theorem we know that the right side of (3.8b) will converge to

zero. Then, we have the following result:

Corollary 3.3. Under assumptions of Theorem . If B(t) is positive definite Vt, then the
solution of the magnetic flux equation of the MIFNN model b) will converge asymptotically
to a fived value ¢ € RN. Furthermore,

t

¢ = lim | V(7)dT + ¢9 (3.16)

t—o00 to

Proof. Integrating both sides of (3.8p) we have

o(t) = [ Vir)dr + oy

to

From the result in Theorem [3.2] we have that for a sufficiently large T', V(T') = 0, regardless
of the initial condition [Vj, ¢o]" € R*Y and given that V(¢) is a unique and continuous
function, the limit in exists and is a unique fixed value that depends on the history of
the voltage across the memristive neurons and the initial conditions. O]

Finally, combining the above results we have

Theorem 3.4. Under assumptions of Theorem for a given fized initial condition the
time-varying MIFNN model a—b) has a unique equilibrium point [0, ¢.]" € R®N and it is
uniformly asymptotically stable.

Proof. 1t follows from the previous results. O]

3.1.3 Simulation Example

In this numerical analysis, we illustrate Theorems [3.2] and [3.4] by constructing six node
network as described in ([3.8h)-(3.8p), where every node is connected to its five neighbor
nodes, the network topology consists of a six-node fully connected network, where its time-
varying Laplacian is described in equation . Let the initial conditions be:

Vo =[-5.5,4.5,-3.1,6.3,—2.2,5.2] (3.17)
¢o=[1,-1,-2,—1.4,—-1.6,3] (3.18)

Let the memductance matrix be:
W(¢) = diag(w(p1), -+, w(pe)) € R where w(p;) = #1;7;"”) is the memductance function

i

and f,(p;) the memristive characteristic function described by:

fulp) =4 21, =2 < ¢ < 2 (3.19)
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Therefore, assumption (2) is satisfied, and we proceed to solve system of the six node
network, described above via numerical integration using Matlab® software, through Runge-
Kutta method. First is verified Theorem 2, that is, asymptotic convergence of nodes voltages
towards zero solution as shown in Fig. [3.2

1 1.5 2 2.5 3

time (s)
Figure 3.2: Numerical integration of the MIFNN network described by (3.8a-b). Plot of node
voltages V/(t) = [v1(t), va(t), vs(t), va(t), vs(t), ve(t)]

Subsequently, to verify the results of Corollary 2.1, that is, the asymptotic convergence of
nodes magnetic fluxes towards different constant values, dependent on the initial conditions
[Vo, ¢o] T € R2, as shown in Fig. [3.3]
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Figure 3.3: Numerical integration of the six nodes network described by (3.8a-b). Plot of
nodes magnetic fluxes ¢(t) = [301 (t)7 ¥2 (t)a ¥3 (t)a P4 (t)v ¥5 (t)7 Y6 (t)]

As shown in Fig. the corresponding equilibrium point ¢, as described in equation
(25) in Corollary 2.1 is:

¢. = [1.1002, —0.0152, —2.1316, —0.5967, —1.0827,4.6169] " (3.20)

As a result of the numerical analysis preformed in Fig. 4 and Fig.5 is verified Theorem 3,
in which is shown that for the initial condition , the equilibrium point [0, ¢.]", where
¢. is given in (3.20)), is an asymptotic stable equilibrium point of (17a-b).

We proposed a time-varying MIFNN model and derived simple conditions to establish the
existence of a memory state, e.g. a unique stable equilibrium point for each initial condition.
The conditions for the existence of a memory state are the increasing monotonicity of the
memristive characteristic function and uniform dissipation of the time-varying Laplacian
matrix to describe the neuron connections. Further, we show using the Lyapunov approach
that the voltage equation of the MIFNN model converges to the zero solution as its only
equilibrium point and that is uniformly asymptotically stable. As a consequence of this,
for a given initial condition the entire time-varying network has a unique stable equilibrium
point, which represents the network’s memory of its initial conditions.
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Figure 3.4: HR model with chaotic bursting behavior where (a) states vs time (b) Chaotic
spiking attractor

3.2 Synchronization of memristor-based bidirectionally
coupled Hindmarsh-Rose neurons

In this contribution, it is investigated the emergence of identical synchronization in an array
of two identical Hindmarsh-Rose neurons bidirectionally coupled by memristors through their
voltage variable. It is shown that, for a sufficiently large positive memductance, the states
of the neurons synchronize and the memristors converge to constant values. The results are
illustrated with numerical simulations.

The HR neuron model is described by:

@1(t) = —ax?(t) + bai(t) + xo(t) — x3(t) + I(t)
io(t) = ¢ — da3(t) — xo(t) (3.21)
3(t) = e o (21(t) —7) — z3(1)]
where z7(t) is related to the neuron voltage, xo(t) to the recuperation variable, z3(t) to
the adaptation variable, and I(t) is the excitation current. With the following parameters
a=1,b=3,c=1,d=50=4,r=—1.6,I(t) =5, ¢ = 0.0021 a chaotic bursting behavior
as observed as shown in Figures [3.4/(a){3.4(b).
Rewriting (3.21)) is in vector form one gets:
X(t) = f(x(t)) (3.22)

where x(t) = [21(t), 2(t), z3(t)] " and f(-) is the vector field described by equation (3.21]),
f:R3 — R3 where f(-) is locally Lipschitz in R3.

Biological neural systems can be characterized through memristors. An ideal memristor
is defined in [32] as theoretically being a basic electronic passive two terminal device that
relates electric charge to magnetic flux, such that the following relationship is found:

Qw(t) = g(@w(t)) (323>
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where ¢,(t) € R is the electric charge, and ¢,(t) € R is the magnetic flux, g : R — R is its
characteristic function, that satisfies the conditions: (i) g(0) = 0, g(-) € C'; and (ii) g(-) is
strictly monotonic increasing. The electrical representation of such device is shown in Figure

v, (t) _
THO) q(t)=9(@,(1))

)
ae IZ.

/]

(a) (b)

Figure 3.5: (a) electric representation (b) memristive characteristic function [70]

For the ideal memristor a current-voltage relation is given by:
iw(t) = w(pw)vw(t) (3.24)

where vy, (t) = @,(t) and i,,(t) = G, (t) are the voltage and current of the memristor, respec-
tively; with its memductance given by:

dg(puw)
Ay,

w(pw) = (3.25)

where w(py,) > 0, Vg, w(-) is a bounded function.
By integrating the voltage variable with respect to time, the magnetic flux () is found
to be:

o (t) = /0 ()T + 90 (0) (3.26)

where ,(to) is the initial magnetic flux. Therefore, the magnetic flux described by ((3.26])
depends on the history of the memristor voltage vy, (t).

3.2.1 Synchronization problem

Consider a MNN consisting of two identical HR neurons bidirectionally coupled by two ideal
memristors, let x;(¢) the state of neuron 1 and x»(t) the state of neuron 2. One says that
the MNN achieves identical synchronization when the states of each nodes move at unison,
i.e.,

x1(t) = xa(t) = s(t).

Where s(t) is called synchronization solution of the network.
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The dynamics of MNN are described by:

x1(t) = f(x1(t)) + war (21 ()L (x2(t) — x1(¢)) (3.27a)
Xa(t) = f(x2(t)) + wia(p12(8))L(x1(t) — x2(¢)) (3.27b)
Go1 (t) = va(t) — 01 (t) (3.27¢)
S1a(t) = v1(t) — va(t) (3.27d)

where x;(t) = [211(¢), 721 (¢), 231 (t)] " is the state of neuron one, and x5(t) = [w19(t), T2 (t), w32(¢)] "
is that of neuron two, I' = diag(1,0,0) € R3*3 is the internal coupling matrix, and the volt-
age of neurons are vy (t) = yx1(t),v2(t) = yx2(t), where v = [1,0,0]. In this example is
considered a perturbation signal in the first neuron. The memristor that connects neuron 1
with neuron 2 is Mo with 15(t) its magnetic flux . While My, is the memristor that
connects neuron 2 with neuron 1, with its magnetic flux 9, (¢) given by .

t
p12(t) = /0 (01(7) — vo(T))dT + 12(0) (3.28a)
t
pa1(t) = /0 (v2(7) — v1(7))dT + 21 (0) (3.28b)
the memristive characteristic function of M, is:

gi2(p12) = a2z + %(512 — a12)(|¢p12 + lia|) (3.29)
—%(512 — a12) (|12 — hal) '

where a12,b12,l12 > 0 are constants, by < a1, taking the derivative of (3.29) is obtained its
memristance function:

-1

d aiz P12 < 12

wia(P12) = d912(p12) =¢bn . —lhe < g2 < i (3.30)
dir a2 lis < @12

On the other hand, the memristive characteristic function of Ms; is:

921(p21) = a1 + 3(ba1 — a21)(|p21 + L) (3.31)
—%(521 —a21)(’<P21 —lz1|) )

where ag1,b01,l31 > 0 are constants, by; < as1, taking the derivative of (3.31)) is obtained its
memristance function:

21 ©®21 < —l21
21 5, < o <y (3.32)

g1 lor <

dga1 (1) _ Z

w21(g021) = dgpm

as consequence of identical synchronization, ¢12(t) = @12 and 9 (t) = @21, where:

pro = lim Jo(01(T) = va(7))dT + ©12(0)
Po1 = lim [g(va(7) — v1(7))dT + ©21(0)

t—o00
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At the synchronized state s(t) the coupling term in the MNN goes to zero, therefore one
has that its behavior is that of an isolated node:

) (3.33)

Lets define the synchronization error as

e (t) = xy(t) — s(t) (3.34a)

ey(t) = xa(t) — s(t) (3.34b)
where e (t) = [e11(t), e21(t), e31(t)] € R?, and ex(t) = [e1a(t), e2a(t), e32(t)] € R3. Therefore,
identical synchronization in the MNN is equivalent to the stability of the zero solution of the
synchronization error dynamics.

Notice that when identical synchronization occurs e;(t) = ey(t) = 0, therefore s(t) =
x1(t) = x2(t). The error dynamics is obtained by taking the derivative of (3.34a))-(3.34b))

e(t) = %1 () — §(t) (3.35a)
es(t) = %a(t) — $() (3.35b)

substituting x;(t) = e1(t) + s(¢) in (3.354), and x»(t) = ex(t) + s(t) one obtains:
ei(t) = f(xa(t) — (1)

T wn (pan () Dealt) + () — ex(t) — (1)) (3.36a)
&x(t) = f(xo(t)) - $(1)
T wns(paa(t)er(t) + () — eaft) — (1)) (3.36b)

substituting (3.33)) in (3.364)),(3.36b)) and rearranging:

éi(t) = f(xi(t)) — f(s(1))
+ war (21 (1)) (ea2(t) — e1(t)) (3.37a)
€(t) = f(x2(t)) — f(s(t))
+ wia(p12(t)) L (e1(t) — e2(?)) (3.37b)
where f(-) is described by , expressing in vector form becomes:
é(t) = F(X(t)) — F(S(t)) + W(p(t)) @ T'e(t) (3.38a)
o(t) = G ® ve(t) (3.38b)

where e(t) = [e] (t),e; (t)]T € R F()) = [fT(), fT()]" € R%, X(t) = [x{ (), %3 (t)]" € RS,
S(t) = [s"(t),s"(t)]" € R® is the synchronous solution, p(t) = [p12(t), po1(t)]T € R?, T =
diag(y) € R*3, v =[1,0,0], and ® is the Kronecker product.

Under the assumption of exists of solution to magnetic flux equation , which is
bounded on R2, therefore the time dependent connection matrix is:

| mwa(ea(t)  wa(pa(t))
W) = | pa(ralt)) —wnalpralt)) (3.39)
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where W (p(t)) is a continuous piecewise linear matrix

(Wi(p(t)), pi12(t) <l 0 (t) < —ln
Wa(e(t)), e12(t) < —lig , =l < pul(t) < In
Ws(p(t)), 012(t) < —li2 2 < ult)
Wilp(t), —lia< )< Ly wa1(t) < —ln
Wi(p(t)) = Ws(p((t)), —li2< @t)< Ly , —loa < palt) <—ln
We(p(t), —lia< )< Lo , la < @al(t)
Wz(e(t), L < @2t ; a1 (t) < —la
Ws(p(t), lL2< p1a(t) , =l < o (t) < Uy
(Wo(e(t), L < 12t , ol <o ()
where: _ -
| —G12 5, Q12
W1(80(t>> = ay , —am
| b, b2
Wa(p(t)) = G —an
| 12, a1z
Wg(ga(t)) B a1 , —G21
| —G12 , Q12
W4(§0(t)) - b21 ’ _b21
| 12, G192
W5((P(t)) - b21 ’ _b21
| @12, Q12
Wﬁ(@(t)) - b21 7 —b21
| T2 5, Q12
Wr(p(t)) = . —an
| b, b2
Wa(p(t)) = G —an
| 12, a2
Wo(p(t)) = G . —an
—1 1
o[t "

where W (p(t)) is non-symmetric and the sum of its rows is zero uniformly in time, therefore
it is negative semidefinite uniformly in time, furthermore its eigenvalues are Ay o(W(p(t))),

where A\ (W (p(t))) = 0,V € R? and A\o(W (p)) is given by (3.41)).
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—(a12 + an), p12(t) < —lia a1 (t) < —lyn
—(a12 + ba1), p12(t) < —lia , =l < pn(t) < In
—(a12 + an), e12(t) < —lia .l < oanlt)
—(bie+an), =l < gu(t)< Ly a1 (t) < —ln
AW (1)) =4 —(bia+ba1), —lie < @ia(t) < lin , =l < @ar(t) < —ln (3.41)
—(bie +a2), —li< @ut)< Ly, la< eal(l)
—(a12+a2n), hLa< pia(t) ; Pa1(t) < —ln
—(a12 +b21), Lo < 1a(t) ;o =l < pa(t) <y
—(a12+a2n), hL2< pa(t) ol < pan(t)
Equation is rewritten:
e(t) = F(t,e(t)) (3.42)

where F(t,e(t)) = F(X(t)) — F(S(t)) — W(p(t)) @ Te(t).

We aim to determine if e(t) — 0 exponentially in time at lest locally, which means that
S(t) is a solution exponentially stable of and consequently ¢(t) — ¢ in (3.38b]),
where ¢ = [p12, @gl]T is a constant value denominated the memory states of the memristive
synapses.

Let ||-]| be the euclidean norm, with B, = {e € R® : ||e| < r} the following properties
of ['(-) are satisfied: (I) F/(t,e) is Locally Lipschitz on B, and piecewise continuous with
respect to t. (II) Linearizing around the origin we obtain:

e(t) = A(S(t))e(t) + W(p(t)) @ Ie(t) (3.43)
where A(S(t)) is black diagonal matrix:
Df(s(t)) 0 6x6
A(S(t)) = eR
SO0 by
which is locally Lipschitz in B, uniformly in ¢ and D f(s(t)) € R**? is the Jacobian of f(-).

Theorem 3.5. Assume:

(A1) s(t) is an exponentially stable solution of single node dynamics (3.29), and

(A2) ||D(f(s(t))||< «, where ||-|| is a matriz induced norm and o > 0 a positive constant.
If the memductance matriz W (+) is negative semidefinite uniformly in time, then the linearized
error dynamics are exponentially in time (e(t) — 0). Furthermore, since the origin is
a locally exponentially stable solution of the nonlinear system tdentical synchronization
between the neurons is achieved.

Proof. The system (3.43) is rewritten:
#(t) = Df(s(£)v(t) + Do) (W) (3.44)

where v(t) = [e;(t),es(t)] € R¥*? for the given W (y(t)) there exists a non singular matrix
Z(t) € R**% such that:



where A(t) = diag(\; (), \2(t)) € R?*? and
_wiz(e2(t) 4
Z(w(t»:[ Eey 1]

a change of base is considered:

n(t) = v(H)Z (1)) (3.45)
taking the derivative of is obtained:
0(t) = () Z(p(t) +v(t)Z(o(t)) (3.46)
substituting in (3.46):

0(t) = Df(s(t))n(t) + Tn(O)AL) —n(t)Z (1)) Z((t)) (3.47)
given that Z(y(t)) is a piece-wise constant matrix Z(¢(t)) = diag(0,0) € R?*2, then equation
becomes:

0(t) = Df(s(8))n(t) + Tn(t)A(t) (3.48)

expanding ([3.48)) by columns and considering A;(¢) = 0 Vt is obtained:
m(t) = Df(s(t))m(t) (3.49a)
M2(t) = Df(s(t))n2(t) + Aa(t)I'na(t) (3.49D)

given that s(t) is a exponentially stable solution of (3.22) by converse Lyapunov theorem
n(t) — 0 exponentially in (3.49al), to determine if 7,(f) converges exponentially to the
origin, we propose a Lyapunov candidate function:

1

Vna(t)) = 5z (H)malt) (3.50)
taking the derivative of (3.50)) is obtained:
V(ia(t) =y (£)ie(t) (3.51)
substituting (3.49b)) in (3.51)) is obtained:
V(i(t) = my () D(f (1)) (t) + Ao}y (H)T7pa(1) (3.52)
given that Df(s(t)) is bounded and T’ = diag(1,0,0) € R**3 equation (3.52)) becomes
V(i(t)) = cllm ()P e (t)nia (1) (3.53)
we know 1%, (t) < |[n2(t)[|?,Vn2(t) # 0, therefore (3.53) becomes:

(t

V(ma(t) < cllm(@®)*4+A2(t)lIn2(t)]|?

Vim(t) < (c+Aa(@®)n)]? (3.54)
(

considering —(b1a + ba1) < Ao(t) < —(a12 + ag1), if aja + ag; > ¢, then V(ng(t)) < 0V #
0. We conclude that 75(¢) = 0 is an exponential solution (3.49b)), therefore e(t) converge
exponentially in time to zero solution in the linearized error dynamics (3.43)); by converse

Lyapunov theorem e = 0 is an exponentially stable equilibrium point of nonlinear dynamics
(13.42]). m
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Figure 3.6: Circuit implementation of system ([3.27a))-(3.27d)). Two Hindmarsh-Rose neurons
coupled by memristive synapse

3.2.2 Simulation Examples

Consider two identical HR neurons bidirectionally coupled through memristors My, and M,
the circuit of such system is presented in figure |3.6,

As noticed this circuit is composed of two memristors My, and M;j, which can be im-
plemented as in [71], four operational amplifiers (OpAmp) U;-Uy and two positive second
generation current conveyors (CCII4) Uy-Us and resistors R. Considering the elements of
this circuit are in the ideal region, because the voltages of both neurons are below saturating
voltage of OPAM. Its mathematical described by:

x1(t) = f(x1(t)) + war(pa1 (1)) (x2(t) — x1(2)) + ¢(¢) (3.55a)
Xo(t) = f(x2(t)) + wia(p12(t)) I (x1(t) — x2(2)) (3.55b)
Pa1(t) = v2(t) — v1(?) (3.55¢)
¢12(t) = vi(t) — va(t) (3.55d)

where x; (t) = [111(t), 221(t), 231 ()] " is the state of neuron one, and x(t) = [w19(t), Taa(t), w32(2)] "

is that of neuron two, I' = diag(1,0,0) € R3*3 is the internal coupling matrix, and the voltage
of neurons are vy (t) = yx;(t), v2(t) = yx2(t), where v = [1, 0, 0].

The memristor Mjs, connects neuron 1 with neuron 2, its magnetic flux is ¢12(¢) described
by . While My, is the memristor that connects neuron 2 with neuron 1, its magnetic
flux is @91 (t) given by . Here is considered a perturbation signal ((¢) = 0.3e7%9% in
the first neuron.

The characteristic function of memristor M, is:

912(@12> = 0.9@12 — O4<|g012 + 140|—|9012 — 140‘) (356)
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where its parameters are a;o = 0.9, b1 = 0.1 and l;5 = 140, the function that describes its
memristance is:

0.9 . o1y < —140
w12(¢12)zwz 01, —140 < ¢ < 140 (3.57)
dir 0.9 , 140 < o

While the characteristic function of memristor My, is:

g21(9021) = Y21 — O425<‘g021 + 120’—‘9021 — 120|) (358)

where its parameters are as; = 1 and by, = 0.15,l51 = 120, the function that describes its
memristance:

1 ) P < —120
wn (o) = 29222) oS5 T g < 0y <120 (3.59)
dg021 1 , 120 < V91

the time dependent coupling matrix W (¢(t)) is piecewise constant, non symmetric and neg-
ative semidefinite uniformly in time, therefore condition of Theorem 1 is met, in this case
b12,b21 are chosen big enough so that the conditions of Theorem 1 are satisfied.

The results of simulating numerically the model (3.27a])-(3.27d)), with initial conditions
x1(0) = [—0.3945, —0.5858,4.709] T, 1(0) = 10,x5(0) = [~1.361, —8.26,3.11]", ©12(0) = 50
and internal connection matrix I' = diag(1,0,0) € R3*3 are shown in Figures [3.7}{3.8]

Initially the pair of neurons are uncoupled, at ¢ = 10 the neurons are coupled, then after
t = 20 the voltages x11(t), x12(t) converge towards each other in spite of perturbation signal,
as shown in Figure ; while the error in neurons states (see F igure are basically zero. In
Figure [3.9]is shown that magnetic flux of memristors ¢12(¢) and 9 (t), converge to constant
values, notice that their convergence value is different, this is because initial conditions are
not equal ¢i12(0) = 10,91 (0) = 50.

As observed in figure the memristor M5 reaches high conductance region instantly
when ¢t = 30, while My, is in low conductance region, having a big enough coupling strength,
for neurons to synchronize as observed in Figure and [3.8

Jill(t) |
.’L‘lg(t)

20 40 60 80 100

Figure 3.7: (a) Neurons voltages x11(t) and xa(t)
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Figure 3.9: Magnetic flux of memristor M, (gray) and memristor My, (black)

Remark 3.6. The emergence of identical synchronization is dependent on the properties of
the memristor synapses as long as they have positive memductance, 7.e. the time dependent
connection matrix is negative semidefinite uniformly in time, synchronization is achieved
although they are not identical.

Remark 3.7. When a combination of memductances wis(+), wei(-) is not greater than the
required coupling strength ¢ to achieve synchronization, the pair of neurons will remain
unsynchronized.

Synchronization in a MNN of two HR neurons bidirectionally coupled by nonidentical
ideal memristors is investigated, we find sufficient conditions in memristor properties for the
identical synchronization, our results show that for memristance sufficiently large and positive
definite at all times, the neurons will synchronize with the magnetic flux of the memristors
converge to constant values. The analysis of synchronization is based on a linearized error
dynamics which restrict our results to a local neighborhood of synchronous state.
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Figure 3.10: Time evolution of memductance values wiy (red line) and wsy; (black line) for
coupled memristors M, and Ms;. Coupling begins at ¢ = 30 time units green line
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3.3 Generalized synchronization of Hindmarsh-Rose neu-
rons coupled by active memristive synapse

In this work, we consider two Hindmarsh-Rose neurons coupled by active identical memris-
tive synapses, which enable bidirectional weighted coupling between neurons. Utilizing the
nearest neighbor methodology proposed, our numerical findings indicate that under memris-
tive active couplings, regimes of identical, phase, and lag synchronization do not manifest;
instead, Generalized Synchronization (GS) occurs. The absence of Lag synchronization was
confirmed through the similarity function. This indicates that the states of the first neuron
are related to the states of the second neuron through a functional relation that holds uni-
formly over time. We also investigate the influence of memristor parameters on the temporal
characteristics of the firing patterns in the two neurons, and our numerical results show that
as the memristor strength coefficient increases, the average interburst interval lengthens; con-
versely, the average interspike interval shortens.

In the following section, we present our MNN model of HR neurons with memristive
connections and the description of its synchronization problem.

3.3.1 HR neuron model
Consider a MNN where each node is a HR model describe by:

i (t) —azy () + bxq (1) + 22 (t) — 3(t) + Lsyn(?)
To(t) | = e — dxq(t)? — xo(t) (3.60)
a3(t) e(o(ai(t) —r) — z3(t))

where the variable z;(t) represents voltage, z5(t) recuperation, and x3(t) adaptation of the
neural model that captures behaviors of ionic currents through membrane channels, as such,
it captures the potassium (K ) and sodium (Na™t) dynamics which represent the fast sub-
system, while the ionic fluxes related to chlorine (CI1) and other leaking ions, are related to
the slow variable x3(t). The external input I, (t) servers to connect neurons. The parameter
0 < € < 1 describes the relation of fast-slow time scales in the neural model allowing for
periodic currents that trigger the action potential displaying different patterns of busting and
spiking behavior [72].
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(a) Pinched hysteresis. (b) Memductance function.

Figure 3.11: Memristor (3.61)-(3.62). (a) Pinched hysteresis loop of the memristor for v(t) =

sin(wt), (b) The memductance evaluated for different values of z(t).

The interconnection between neurons is modeled as a current given by memristors of the
form:

Loyn(t) = g(=(8), v(1))v(t) (3.61a)
i(t) = f(2(t),v(t) (3.61b)

where z(t) € R™ is the internal state of the memristor, v(t) € R is the voltage input,
and Iy, (t) € R is the current output of the memristive device; with f : R™ x R — R™
and g : R™ x R — R are continuous functions describing the internal dynamics and the
memductive function, which is zero-at-zero and results as the derivative of characteristic
flux-charge relation along the input variable.

In this contribution, we consider that all connections are modeled by memristors with the
following memductance function:

s
t t) = —F~+—7 — 3.62
o011 = sy~ B+ (362)
where «, £, and v > 0, with 3 the coupling strength coefficient. As such, the memductance
is bounded by:

—(v+8) <g(2(t),v(t) < —y Vz(t) eR (3.63)

As shown in Figure[3.11] under a periodic input the current-voltage diagram is a frequency-
dependent pinch-hysteresis, while the memductance function is quadratic an always negative,

therefore the model (3.61])-(3.62)) is an active memristor |73].

Using the memristive synapses described above to connect two HR neurons, we have the
following MINN:

i1(t) = @i(t) — 213(t) — axy(t) + b2ty (t) + Lewa(t) + Mor(t)

i19(t) = c—zpa(t) — dzdy(t) (3.64)
i13(t) = elo(@n(t) —r) — z13(t)]
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Po1(t) = @ao(t) — wos(t) — aw3y(t) + 023y (t) + Leae(t) + Mo (t)

igg(t) = C—I22<t>—d$21() (365)
To3(t) = elo(wa(t) —r) — w23(t)]
M2(1()t) = kg((@)l(t)awl(t))wl(t)
Zo1(t) = wvalt
M) = kg(z1a(t), ma®)a(t) (3.66)
Zlg(t) = Vu(t)

where z;(t) = [2:1(t), Ti(t), :3(t)]T € R? represents the state of the ith HR neuron; My, (t)
represents the memristive synapses from neuron one to neuron two, and M, refers to the
connection in the opposite direction. The input to the neurons is their voltage difference
vor(t) = x11(t) — x21(t) and vi9(t) = x91(t) — x11(t) with & > 0 the network’s coupling
strength and the memductance function (3.62)), which are identical for all connections.

The MNN — is said to achieve GS if after a transient time t > tp, its states
are related through a static function F'(-) that holds uniformly in time, such that:

21(t) = Fro(x(t)) (3.67)

which in implicit form can be written as:
F(I’l(t),l’g(t)) = ZL‘l(t) — Flg(l'g(t)) = 0, Vvt > tr (368)

notice that the functional relation F'(-) must be time independent [64].
An alternative way to describe GS is in terms of manifolds. The dynamics of (3.64])-(3.66))

evolves in the manifold:

M = {[z1(t), 22(t), 201 (1), 221 (t)] T € R®: solutions of the system (3.64 - -} (3.69)

For MNN ([3.64)-(3.66)) to achieve GS the manifold M must be at least locally asymptot-
ically stable

M= {[za(t), 22(t), 20 (1), 221 ()] T € R® 2 F(a1 (1), 2(t)) = 0,

21(t) = ¢1, 212(1) » with ¢; and ¢ constants.} (3.70)

Notice that since the states of one system maps on top of another once GS is achieved,
the manifold M is effectively on the lower dimension R?, instead of the entire state space
R8. Therefore, GS is achieved if the manifold M is locally stable, that is, all transverse
directions are contracting. One way to determine the local stability of GS manifold is to
characterize all its transversal directions via Lyapunov Exponents (LE), that if all transverse
directions have negative LE we have GS [64]. The LEs can be calculated using the well-
known algorithm proposed by Wolf [74]. However, since this calculations are complex and
demanding, a simplified indicator of GS is the nearest neighbor method [63].

To identify the emergence of GS in our MNN model, we apply the false neighbors ap-
proach. To illustrate its calculation we take six points x{? (7 = 1,..,6) randomly chosen
from the trajectory of each neuron (Figure and ) Then, after sufficient time has
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passed (n iteration steps latter) we identify their corresponding neighbors 23" (Figure )
For these points we measure their normalized average distance d as:

L Mt
o= (1 - M j;o ||331 — I ||)
(3.71)

1 M1 7 Jn
d:m ZO||372—372 |
J:

where M is the number of randomly chosen points in the trajectory and ¢ is the average
distance between the chosen points and their neighbors for the first neuron.

T11 L12 T21 T2

(a) Initial points. (b) Points after transient period.

Figure 3.12: Phase portraits for two HR neurons coupled by memristive synapse (3.64)-(3.66))
with 8 = 0.1. In this case no GS was detected.

I3

(a) Initial points. (b) Points after transient period.

Figure 3.13: The phase portraits for two HR neurons coupled by memristive synapse (|3.64])-
(3.66) with 8 = 1.14. In this case GS was detected between neuron 1 and 2.
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As shown in Figure m, when the trajectory moves :le to :EJIn if they are contained in
a small vicinity (0 ~ 1). In our illustration, a region of state space with the same color.
Then, if in the second neuron our initial points move, after the same amount of time, to
places where they are not neighbors. There is no static functional relationship between these
systems, in other words, there is no GS in our MNN model. Alternatively, in Figure [3.13]
where the coupling memristors have the value f = 1.14, all neighbors in the second neuron
are also in small vicinity (0 ~ 1 and d ~ 0). Therefore there is a GS between these neurons.

The MNN model (3.62)-(3.63) with busting HR neuron parameters [72], active memristor
synapses (f = 1.14) [73] and unitary coupling strength (k = 1) results on the trajectories
shown in Figure [3.14]

Notice that “burstings” appears at regular intervals but at different times for each neuron.
This is more clearly shown in their third coordinate where the anti-synchronized nature of the
GS generated is easily observed. An alternative way to express this form of GS is the changes
in its IBI, if it is periodic with a fixed period, then GS is achieved. In this contribution, we are
particularly interested in determining the effect of memristive synapses on the emergence of
GS. To this we evaluated the distance d of false neighbors for different values of the parameter
B. Notice that for a small 5 value the distance is to large and therefore no GS is detected.
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Figure 3.17: The nearest neighbor distance versus the memristor parameter 3. For two HR

neurons coupled by memristive synapse (3.64))-(3.66)).

While for 5 < 1.4 the neighbors distance is nearly zero, indicating that GS is achieved.

Additionally, we consider the effects of 5 on the IBI and ISI of the MNN. The interval
of time for which these measures are taken is 1000 > ¢ < 2000 as shown in figure For
each value of 3, we register maximum, minimum, and average values of IBI for this interval
1000 > ¢ < 2000. Figure [3.15 shows that as [ increases, the IBI also grows. Conversely, the
average ISI decreases linearly as the value of 3 (see Figure . Notice that these measures
are taken when the neurons are synchronized in the generalized form.
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Different approaches can be use to determine the emergence of GS on dynamical networks.
In this contribution, for a very small network of HR neurons coupled via active memristive
synapse we use the nearest neighbors approach. A particularly significant advantage of this
method is that unlike LE is not numerically intensive, with the additional advantage that it
can be applied even in the case of large networks and nonidentical nodes. The main concern
in this contribution was to identify the effect of parameters in the memristive synapses on
the emergence of GS in the resulting MNN. We show that for a pair of HR neurons in a MNN
GS is achieve when the memristor parameter [ is above a certain threshold value. Further-
more, we identify that the temporal characteristics of their firing patterns are influenced by
memristor strength coefficient. Within this operational regime, an increase in the memristor
coefficient leads to a proportional increment in the average IBI, while simultaneously resulting
in a corresponding decrease in the average ISI. To extend the presented results is necessary
to include the effect of larger populations of neurons and the features of their connection
structure. Initial efforts in this regard show that additional forms of activations patterns
in the MNN that go beyond SG are generated when small-world or scale-free networks are
consider, however these results will be reported elsewhere.
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Chapter 4

Final comments

Investigate the dynamical behavior of memristive neural networks, with a particular emphasis
on the analysis of equilibrium points and synchronization phenomena. Memristive devices
lay the foundation for modeling memory-dependent phenomena in neural systems, such as
synaptic and neuronal dynamics.

The results presented in this work contribute to understanding how active and passive
memristive couplings affect the collective behavior of nonlinear neural models. In particular,
the study focused on the stability of equilibrium points in memristive integrate-and-fire neural
networks and on the emergence of synchronization phenomena in Hindmarsh-Rose neurons
coupled through memristive devices. The main findings of this thesis are summarized in the
following.

4.1 Summary of contributions

We addressed the problem of dynamical analysis of memristive neural networks, in which
memristive devices are used to model synapses and/or neurons. The main contributions of
this work are summarized as follows.

Contribution 1. The first contribution concerns the equilibrium analysis of memristive
integrate-and-fire neural networks with time-varying coupling. Sufficient conditions are de-
rived to guarantee the existence of a unique stable equilibrium point for each initial condition,
also referred to as the memory state. These conditions are two: the increasing monotonicity
of the memristive characteristic function and uniform dissipation of the time-varying Lapla-
cian matrix.

Contribution 2. The second contribution establishes conditions for the synchronization
of HR neurons coupled via an ideal memristor. It is shown that when the memristance is
sufficiently large and positive definite, the neuronal states synchronize. As a consequence,
the magnetic flux associated with the memristor converges to a constant value.

Contribution 3. The third contribution investigates the Generalized synchronization of
two Hindmarsh-Rose neurons coupled by an active memristor. The analysis is performed nu-
merically using the nearest-neighbor methodology. It is found that above a certain memristor
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strength value, a Generalized Synchronization (GS) regime occurs. The results show that
when the memristor strength parameter exceeds a threshold, the system exhibits a general-
ized synchronization (GS) regime. Furthermore, the results on generalized synchronization
highlight the role of memristive parameters in shaping collective neuronal dynamics. These
findings contribute to understanding the dynamical properties of MNN with active synapses.

4.2 Scientific significance

This thesis contributes to the understanding of how memristive devices influence the dy-
namical behavior of neural networks. In particular, for the ideal memristor considered in
Contributions 1 and 2, the solution trajectories of the memristive neural network either con-
verge to a stable equilibrium point or evolve toward synchronized motion. These results
provide insight into the role of memristive coupling in determining the stability and collec-
tive dynamics of neural systems.

In contrast, the use of active memristive synapses allows the emergence of more complex
collective phenomena, which can be mathematically characterized through the generalized
synchronization regime. This behavior affects not only the collective dynamics of the coupled
neurons but also the temporal structure of their firing patterns.

4.3 Future Research directions

One possible direction for future research is the mathematical characterization of more com-
plex collective phenomena, such as regimes of identical, phase, and lag synchronization
and Generalized Synchronization (GS) in large memristive neural networks. This could be
achieved by considering different network topologies to describe the inter-neuronal connec-
tions. In addition, further studies may explore variations of the synaptic models used to
represent neuronal coupling, including chemical synapses or coupling mechanisms based on
electromagnetic induction effects.

Another possible direction for future research is the incorporation of memristive devices
into the neuronal model to characterize the intrinsic dynamics of memristive neurons. This
would allow the construction of large networks composed of memristive neurons coupled
through active memristive synapses. Such a framework would extend the analysis presented
in the first contribution and may provide further insight into the role of memristive dynamics
in large-scale neural networks.

In the general case, future research may focus on the study of collective behavior in large
memristive neural networks composed of heterogeneous neuron models and heterogeneous
synaptic couplings. For instance, the Hindmarsh—Rose neuron model can operate in different
dynamical regimes, including chaotic bursting, chaotic firing, or oscillatory behavior. Other
neuron models, such as the FitzHugh—Nagumo model, may also be considered to describe
oscillatory dynamics, as well as their memristive extensions.

Within such heterogeneous memristive neural networks, it would be of interest to in-
vestigate the emergence of complex collective phenomena, including identical synchroniza-
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tion, phase synchronization, lag synchronization, and generalized synchronization (GS). The
mathematical characterization of these regimes in heterogeneous networks may provide fur-
ther insight into the role of memristive coupling in shaping large-scale neural dynamics.
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Chapter 5

Appendix
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a Time-Varying Memristive Neural Network Model. In Congreso Nacional de
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Abstract

In this study, we explore the emergence of generalized synchronization (GS) in arrays
of Hindmarsh—Rose (HR) neurons that are coupled through memristive synapses. We
design coupling functions utilizing active memristors to facilitate GS in a bidirectionally
coupled two-neuron memristive neural network (MNN). Our analysis employs a nearest
neighbor (NN) approach. Our findings indicate that there is a threshold coupling strength
for the active memristive synapses required to achieve GS. Additionally, we investigate how
memristor parameters affect the temporal characteristics of synchronized neuronal firing
patterns. Specifically, we discover that the interburst interval (IBI) is directly proportional
to the coupling strength of the memristive synapses, while the interspike interval (ISI) is
inversely proportional to this strength.

Keywords: memristors; HR neurons; synchronization; spiking-bursting behavior

1. Introduction

A straightforward way to model brains is to represent them as networks of neurons
that communicate via synapses. The collective behavior of these networks is determined
by the electrochemical transmission of signals between neurons at synapses [1]. A key
dynamical feature of neuron models is the presence of an action potential, which is a spike-
shaped output voltage signal. The Hindmarsh-Rose (HR) model is a simplified neuron
model that effectively captures the emergence of action potentials [2]. Additionally, the HR
model can exhibit various types of oscillations, including chaotic behavior, when specific
parameter values are chosen [3].

Communication between neurons involves both electrical and chemical components.
The electrical aspect describes the ion currents triggered by voltage differences across
neuronal membranes. In this context, signals can move through gap junction channels in
either direction in accordance with Ohm’s law. The chemical part of synaptic transmission
involves the presynaptic neuron releasing neurotransmitters into the synaptic cleft. When
these chemicals bind to receptors on the postsynaptic neuron, they generate a signal that
modifies the electrical properties of the postsynaptic neuron. As a result, the signal trans-
mission is directed and subject to time-varying parameters, saturating at a constant value
as the synaptic cleft becomes filled with neurotransmitters [4].

In recent years, several circuit implementations of neurons and synapses based on
memristors have been proposed to emulate neural system behavior, such as channel
opening and closing driven by ionic density [5-8]. A generalization of memristors was
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introduced in 1976 [9], highlighting a property in which devices can exhibit negative
memristance over specific intervals of their internal variable; this phenomenon classifies
the device as locally active. These locally active memristors have been utilized to model
synaptic behavior [10], capturing nonlinear responses and adaptive plasticity through their
internal-state evolution. Several studies [6,8,11,12] have implemented locally active mem-
ristors with memductance described by a hyperbolic tangent function, ensuring bounded
memristance characteristics. However, the exploration of fully active memristors as synap-
tic elements remains an open research avenue, particularly regarding their influence on the
firing patterns and the synchronization properties of interconnected neural circuits.

In this contribution, we focus on a simplified memristive neural network (MNN)
consisting of identical HR neurons that interact through active memristive synapses. Our
model comprises two HR neurons bidirectionally coupled via locally active memristors.
Although the array is small, it has physical significance since it illustrates the effects of the
connection dependency on the memristor’s internal state in the emergence of coherent fir-
ing patterns in larger arrays. In this regard, previous work has investigated the emergence
of identical synchronization between two neurons connected by a locally active memris-
tor [13]. An analytical proof of exponential synchronization in a two-neuron MNN coupled
via a locally active memristor was established under suitable conditions on the memristor
coupling coefficient and the initial state [11]. Another study explored a network of three
HR neurons connected by memristive synapses in a ring topology, revealing that identical
synchronization occurs when the coupling strength exceeds a certain threshold [8]. Further-
more, ref. [12] has shown that the transition from synchronization to desynchronization
depends on the MNN's connection structure. Notably, in the exponential synchronization
approach, analytical criteria provided by the Lyapunov method establish sufficient stability
conditions concerning the memristor’s initial conditions and coupling strength. These
criteria differ from those used in other synchronization regimes, such as generalized syn-
chronization (GS) in mutually coupled systems, where the existence of a synchronization
manifold is typically confirmed numerically, e.g., via the nearest-neighbor approach [14].

In this work, we investigate the emergence of coherence in firing patterns of MNNs
consisting of identical HR neurons, focusing on the emergence of GS and the dependence
of firing patterns, such as interspike interval (ISI) and interburst interval (IBI), on the
strength of the memristive connections. We propose a fully active memristive synapse
with consistently negative memristance, which was bounded above and below [6,8,11,12].
Taking inspiration from previous research [13,15-19], we proposed quadratic forms for the
memristance function. Additionally, we demonstrate the presence of a pinched hysteresis
loop (PHL) in the second and fourth quadrants, as in [12]. That remains across various
frequency values, while its lobe area decreases as frequency increases.

In the following section, we will present our MNN model of HR neurons with mem-
ristive connections and describe its synchronization challenges.

2. Preliminaries

Consider an MNN where the following equations model each node:

X% (1) —axy (t)3 4 bxy ()2 4+ x2(t) — x3(t) + Lyn(t)
wnt) | = e— dxl(t)z —x7(1) (1)
x3(t) e(s(x1(t) +x0) — x3(t))

Here, the variable x;(f) represents voltage, x,(t) denotes recuperation, and x3(t)
indicates adaptation within the neural model. This model effectively captures the dynamics
of ionic currents through membrane channels, specifically potassium K* and sodium
Na' for the fast subsystem. In contrast, the ionic fluxes related to chlorine CI~ and other
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leaking ions pertain to the slow variable x3(t). The external input I, (t) facilitates inter-
neuronal connections. Notably, the RH model expressed in (1) exhibits chaotic behavior
when parameters are setasa = 1,0 =3,c =1,d =50 =4, xg = —1.6, ¢ = 0.0021,
and Ly () = 3.29 [3].

The parameter 0 < € < 1 describes the relation of fast-slow time scales in the neural
model, allowing for periodic currents that trigger the action potential displaying different
patterns of bursting and spiking behavior [3].

The interconnection between neurons is modeled as a current given by memristors of
the following form:

Lsyn (£) = g(2(t), v(£))v(t)
2(t) = f(z(£),v(1))
where z(t) € R™ is the internal state of the memristor, v(t) € R is the voltage input,

and Isyn(t) € R is the current output of the memristive device; with f : R” x R — R" and
g :R" x R — R representing continuous functions describing the internal dynamics and

()

the memductive function, which is zero-at-zero and and corresponds to the derivative of
the flux—charge characteristic with respect to the input variable.
We simplify the internal dynamics of the memristor:

Z(t) = o(t) 3)

In this simplified formulation, the vector field f(-) lacks any leakage term, meaning that no
dissipative mechanisms counterbalance the growth of z(t). This implies the absence of pro-
cesses that would gradually diminish the internal state (memory trace). By neglecting such
dissipation, we isolate the intrinsic effect of memristive coupling on neuronal excitability
and synchronization.

In this contribution, we consider that all connections are modeled by memristors with
the following memductance function:

__ B
where «, 8, and v > 0, with § representing the coupling strength coefficient. As such,
the memductance is bounded by the following:

—(r+B) <g(z(t),v(t) < =y Vvz(t) eR (5)

As shown in Figure 1, under periodic input, the current-voltage diagram is a
frequency-dependent pinch hysteresis. At the same time, the memductance function is
quadratic and consistently negative; therefore, the model (2)—(4) is an active memristor [8].

It is worth noting that ever since the mathematical generalization of the concept of
a memristor in 1976 [9], a more flexible interpretation allows us to consider memristive
devices that are not strictly passive; i.e., for some intervals of the memristor’s internal
variable, its memristance is negative, and it is therefore said to be locally active. This
feature is directly related to ionic current channels in physiological models of neuronal
membrane electrical activity. Locally active memristors have recently been proposed to
model synapse behavior with different memductance functions, including the hyperbolic
tangent function [6,8,10-12]. The reason behind modeling memristance this way is to
have a bounded memristance value. Taking inspiration from these works, a memductance
function that saturates as a function of the memristor’s locally active internal variable can
be proposed in the form (4), as shown in (5). In addition to the saturation of the memristive
function, the proposed quadratic memductance function in the current-voltage variables
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follows the reasoning of [13,15-19], which implies a cubic relation in the charge—flux
interpretation of the memristor. That results in the preservation of the pinched hysteresis
loop (PHL) in the second and fourth quadrants, as observed in Figure 1.

0

-0.05F 1
05}
-0.1F
. X
= 0 < -0.15
-0.2
05"
0.25 \\/
-1 : ‘ ‘ ‘ -0.3 ‘ ‘ ‘ ‘ ‘ :
-0.02 -0.01 0 0.01 0.02 0 1 2 3 4 5 6
i z
(a) Pinched hysteresis. (b) Memductance function.

Figure 1. Memristor (2)-(4). (a) Pinched hysteresis loop of the memristor for v(t) = sin(wt), (b) the
memductance evaluated for different values of z(f).

Using the memristive synapses described above to connect two HR neurons, we have

the following MNN:
x11(t) x212(t) — x13(8) — ax3y (1) +bag; (£) + Lext () + Moa (1)
xp(t) = c—xpa(t) —dxg ()
X13(t) = e[o(xnn(t) —xo) — x13(t)] ©)
le(t) = Xzz(t) — XQ?,(f) — ﬂx%l(t) + bx%l(t) + Iext(t) + M]z(t)
in(t) = c—xp(t) —dx3 (1)
Xo3(t) = elo(xa(t) — x0) — x23(t)]
My (t) = kg(za(t),var(t))var(t)
291(t) = uyn(t) 7)
Mip(t) = kg(z1a(t), via(t))via(t)
ip(t) = ()

where x;(t) = [x;1(t), xi2(t), x;3(t)] T € R3 represents the state of the ith HR neuron; My (t)
represents the memristive synapses from neuron one to neuron two, and My, refers to the
connection in the opposite direction. The input to the neurons is their voltage difference
vo1(t) = x11(t) — x21(t) and v12(t) = x21(¢) — x11(¢) with k > 0 the network’s coupling
strength and the memductance function (4), which are identical for all connections.

The MNN (6) and (7) is said to achieve GS if after a transient time f > t7, its states are
related through a static function F(-) that holds uniformly in time, such that

x1(t) = Fa(x2(t)) 8)

In implicit form, this can be written as

F(xq(t), x2(t)) = x1(t) — Fi2(x2(t)) =0, Vt>tr )

Notice that the functional relation F(-) must be independent of time and state variables.
The main difference between generalized and identical synchronization is that in GS,
the relationship between states is not the identity. That is, their temporal coordination
follows a more general relation that must be static and independent of the systems’ states.
As such, the stability conditions are essentially the same but in a different error dynamics:
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instead of the difference between states, it is the difference between the state of one system
and the image of the static function that describes the relationship between the states. A
simple physical interpretation is that GS appears when a system, instead of exactly copying
the motion of a system, does the exact opposite. This phenomenon, sometimes called
antisynchronization, is in fact one form of GS [14].

An alternative way to describe GS is in terms of manifolds. The dynamics of (6) and (7)
evolves in the manifold:

M = {[Jq(1?),xz(if),221(1?),221(15)]—r € R®: solutions of the system (6) and (7) } (10)

For MNN (6) and (7) to achieve GS, the manifold M must be at least locally asymptoti-
cally stable:

M = {[x(t),x(t),z1(t),221()] " € R®: F(x1(t), x2(t)) =0,

11
201(t) = €1, 212(t) = ¢ with ¢ and ¢, constants. } (1

Notice that since the states of one system map on top of another once GS is achieved,
the manifold M is effectively on the lower dimension R? instead of the entire state space
R8. Therefore, GS is achieved if the manifold M is locally stable, that is, all transverse
directions are contracting. One way to determine the local stability of the GS manifold is to
characterize all its transverse directions via Lyapunov exponents (LEs). If all transverse
directions have negative LEs, then the GS manifold is locally stable [14]. The LEs can be
calculated using the well-known algorithm proposed by Wolf [20]. However, since these
calculations are complex and demanding, a simplified indicator of GS is the nearest neigh-
bor method [21]. The nearest-neighbor method measures the distance between M points
on the solution trajectories of the systems as they evolve in time; if this distance remains
approximately constant, the systems are coordinated in time. A significant advantage of
this method is that the number of distances to calculate scales linearly with the number of
nodes in the network, unlike Lyapunov-based methods, which require evaluating varia-
tional equations and Jacobian matrices. The nearest neighbor method is computationally
efficient, as it only involves storing and comparing state vectors, which are operations that
are considerably faster and more amenable to parallelization. Consequently, the method is
well-suited for the analysis of large and even heterogeneous networks.

3. Numerical Results

To identify the emergence of GS in our MNN model, we apply the false neighbors
approach. To illustrate its calculation, we take six points x]L2 (j=1,...,8) randomly chosen
from the trajectory of each neuron (Figure 2a,b). Then, after sufficient time has passed
such that a full oscillation has been completed (n iteration steps later), we identify their
corresponding neighbors x]1" (Figure 2b). For these points, we measure their normalized
average distance d as

M-1

M-1 Ki~ _
:%Z ZH — x|, K:ng (12)
j=0 n=0 j=

where M is the number of randomly chosen points in the trajectory and J is the average
distance between the chosen points and their neighbors for the first neuron, while K; is
the number of nearest neighbors for point j. On average, we use N = 153 points across
all experiments. Allowing K; to vary has practical advantages: it provides a more reliable
estimate of local distances.
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As shown in Figure 2, the trajectory moves from x]i to x]i" if they are contained in a
small vicinity (0 < 1). In our illustration, a region of state space is represented with the
same color. Then, in the second neuron, our initial points move, after the same amount
of time, to places where they are no longer neighbors. Then, there is no static functional
relationship between these systems; in other words, there is no GS in our MNN model.
Alternatively, in Figure 3, where the coupling memristors have the value g = 1.14, all
neighbors in the second neuron are also in a small vicinity (0 ~ 1 and d ~ 0). Therefore,
there is GS between these neurons.

3.4+ == =
& 3.2 (S =
3.2 b 2 841 -
o & — {3
g & s ) S — ;
37 / -10 2.9 oo s 9
-5 28 0
28 T—m— —*—ﬁ*‘/* 0 0 \7\57\\,\77\\\7
2 1 0 -1 2 212 ) A0 2 ay
11 22
(a) Initial points. (b) Points after transient period.
Figure 2. Phase portraits for two HR neurons coupled by a memristive synapse (6) and (7) with
B = 0.1. In this case, since neighbors are mostly false, no GS was detected.
2.2+
2.2+
L1 s
. 2 i
18- = . "8
16 -20 1.6 4 g / 20
— == 410 — = e
4 7 — 4 7\ — 10
0 0 0
-2 T12 -2 oo
T11 T21 -
(a) Initial points. (b) Points after transient period.

Figure 3. The phase portraits for two HR neurons coupled by a memristive synapse (6) and (7) with
B = 1.5. In this case, GS was detected between neurons 1 and 2.

The MNN model (4) and (5) with busting HR neuron parameters [3], active memristor
synapses (f = 1.14) [8] and unitary coupling strength (k = 1) results in the trajectories
shown in Figure 4.
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Figure 4. Trajectories of two HR neuron networks coupled via memristor synapses (6)-(9) with the
initial condition to (—0.3945, —0.5858,4.709, —1.361, —8.26,3.11,0,0) and B = 1.5.

Notice that “burstings” appear at regular intervals but at different times for each
neuron. This is more clearly shown in their third coordinate, where the anti-synchronized
nature of the GS generated is easily observed. An alternative way to express this form of
GS is the changes in its IBI; if it is periodic with a fixed period, then GS is achieved. In
this contribution, we are particularly interested in determining the effect of memristive
synapses on the emergence of GS. To this end, we evaluated the distance 4 to false neighbors
for different values of the parameter .

Notice that for a small § value, the distance is too considerable and therefore no GS
is detected. For beta < 1.4, the neighbors’ distance is nearly zero, indicating that GS
is achieved.

Additionally, we consider the effects of f on the MNN's IBI and ISI. For each value of
B, we register maximum, minimum, and average values. Figure 5 shows that as j increases,
the IBI also grows. Conversely, the average ISI decreases linearly as the value of 8 decreases
(see Figure 6).
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Figure 5. Influence of memristor parameter 8 on the IBI of the MNN (6) and (7).
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Figure 6. Influence of memristor parameter 8 on the ISI of the MNN (6) and (7).

4. Discussion of Results

Different approaches can be used to determine the emergence of GS on dynamical
networks. In this contribution, we use the nearest neighbor approach for a small network
of HR neurons coupled via an active memristive synapse. A significant advantage of the
nearest neighbor approach is that unlike Lyapunov-based methods, it does not require the
evaluation of variational equations or Jacobian matrices. This makes it computationally
efficient, as it only involves storing and comparing state vectors—operations that are
considerably faster and more amenable to parallelization. Consequently, the method is
well suited for the analysis of large or heterogeneous networks composed of nonidentical
nodes. The primary concern in this contribution was to identify the effects of memristive
synapse parameters on the emergence of GS in the resulting MNN. We show that for a
pair of HR neurons in an MNN, GS is achieved when the memristor parameter 8 is above
a particular threshold value (see Figure 7). Furthermore, we identify that the memristor
strength coefficient influences the temporal characteristics of their firing patterns. Within
this operational regime, an increase in the memristor coefficient leads to a proportional
increment in the average IBI while simultaneously resulting in a corresponding decrease
in the average ISI. To extend the presented results, it is necessary to include the effects of
larger populations of neurons and the features of their connection structure. Initial efforts
in this regard indicate that additional activation patterns in the MNN beyond SG emerge
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when small-world or scale-free networks are considered; however, these results will be
reported elsewhere.
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Figure 7. The nearest neighbor distance versus the memristor parameter 8 for two HR neurons
coupled by memristive synapse (6) and (7).
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Abstract: An ideal memristor is a device whose resistive memory value is determine by its
initial conditions and the voltage that has been applied across its terminals. As such, it is
a good candidate to model the synaptic plasticity of neural systems. When memristors are
included in neural models, they are called memristive neural networks. In this contribution,
we investigate the emergence of synchronization in an array of two identical Hindmarsh-Rose
neurons bidirectionally coupled through their voltage variables via memristors. We show that,
for a sufficiently large positive memductance, synchronization emerges between neurons while
the memristors converge to constant synaptic weight values. We illustrate our results with

numerical simulations.

Keywords: Memristor, Synapse, Hindmarsh-Rose Neuron, Synchronization

1. INTRODUCTION

Neurons are the basic processing units of neural sys-
tems. In [Hodgkin & Huxley (1949)] (HH) an electric-
physiological model of its behavior was proposed where
voltage-dependent conductances were used to approxi-
mate the effects of ionic currents and contraregulatory
effects of their concentrations on the neuron’s membrane
potential. The main dynamical feature of these model is
the emergence of an action potential. Latter, in [Hind-
marsh & Rose (1984)] (HR) a simplified model was pro-
posed to capture the dynamical features of HH model.
In particular, the bursting of spikes (action potentials)
observed in real-world neurons. Under an appropriate
choice of parameters the HR model can produce diverse
firing patterns including single spiking, square bursting,
chaotic bursting, and periodic firing [Innocenti (2007)].

A synapse is the extracellular space between neurons
where electro-chemical transmission takes place [Kandel
(2013)]. A transmitting neuron is called the presynaptic
neuron while the receiving neuron is called postsynaptic.
The action potential associated with the transmission of
information is caused by an electrical current and the
release of specialized molecules (neurotransmitters) by
the dendrites on the synaptic space. Next, they bind
to receptors on the postsynaptic neuron, that allow the
opening of ion channels and therefore modify the electrical
response in the postsynaptic neuron. One property of

* 1. Carro-Pérez received a scholarship from Consejo Nacional de
Ciencia y Tecnoldgica -CONACYT- under grand number 968050.
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synapses is plasticity [Serrat (2011)], which consists in
the variation of synaptic conductance, as a result of
this property the inhibition or excitation of postsynaptic
neuron can be achieved.

An alternative way to have an electrical representation
of neurons and synapses is using circuits with memristors
[Amirsoleimani (2016)]. The memristor [Chua (1971)] is a
theoretical electronic device with resistive memory, char-
acterized by a function that relates its electric charge with
its magnetic flux. It is called an ideal-memristor because
the current and voltage in the device correspond exactly
with the derivatives of its charge and magnetic flux, re-
spectively. From these relationships, the resistivity value
of a flux-controlled memristor depends on the history of
its voltage. Furthermore, once its voltage becomes zero,
the resistance value of the memristor remains fixed. As a
result, memristors have potential applications [Sanchez-
Lopez (2019)][Carro-Perez (2018)] as non-volatile mem-
ories. When memristors are used in models of neurons
and synapses, they are called memristive neural networks
(MNN).

There are several applications of MNN such as pat-
tern classification [Amirsoleimani (2016)], experimen-
tal demonstration of associative memory PershinVentra
(2009), supervised learning [Nishitani (2015)] and secure
communication[Li (2021)]. Among the different dynami-
cal behaviors that neuron models coupled by memristive
synapse can present we are interested in the synchroniza-
tion of their firing patterns, our approach is analytical
and does not involve a physical implementation. In this
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Fig. 1. HR model with chaotic bursting behavior where (a) states vs time (b) chaotic spiking attractor

paper, we focus on the synchronization in two identical
HR neurons bidirectionally coupled by ideal memristors,
we determine that for a sufficient large memristance value
identical synchronization is achieved even though the
memory states of the synapses may not be identical but
fixed.

In Section 2, we present the neuron and memristor models
used to construct our proposed MNN model. In Section
3, we state the synchronization problem and present our
main result. While in Section 4 we illustrate our results
with numerical simulations and close the contribution
with some final comments and remarks.

2. PRELIMINARIES

The HR neuron model is described by:

i1(t) = —axi(t) + bai(t) + z2(t) — z3(t) + I(t)

do(t) = ¢ — da(t) — 25(t) (1)

i3(t) = efw (x1(t) — zo) — w3(t)]
where z1(t) is related to the neuron voltage, x2(t) to the
recuperation variable, x3(t) to the adaptation variable,
and I(t) is the excitation current. With the following
parameters a = 1,b = 3,¢ = 1,d = 5,w = 4,29 =
—1.6,I(t) = 5,6 = 0.0021 a chaotic bursting behavior as
observed as shown in Figures 1(a)-1(b).

Rewriting (1) is in vector form one gets:

x(t) = f(x(t)) (2)
where x(t) = [z1(t), 72(t), z3(t)]" and f(-) is the vector
field described by equation (1), f : R? — R3, where f(-)
is locally Lipschitz in R3.

Biological neural systems can be characterized through
memristors. An ideal memristor is defined in [Chua
(1971)] as theoretically being a basic electronic passive
two terminal device that relates electric charge to mag-
netic flux, such that the following relationship is found:

quw(t) = g(pu(t)) (3)

where ¢, (t) € R is the electric charge, and ¢, (t) € R is
the magnetic flux, g : R — R is its characteristic function,

that satisfies the conditions: (i) g(0) = 0, g(-) € C'; and
(ii) g(-) is strictly monotonic increasing. The electrical
representation of such device is shown in Figure 2.

v, (t)

. .
G g(t)=g(@,(t))

wie ) o0

(a) (b)

Fig. 2. (a) electric representation (b) memristive charac-
teristic function [Itoh (2008)]

For the ideal memristor a current-voltage relation is given

by:

i (t) = w(Pw)vw(t) (4)
where v,,(t) = ¢(t) and i, (t) = Gu(t) are the voltage
and current of the memristor, respectively; with its mem-
ductance given by:

d
Pw
where w(¢y) > 0,Ve,, w(-) is a bounded function.

w(pw) =

By integrating the voltage variable with respect to time,
the magnetic flux ., (¢) is found to be:

ult) = / 0w ()T + 90 (0) (6)

where @, (tg) is the initial magnetic flux. Therefore, the
magnetic flux described by (6) depends on the history of
the memristor voltage vy, (t).

3. PROBLEM STATEMENT

Consider a MNN consisting of two identical HR neurons
bidirectionally coupled by two ideal memristors, let x; ()
the state of neuron 1 and x2(t) the state of neuron 2.
One says that the MNN achieves identical synchronization
when the states of each nodes move at unison, i.e.,

x1(t) = xa(t) = s(t).

Copyright© AMCA, ISSN: 2594-2492
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Where s(t) is called synchronization solution of the net-
work.

The dynamics of MNN are described by:

*x1(t) = f(x1(8) + w2 (@1 ()T (a(t) —x1(t)  (7a)
Xa(t) = f(x2(t)) + wia(12(t)) T (x1(t) — x2(t))  (7b)
pa1(t) = va(t) —va(t) (7c)
P12(t) = v1(t) — va(t) (7d)
where x;(t) = [w11(t),z21(t), 231(t)]" is the state of
neuron one, and X3(t) = [z12(t), .2322(t) 9L‘32(t)]T is that

of neuron two, I' = diag(1,0,0) € R3*3 is the internal
coupling matrix, and the voltage of neurons are vy (t) =
vx1(t), va(t) = yx2(t), where v = [1,0,0]. In this example
is considered a perturbation signal in the first neuron.
The memristor that connects neuron 1 with neuron 2 is
Mo with 12(t) its magnetic flux (8a). While My, is the
memristor that connects neuron 2 with neuron 1, with its
magnetic flux 93 (¢) given by (8b).

o1a(t) = /0 (1(7) — va(7))dr + o12(0)  (8)
oo (t) = / (va(r) — o1 (D)7 + () (8D)

the memristive characteristic function of M is:

1
g12(12) = arp12 + 5(512 —a12)(p12 + liz|)

1
—§(b12 - a12)(|<,012 - l12|)

where a12,b12,1l12 > 0 are constants, bis < a1z, taking the
derivative of (9) is obtained its memristance function:

a2 , w12 < —li2
wiz(pi2) = dg12(¢12) =qbi2, —lia <12 < o
dp12 a2, liz < o2
(10)

On the other hand, the memristive characteristic function
of M21 is:

1
921(9021) = a21p21 + *(bzl - a21)(|<,021 + l21|)
2 (11)

1
—5(521 — a1)(|@21 — l21])

where as1,b21,121 > 0 are constants, b1 < as1, taking the
derivative of (11) is obtained its memristance function:

d as , pa1 < —loy
w1 (p21) = dg2(p21) =qba, —lo1 <o < oy
dp az , a1 < 9o
(12)

as consequence of identical synchronization, p12(t) = @12

and o1 (t) = @a1, where:
t
P12 = lim [ (vi(7) — va(7))dT + ¢12(0)
t—o00 Ot
@o1 = lim [ (ve(7) — v1(7))dT 4+ ¢21(0)
t—o00 0
At the synchronized state s(t) the coupling term in the
MNN goes to zero, therefore one has that its behavior is
that of an isolated node:
5(t) = f(s(1)) (13)
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Lets define the synchronization error as
e1(t) = x1(t) — s(t) (14a)
ex(t) = x2(t) — s(t) (14b)
where ey (t) = [e11(t), 621(t) e31(t)] € R3, and ey(t) =
[e12(t), e2a(t), e32(t)] € R3. Therefore, identical synchro-

nization in the MNN is equivalent to the stability of the
zero solution of the synchronization error dynamics.

Notice that when identical synchronization occurs e; (t) =
ex(t) = 0, therefore s(t) = x1(t) = x2(¢). The error
dynamics is obtained by taking the derivative of (14a)-
(14b)

é1(t) = xu1(t) — 5(t) (15a)

€(t) = Xa(t) — 4(t) (15b)
substituting x;(t) = e1(t) + s(t) in (15a), and x2(t) =
ex(t) + s(t) (15b) one obtains:

é1(t) = f(xu(t)) — 5(t)

+ w21 (P21 (8)T(e2(t) + (1) —er(t) —s(t)) (16a)
é(t) = f(x2(t)) — 5(t)

+wiz(pi2(8)T(er(t) + s(t) —ea(t) —s(t)) (16b)

substituting (13) in (16a),(16b) and rearranging:
4

ei(t) = f(xu(t)) = f(s(t))

+ w1 (P21 (8))T'(e2(t) — ex(t)) (17a)

& (t) = f(x2(t)) = f(s(1))
+wia(pr2(t)T (e (t) — ea(t)) (17b)
where f(-) is described by (2), expressing (17a) in vector

form becomes:
é(t) = F(X(t)) — F(S(t)) + W(p(t)) @ T'e(t) )
¢(t) = G ®@ve(t) (18b)
where e(t) = [e] (t),eq (1)]T € RS, F() = [fT()
fTOIT € RO X(t) = [X%J( 0.%3 (0] € BO, S(t)
[sT(t),sT(t)]" € R® is the synchronous bolutlon o(t)
0,0

[p12(t), p21 (1)) T € R?, T = diag(y) € R*3, v = [1,
and ® is the Kronecker product.

]:

Assuming the existence of a bounded solution to magnetic
flux equation (18b) on R?, the time dependent connection
matrix is given by:

—wa1(p21(t)) w21 (p21(t))
p— 1
Wiet) wi2(p12(t)) —wia(p12(t)) (19)
where W (p(t)) is a continuous piecewise linear matrix
Wi(e(t)), p12(t) < ha P21(t) < —lon
Wa(e(t)), @12(t) < —=lia , =lo1 < a1 (t) < In
Wi(p(t)), w12(t) < =lhiz , 21 < palt)
Wa(p(t), —liz < p12(t) < lia w21(t) < —lan
W(p(t)) = < Ws(p(t), —liz < @12(t) < lia , —lo1 < @o1(t) < =l
We(p(t)), —liz < @12(t) < lia , la1 < @a1(2)
Wa(e(t), he < ¢ua(t) : a1 (t) < —lo
Ws(o(t), h2 < ¢i2(t) , —lor < p(t) < In
Wole(t), hz < ¢i2(t) , a1 < par(t)
where:
—ayz , a —bia, b
Wil = | oz 2 Jowageto) = [ 2 |
—aig , a —ai2 , a
Wale(t) = | 2 2w = | 2 2 |
Copyright© AMCA, ISSN: 2594-2492
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Wilp(t) = | 120 5 e

a1 , —azi 21, —@21

Wole) = | 2

(20)

where W(¢(t)) is non-symmetric and the sum of its rows
is zero uniformly in time, therefore it is negative semidef-
inite uniformly in time, furthermore its eigenvalues are
M 2(W(p(t))), where A\ (W (p(t))) = 0,V € R? and
A2 (W (¢p)) is given by (21).

Equation (18a) is rewritten:
é(t) = F(t,e(t)) (22)
where F(t,e(t)) = F(X(t)) — F(S(t)) — W(p(t)) @ Te(t).

We aim to determine if e(t) — 0 exponentially in time at
lest locally, which means that S(¢) is a solution exponen-
tially stable of (18a) and consequently ¢(t) — @ in (18b),
where ¢ = [p12,P21]" is a constant value denominated
the memory states of the memristive synapses.

Let ||-|| be the euclidean norm, with B, = {e € R® : |le|| <
r} the following properties of F'(-) are satisfied: (I) F(t, )
is Locally Lipschitz on B, and piecewise continuous with
respect to t. (II) Linearizing (22) around the origin we
obtain:

e(t) = A(S(t))e(t) + W(e(t)) @ Ie(t)
where A(S(¢)) is black diagonal matrix:

Df(s(t)) 0
0 Df(s(t))

which is locally Lipschitz in B, uniformly in ¢ and
Df(s(t)) € R3*3 is the Jacobian of f(-).

Theorem 1. Assume:

(A1) s(t) is an exponentially stable solution of single node
dynamics (2), and

(A2) ||ID(f(s(t))|] < o, where || - || is a matrix induced
norm and « > 0 a positive constant.

If the memductance matrix W(+) is negative semidefinite
uniformly in time, then the linearized error dynamics (23)
are exponentially in time ( e(¢t) — 0). Furthermore, since
the origin is a locally exponentially stable solution of the
nonlinear system (22) identical synchronization between
the neurons is achieved.

(23)

A(S(t)) =  RO%6

Proof. The system (23) is rewritten:
o(t) = Df(s()v(t) +Tv(t)(We(t) " (24)
where v(t) = [e1(t), ea(t)] € R3*2 for the given W (p(t))
there exists a non singular matrix Z(t) € R?*? such that:
A(t) = Z7H ()W (p(t) Z((t))

where A(t) = diag(\1(t), A2(t)) € R?*2 and

|
Walo(t) = | > 2 | ety = | e e .
|

~wiz(p12(t))

wa1 (p21(t))
1

Z(p(t) = 1

a change of base is considered:

n(t) = v(t)Z7 (1)) (25)
taking the derivative of (25) is obtained:
0(t) = 00 Z(e(1) + (D) Z(p(t)) (26)

substituting (23) in (26):
0(t) = Df(s(t))n(t) + () At) — ﬂ(t)Z_l(@(t))Z(w((é)?))
given that Z(p(t)) is a piece-wise constant matrix
Z(p(t)) = diag(0,0) € R?*2 then equation (27) becomes:
(t) = Df(s(t))n(t) + Tn(t)A(t) (28)
expanding (28) by columns and considering A, (¢t) = 0 V¢t
is obtained:
m(t) = Df(s(t))m(t) (29a)
n2(t) = Df(s(8))n2(t) + A2(6)Tn2(t) - (29b)
given that s(¢) is a exponentially stable solution of (2)
by converse Lyapunov theorem 7;(t) — 0 exponentially

n (29a), to determine if 72(¢) converges exponentially to
the origin, we propose a Lyapunov candidate function:

Vim(t) = 3nd (me(t) (30)
taking the derivative of (30) is obtained:
Vi(na(t)) = ng (8)ia(1) (31)

substituting (29b) in (31) is obtained:

V(12(t) = 13 () D(f(s()))n2(t)+A2(t)ng ()Ta(t) (32)
given that Df(s(t)) is bounded and I" = diag(1,0,0) €
R3%3 equatlon (32) becomes

)

V(12(1)) = ()1 + Aa(8)nia (1) (33)
we know n?,(t) < |[[n2(t)||?,¥na(t) # O, therefore (33)

becomes:

V(n2(t) < cllnz(@)]” + Ao () 12(8)]1?

V(n2(t)) < (c+ X2(t))lln2(t)]?
considering —(b1a + bo1) < Ao(t) < —(a12 + a91), if
ais + a1 > ¢, then V(ng(t)) < 0 Vng # 0. We conclude
that 72(t) = 0 is an exponential solution (29b), therefore
e(t) converge exponentially in time to zero solution in
the linearized error dynamics (23); by converse Lyapunov
theorem e = 0 is an exponentially stable equilibrium
point of nonlinear dynamics (22). 0O

(34)

4. SIMULATION EXAMPLES

Consider two identical HR neurons bidirectionally cou-
pled through memristors Ms; and Mis, the circuit of
such system is presented in figure 3. As noticed this
circuit is composed of two memristors Ms; and Mys which
can be implemented as in [Sanchez-Lopez (2014)], four
operational amplifiers (OPAM) U;-Us and two positive
second generation current conveyors (CCII4) Uy-Us and
resistors R. Considering the elements of this circuit are

Copyright© AMCA, ISSN: 2594-2492
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—(a12 + ag1),
—(a12 + ba21),
—(a12 + as1),
—(b12 +ag1), —l12 <
Ae(W((t))) = ¢ —(b12 +b21), —l12 <
—(b12 +a21), —l12 <
—(a12+a21), lLi2 <
—(a12 +b21), li2 <
—(a12 +a21), liz2 <
Lo(t Lio(t)
war( pai(t)) 1,
Vl(t) "
x(t) % R R
Neuron
i_ V2(t)
E U
Xy (t)
Neuron
2
L

Fig. 3. Circuit implementation

in the ideal region, because the voltages of both neurons
are below saturating voltage of OPAM. Its mathematical
described by:

x1(t) = f(x1(t)) + w21 (21 (1)) (x2(t) — x1(¢)) +( (5t )
Xa(t) = f(x2(t)) + wia(r2(t)T(x1(t) — x2(t)) (35b)
P21(t) = va(t) —v1(?) (35¢)
$12(t) = vi(t) — v2(t) (35d)
where x;(t) = [w11(), 221(t), 231 (¢)]" is the state of
neuron one, and xa(t) = [712(t), T22(t), x32(t)] T is that

of neuron two, I' = diag(1,0,0) € R3*3 is the internal
coupling matrix, and the voltage of neurons are vy (t) =
vx1(t),v2(t) = yx2(t), where v = [1,0,0].

The memristor Mo, connects neuron 1 with neuron 2, its
magnetic flux is ¢12(t) described by (8a). While My, is
the memristor that connects neuron 2 with neuron 1, its
magnetic flux is 91 (¢) given by (8b). Here is considered a
perturbation signal ¢(¢) = 0.3¢7°:%9% in the first neuron.

The characteristic function of memristor M is:
g12(p12) = 0.9¢12 — 0.4(|¢12 + 140[ — [p12 — 140]) (36)

where its parameters are a;p = 0.9, bjs = 0.1 and
l12 = 140, the function that describes its memristance
is:
0.9 P12 < —140
d )
wiz(p12) = % = {0-1 , —140 < p12 < 140
P12 0.9 , 140 < ©12
(37)

While the characteristic function of memristor My is:
g21(p21) = p21 — 0.425(|p21 + 120] — [ip21 — 120[) (38)
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p12(t) < —li2 w21(t) < —lo1
P12(t) < —lia , —la1 < p21(t) < oy
V12(t) < —li2 , o1 < pa1(t)
p12(t) <l w21(t) < —lo1
w12(t) < liz 5 —lo1 < par(t) < —lon (21)
V12(t) < lia 5 o < pa1(t)
©12(t) ) Pa1(t) < =l
12(t) , =l < par(t) < o
p12(t) , o < par(t)
2 o B --.Iu(t)
e — 2 (0)
1 (e
5 | | H 1
s o R EEL
z LLERT
_1:
!
% 10 20 30 40

Fig. 4. (a) Neurons voltages x11(t) and xa1(t)

where its parameters are as; = 1 and by; = 0.15,l37 =
120, the function that describes its memristance:

1, oo < —120
wan(ay) = 9214220 _ o357 490 < Gy < 120
dp21 1, 120 < g
(39)

the time dependent coupling matrix W (p(t)) is piecewise
constant, non symmetric and negative semidefinite uni-
formly in time, therefore condition of Theorem 1 is met,
in this case b12,b2; are chosen big enough so that the
conditions of Theorem 1 are satisfied.

The results of simulating numerically the model (7a)-(7d),
with initial conditions x; (0) = [—0.3945, —0.5858, 4.709]
©21(0) = 10,x2(0) = [~1.361,—8.26,3.11] T, ©12(0) = 50
and internal connection matrix I' = diag(1,0,0) € R3*3,
are shown in Figures 4-5.

Initially the pair of neurons are uncoupled, at t = 10
the neurons are coupled, then after ¢ = 20 the voltages
x11(t), 12(t) converge towards each other in spite of
perturbation signal, as shown in Figure 4 ; while the
error in neurons states (see Figure 5) are basically zero.
In Figure 6 is shown that magnetic flux of memristors
p12(t) and @91 (t), converge to constant values, notice that
their convergence value is different, this is because initial
conditions are not equal ¢12(0) = 10,p21(0) = 50 .

As observed in figure 7, the memristor M5 reaches high
conductance region instantly when ¢t = 30, while My is
in low conductance region, having a big enough coupling
strength, for neurons to synchronize as observed in Figure
4 and 5.

Remark 1. The emergence of identical synchronization is
dependent on the properties of the memristor synapses
as long as they have positive memductance, i.e. the

Copyright© AMCA, ISSN: 2594-2492
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Fig. 5. Error in neurons voltages
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Fig. 6. Magnetic flux of memristor Mis (gray) and mem-
ristor Moy (black)

15
. © wiz(p12(1))
N + wa(pa1(?))
S
2
Sos
E

% 20 40

vij (Wb)

Fig. 7. Memductance

time dependent connection matrix is negative semidefinite
uniformly in time, synchronization is achieved although
they are not identical.

Remark 2. When a combination of memductances wi(+),
wo1(+) is not greater than the required coupling strength
¢ to achieve synchronization, the pair of neurons will
remain unsynchronized. All code scripts are available
upon reasonable request.

Remark 3. All code scripts are available upon reasonable
request.

5. CONCLUSION

In this paper, synchronization in a MNN of two HR neu-
rons bidirectionally coupled by nonidentical ideal memris-
tors is investigated, we find sufficient conditions in mem-
ristor properties for the identical synchronization, our
results show that for memristance sufficiently large and
positive definite at all times, the neurons will synchronize

with the magnetic flux of the memristors converge to
constant values. The analysis of synchronization is based
on a linearized error dynamics which restrict our results
to a local neighborhood of synchronous state.
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Abstract: Memristors are resistive memory devices, where the resistive memory state is a
function of the memristor’s initial conditions and the history of the voltage across its terminals.
Applications of these devices are in neuromorphic circuits. In particular, as representations
of the open-close dynamics of the ionic channels in neurophysiological models. We use a
memristive version of the Integrate and Fire neuron to construct a time-varying memristive
neural network. In this model, a memory state is a stable unique equilibrium point. We
show that the existence of a memory state depends uniformly on properties of the network
topology and description of the memristive characteristic function. We illustrate our results

using numerical simulations.

Keywords: Memristors, Neural network models, Neuron models, Resistive memory.

1. INTRODUCTION

The brain is capable of information integration and pro-
cessing incoming from several different organs resulting
in capabilities like memory and reasoning. The neuron is
the basic processing unit of the brain, its behavior, and
emergent properties as they are connected into networks
are studied in many different ways. The neuron’s electrical
behavior is captured by the Hodgkin and Huxley model
(HH) (Hodgkin & Huxley, 1949). In particular, the action
potential phenomenon is the result of the physiological
excitability of the ionic currents in the neuron’s mem-
brane. The so-called Integrate and Fire (IF) neural model
is a simplified model that captures this phenomenon as a
charge and discharge of a capacitor (Lapique, 1971).

The electrical representation of neural models required
the use of time-varying conductance to model the opening
and closing of ion channels in the membrane. No basic
discrete electronic component had these features until
in 1971 L. O. Chua theorized the existence of a fourth
electric basic element called Memristor (Chua, 1971).
That name is a contraction of words: resistance and
memory.

The memristor is an electronic device characterized by a
relation between its electric charge and its magnetic flux.
Since these variables are related to the current and voltage

* 1. Carro-Pérez received a scholarship from Consejo Nacional de
Ciencia y Tecnolégica -CONACYT- under grand number 968050.
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across the device via its derivative, the resistance value
of the memristor depends on the history of the voltage
that passed through it, furthermore as the derivative
goes to zero the resistance value is maintained in the
device without new current been needed. As a result, non-
volatility is a property of this resistive memory (Chua,
2011).

As presented in (Sah et.al, 2016), the memristor is a can-
didate to represent the time-varying conductances of the
neural model (Hodgkin & Huxley, 1949). The possibility
of implementing memristive circuits as a representation
of biological neurons gives the interest in them as neuro-
morphic circuits (Chua et.al, 2012; Yang et.al, 2019). In
particular, (Di Marco et.al, 2018) proposes a memristive
version of the IF neural model.

As biological neurons communicate with each other
through synapses, several memristive neurons can be cou-
pled together into networks where dynamical phenomena
can emerge. Yet, the dynamical behavior of memristive
neurons, in particular Memristive IF neurons (MIFN),
needs to be studied further.

An important feature of the MIFN model is that it has
a continuum of equilibrium points. However, for a given
fixed initial condition there exists only an equilibrium
point and further this unique equilibrium point is stable,
as such, in the sense of a memristor resistance, this unique
stable equilibrium point is the memory state of the MIFN
model (Di Marco et.al, 2018).
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This contribution aims to establish under what conditions
a network on identical MIFN models with a time-varying
coupling structure has a memory state. In other words,
under what conditions, both in terms of the memristor
description and the coupling structure of time-varying
connections, of a memristor IF neural network (MIFNN)
has a unique stable fixed point for a given fixed initial
condition.

The remainder of the contribution is organized as follows:
In Section 2, the basic aspects of memristor theory,
and the memristive version of the IF neuron model are
presented. In Section 3, the memory state problem for the
time-varying MIFNN model is described in detail. Section
4 presents our main result, in the form of conditions
for existence, uniqueness, and stability of an equilibrium
point for the time-varying MIFNN. In Section 5 our
results are illustrated with numerical simulations, then
the contribution is finished with closing remarks.

2. PRELIMINARIES
2.1 Memristor

In (Chua, 1971) a memristor is defined as a basic elec-
tronic element that relates electric charge with magnetic
flux, and represented as shown in Fig. 1.

._—'
1 "-u-‘(t)

15,(2)

F (i (£))

Fig. 1. Memristor’s electronic symbol

The memristor fundamental function is defined as:

Qu(t) = fulpw(t)) (1)
where Q,(t) € R is the electric charge, and ¢, (t) € R
is the magnetic flux of the memristor. f, : R — R,
fw(-) € C! is the memristive characteristic function, it
usually considered to be a monotonic increasing function.

We have voltage V,, (t) and current I,,(¢) in the memristor
are expressed as:

Vi (t) = ¢u(t)
Iy(t) = Qu(t)

From the above, the current-voltage relation on the mem-

ristor is:

Ly(t) = w(pw) Vi (t) (3)
dfw(Pw)
dpw
memristor in Q7. By integrating (2a) with respect to

time, the magnetic flux ¢,,(t) is found to be:

ult) = / Vi (1)dr + ou(to) (4)

to

(2a)
(2b)

where w(p,) = is the memductance of the
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where ¢, (tp) is the initial magnetic flux.The magnetic
flux described by (4) depends on the history of the
memristor voltage V,,(t), for this reason if the dynamics
of the voltage and magnetic flux converge to a fixed
value (Qr, ¢%), furthermore if it is stable, one can call
(QL, %), the memory state of the memristor and w(p¥)
its memductance.

In (Chua & Kang, 1976) is proposed a general mathemat-
ical description called memristive system described by:

(1) = £x(0) (1) 5
i(t) = h(x(t))o(t)

where x(t) € R™ is vector of state variables of the
memristive system, v(t) € R is the input associated to
the electrical variable voltage, i(t) € R is the output
associated to the electrical variable current, f : R™ x
R — R is locally Lipschitz in R™ x R, A : R® — R is
a continuous function.

Memristive systems have been used to characterize the
behavior of biological systems, in particular the behavior
of time-varying conductances on neuron membrane mod-
els as can been seen in (Chua et.al, 2012).

2.2 Simplified neural models

There are several reduced models of the HH model
(Hodgkin & Huxley, 1949). One of them is the IF
(Lapique, 1971), in which electrical circuit representation
is depicted in Fig. 2.

vir (L)
f(.',lp(.r} igH.— (E}
Cip == Vie(t)
E;

Fig. 2. IF neuron model

From Fig.2, the current ic,, (t) € R of the capacitor is
defined by:

icyr(t) = Crrire(t) (6)
where vyp(t) € R is the voltage across the capacitor
and Crp is its capacitance, the current ig4,, () of the
conductance grp is defined by:

igir(t) = g1r(vir(t) — Ep) (7)
The dynamical model of the circuit in Fig. 2 is obtained
by the Kirchoff’s Currents Law.

iCrp (t) + lgrr (t)=0
Substituting equations (6) and (7) in (8) is obtained:

(8)

Cirp(t) = —grr(vir(t) — Er). 9)

The IF neuron model is modified by including memristive
elements in its description to generate the so-called MIFN
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model. In the following subsection, its electrical circuit
and dynamical model are presented.

2.8 Memristive Integrate and Fire Neuron Model

Consider the Memristive Integrate and Fire neuron model
as proposed in (Di Marco et.al, 2018) consisting of a
memristor M connected in parallel to a capacitor C as
represented in Fig. 3.

v(t)
i-(t
C = M

Fig. 3. Electrical circuit of the MIFN model

From Fig. 3, the current i.(t) € R of the capacitor is
defined by:

ice(t) = Cvc(t) (10)
where ve(t) € R is the capacitor voltage and C' is its
capacitance. The memristor current i,,(t) is defined by:

iw(t) = w(p(t))va(t) (11)
as before w(y) is the memductance of the memristor.
According to Kirchhoff’s Voltage Law ve(t) — vas(t) = 0,
therefore ve(t) = var(t) = v(¢t). The dynamical model of
the circuit in Fig. 3 is obtained by the Kirchhoff’s Current
Law.

iolt) + i (t) = 0 (12)
Substituting equations (10) and (11) in (12) and recalling
(2a), the following MIFN model equations are obtained:

Co(t) = —w(p(t))v(t) (13a)
¢(t) =v(t) (13b)
with initial conditions ¢(tg) = o and v(tg) = vo.

The equilibrium points of (13a)-(13b) are a continuum
given by

T = {[0,¢]" €R?:p € R}. (14)
Is important to note that for a given fixed initial condition
there exits a unique equilibrium point (0,¢.) € R? for
(13). Furthermore, this equilibrium point if stable, is the
memory state of the MIFN model.

In the following section, the MIFNN model is presented
and investigated under the consideration of time-varying
couplings.

3. TIME-VARYING MIFNN MODEL
Consider a set of N identical MIFN (13a-b) called nodes
M = {mq,...,my}. Where each node has unitary capac-

itances C7 = .. = Cny = 1 and identical characteristic
memristive functions fu,, (1) = ... = fux() = fu(*).
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Therefore, all nodes have identical memductance w(-) =
wi(s) = ... =wn().

If node m; is connected to node m; by a fized edge s;; €
S C M x M where i # j, then a;; = 1. Alternatively,
if these nodes are not connected a;; = 0. Since the edges
are undirected, a;; = aj; V7,7 and there are no isolated
nodes in the network. The coupling structure is given by
the adjacency matrix A = {a;;} € RV*V,

Let every edge has an associated time-dependent con-
nection weight given by a function ¢;; : R — Ry lo-
cally Lipschitz in R;. The time-varying Laplacian matrix
L(t) = (€;;(t)) nxn associated to this connection topology
is given by:

N

bii(t) = 2

k=1 ki
—az;ciz(t),

aipCik(t), 1 =j

i F ]

(15)

The dynamics of the i—th node is given by:

N
Ui(t) = —w(ps(t)vilt) = Y i (H)v; (¢) (16a)
j=1

Pi(t) = vi(?) (16b)
fori=1,2,---,N.
A vectorial form of (16) is:
V(t) = =W (em)V(H) - LOV(?) (17a)
o(t) = V(1) (17b)

where V(t) = [v1(t),..,on(#)] € RY and ¢(t) =
[01(t), ..., on(t)]" € RN are the voltage and magnetic
flux vectors, respectively. With the memductance matrix
W(o(t)) = diag(w(p1(t)), ., w(en(t))) € RV,

From (15) we have that the time-varying Laplacian ma-
trix of the MIFNN is uniformly diffusive, that is, the
sum by row and by columns is zero at all times. As
a consequence the eigenvalues of L(t), denoted as \;(t)
(¢=1,---,N) can be arrange as (Lii & Chen, 2005):

AN(E) > Aa(t) > A =0 (18)

In other words, the coupling of the MIFNN is captured
by a Laplacian matrix that is semipossitive at each time
instant.

As before, for (16a)-(16b) there is a continuum of the
equilibrium points defined by the set

Be ={[0,¢]" € R*N : ¢ € R}, (19)
The equilibrium point [0, ¢*]" € S, is a memory state of
the MIFNN model, if for a given fixed initial condition
Vo, do] T € RN [0,4*]T is unique and stable equilibrium
point to which the network model converges, as shown in
the following section, where we determine the conditions
for the existence and stability of a unique equilibrium
point of (16a-b) for a given fixed initial condition.
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L11(2) 1.5 —6 —0.5+exp(2—0.1t) —0.5—texp(—0.1t)  —0.1#2
-1.5 loo(t) —exp(0.1t — 6) —6cos?(t)sin(0.17t) — 7  —exp(—0.5t) —exp(0.1¢)
L) = —6 —exp(0.1¢ — 6) l33(t) —0.1¢ —cos(t) — 1.1 — arctan(t) (20)
| =0.5 —exp(2 — 0.1¢) —6cos?(t) sin(0.17t) — 7 —0.1t L44(t) —10 -3
—0.5 — texp(—0.1t) —exp(—0.5¢) —cos(t) — 1.1 -10 Us5(t) —sin(nt) — 1.1

—0.1¢2 —exp(0.1t) — arctan(t) -3 —sin(mt) — 1.1 Lo (t)
01 (t) = 1.5+ 6+ 0.5 4+ exp(2 — 0.1¢) + 0.5 + t exp(—0.1¢) + 0.1¢>
lao(t) = 1.5+ 6cos?(¢) sin(0.17¢t) + exp(0.1¢ — 6) + 7 + exp(—0.5¢) + exp(0.1¢)
l33(t) = 6+ exp(0.1¢ — 6) + 0.1 + cos(t) + 1.1 + arctan(t) (21)
lyy(t) = 0.5 + exp(2 — 0.1t) + 6 cos?(¢) sin(0.17t) + 7 + 0.1¢ + 10 + 3
ls5(t) = 0.5+ texp(—0.1t) + exp(—0.5¢) + cos(t) + 1.1 + 10 + sin(wt) + 1.1
loo(t) = 0.1#2 + exp(0.1t) + arctan(t) + 3 + sin(7t) — 1.1

4. MAIN RESULTS

To establish the existence and stability of a unique

equilibrium point for the MIFNN model given a fixed

initial condition [Vp, ¢o] T, we start considering the voltage

equation (16a).

Assuming:

(1) There exists a solution to the magnetic flux equation
(16b) which is unique and continuous on R for each
node 1.

(2) The memristive characteristic f,(-) of the neurons is
a monotonic and strictly increasing function.

The voltage equation of the MIFNN model (17a) can be
written as

V(t) = —B(t)V(t)
where B(t) = W(¢(t)) + L(t),

We have the following results:

(22)

Theorem 1. The voltage equation (22) has a unique equi-
librium point given by

V*=0ecRN (23)

Proof 1. Given that the L£(¢) is a positive semidefinite
matrix for all time instants, and W (¢(t)) is positive
definite due to assumption (2). Their sum is positive
definite V¢, and as a consequence B(t) is a non-singular
matrix V¢, therefore get that V* = 0 is the only solution
to its equilibrium point algebraic equation. O

From the above result we can derive the following:

Theorem 2. Under assumptions (1) and (2) the unique
equilibrium point V* = 0 € RY is uniformly asymptoti-
cally stable.

Proof 2. To establish the stability of V* = 0 consider the
Lyapunov candidate function, E(V (t)) = 3V ' (t)PV (t)
with P a constant symmetric and positive definite matrix
of appropriate dimensions. Its derivative on the trajecto-
ries of (22) is given by

E(V(t) =~V () [PB®)] V(1) (24)

If 3Q € RY*YN definite positive for all time, such that
PB(t) > —Q, would imply that E(V(t)) < 0, V¢, that
is, V* = 0 is uniformly asymptotically stable equilibrium
point of (17a). O
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As a consequence of Theorem 2 we know that the right
side of (17b) will converge to zero. Then, we have the
following result:

Corollary 2.1. Under assumptions of theorem 2. If B(¢)
is positive definite V¢, then the solution of the magnetic
flux equation of the MIFNN model (17b) will converge
asymptotically to a fixed value ¢* € RY. Furthermore,

t

¢* = lim V(r)dr + ¢o

t—o0 to

Proof 3. Integrating both sides of (17b) we have

o(t) / V(r)dr + éo

to

From the result in Theorem 2 we have that for a suf-
ficiently large T, V(T') = 0, regardless of the initial
condition [Vp,d9]" € R2Y| and given that V(t) is a
unique and continuous function, the limit in (25) exists
and is a unique fixed value that depends on the history of
the voltage across the memristive neurons and the initial
conditions.

(25)

Finally, combining the above results we have

Theorem 3. Under assumptions of theorem 2, for a given
fixed initial condition the time-varying MIFNN model
(17a-b) has a unique equilibrium point [0,¢*]T € RV
and it is uniformly asymptotically stable.

Proof 4. It follows from the previous results.

5. SIMULATION EXAMPLE

In this numerical analysis, we illustrate Theorems 2 and
3, by constructing six node network as described in (17a)-
(17b), where every node is connected to its five neighbor
nodes, the network topology consists of a six-node fully
connected network, where its time-varying Laplacian is
described in equation (20). Let the initial conditions be:

Vo = [~5.5,4.5,-3.1,6.3,-2.2,5.2] |
¢o = [1,-1,-2,—1.4,-1.6,3]"

(26)
(27)
Let the memductance matrix be:

W(¢) = diag(w(p1), -, w(ps)) € RO*C, where w(y;)

dfzi(@) is the memductance function and f,(¢;) the
memristive characteristic function described by:
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0.1p; — 4, p; < =2
fulpi) =9 21p;, —2<¢; < 2 (28)
0.1p; + 4, p; < 2

Therefore, assumption (2) is satisfied, and we proceed
to solve the system of the six node network, described
above via numerical integration using Matlab® software,
through Runge-Kutta method. First is verified Theorem
2, that is, asymptotic convergence of nodes voltages
towards zero solution as shown in Fig. 4.

8
"
6 - ==9(t) |
- - -uy(t)
v4(t) i
-~ -us(1)
= () ||
= S S—S
-6 i i i i i
0 0.5 1 1.5 2 2.5 3

time (s)

Fig. 4. Numerical integration of the MIFNN network
described by (17a-b). Plot of node voltages V(t) =

[v1 (1), v2(t), v3(t), va(t), vs (1), ve(t)]

Subsequently, to verify the results of Corollary 2.1, that
is, the asymptotic convergence of nodes magnetic fluxes
towards different constant values, dependent on the initial
conditions [Vo, ¢o]" € R'2, as shown in Fig. 5.

6
—ui(t)
- = -pa(t)
4 - = =p3(t)
@a(t)
— "'@58
2 2 ¥6 i
z
— N
3 0*’ ..........................
T SIS S
_4 ‘
0 1 2 3

time (s)

Fig. 5. Numerical integration of the six nodes network
described by (17a-b). Plot of nodes magnetic fluxes

B(t) = [p1(t), 2(t), p3(t), pa(t), vs(t), s (t)]

As shown in Fig. 5 the corresponding equilibrium point
¢* as described in equation (25) in Corollary 2.1 is:
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¢* = [1.1002, —0.0152, —2.1316, —0.5967, —1.0827,4.6169] "
(29)

As a result of the numerical analysis performed in Fig.
4 and Fig.b is verified Theorem 3, in which is shown
that for the initial condition (26), the equilibrium point
[0,¢*] T, where ¢* is given in (29), is an asymptotic stable
equilibrium point of (17a-b).

6. DISCUSSION OF RESULTS

In this contribution, we proposed a time-varying MIFNN
model and derived simple conditions to establish the exis-
tence of a memory state, e.g. a unique stable equilibrium
point for each initial condition. The conditions for the
existence of a memory state are the increasing mono-
tonicity of the memristive characteristic function and
uniform dissipation of the time-varying Laplacian matrix
to describe the neuron connections. Further, we show
using the Lyapunov approach that the voltage equation
of the MIFNN model converges to the zero solution as its
only equilibrium point and that is uniformly asymptoti-
cally stable. As a consequence of this, for a given initial
condition the entire time-varying network has a unique
stable equilibrium point, which represents the network’s
memory of its initial conditions.
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