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Summary

The present thesis is focuses in the study of the multilevel converters and the the phase-
locked loop algorithms.

In the first five chapters, two of the main topologies of multilevel converters are studied,
namely, diode clamped multilevel converter (NPC) and cascaded H-bridge multilevel con-
verter (HB). First, a model is obtained that described the dynamics of the three level NPC
converter used in a synchronous rectifier application. The highly nonlinear model, originally
in abc-coordinates, is also expressed in its αβγ-coordinates. Special attention is given to
the γ-component of the control input, which represents a degree of freedom crucial for the
balancing of the capacitors voltages. Then, based on this model, it is presented an adaptive
controller that guarantees regulation and balance of the output capacitors voltages, as well as
a close to unity power factor. Next, the modeling and the control design processes are pre-
sented for a cascade H-bridge single-phase multilevel converter used as a shunt active filter.
Crucial for the developments is the transformation of the model in terms of the sum and the
difference of the squares of the capacitors voltages. Moreover, it is shown that, while the
current tracking problem and the regulation problem depend on the sum of the injected volt-
ages, the balance depends on the difference between them. It is also presented a controller
for the cascade H-bridge three-phase multilevel converter used as a shunt active filter. Based
on the proposed mathematical model, the controller is designed to compensate harmonic dis-
tortion and reactive power due to a nonlinear distorting load. Simultaneously, the controller
guarantees regulation and balance of all capacitor voltages. The idea behind the controller is
to allow distortion of the current reference during the transients to guarantee regulation and
balance of the capacitors voltages.

The chapters 6 and 7 of the thesis deals with the design of phase-locked loop (PLL)
algorithms. Although PLLs have been widely used in many electronic applications, the PLL
presented here is of special interest in the synchronization of power electronic equipment
coupled with the electric network. In particular, the presented PLL has been designed to
work in fixed reference frame coordinates, and thus the proposed algorithm is referred as
fixed reference frame PLL (FRF-PLL). The scheme provides an estimation of the angular
frequency, and both the positive and negative sequences of the fundamental component of
a three-phase signal. The design of the FRF-PLL is based on a complete description of the
source voltage involving both positive and negative sequences in stationary coordinates and
considering that the angular frequency is uncertain. Therefore the proposed scheme is of
special interest in cases of unbalanced operation. Also, a simpler scheme is presented for
the balanced case. Finally, the design and implementation of a single-phase PLL based on
an adaptive observer is also presented. This algorithm assumes that the signal is produced
by a harmonic oscillator where the frequency is an unknown parameter, and only one of the
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states is available. In contrast to many PLL schemes, the proposed scheme does not rely in
the usual assumption of linearity around the desired equilibrium point, which leads to local
results.
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Notation

Frequent Acronyms
AC alternating current.
BIBO bounded input bounded output.
BBD bucket brigade delay.
DC direct current.
DC-DC direct current to direct current.
EMI electro magnetic interference.
DSP digital signal processor.
ESR equivalent series resistances.
FFT fast Fourier transform.
HR harmonic reducer.
IC integrated circuit.
IGBT isolated gate bipolar transistor.
LPF low pass filter.
LTI linear time invariant.
MOSFET metal-oxide-semiconductor field-effect transistor.
PCC point of common connection.
PF power factor.
PFC power factor correctors or unit power factor converter.
PI proportional integral.
PIS synchronous proportional integral.
PWM pulse width modulation.
SPWM sine pulse width modulation.
RHS right hand side.
RMS root mean square.
THD total harmonic distortion.
VSI voltage source inverter.

xi



xii Notation

Most common mathematical symbols
IR field of real numbers.
C field of complex numbers.
IRm×n
− or IR− set of all proper and real rational stable transfer matrices.

IRn linear space of ordered n-tuples in IR.
∈ “belong to”.
4
= “defined as”.
(·)> transpose operator.
(·)−1 inverse operator.
σ̄(.) largest singular value of the matrix.
Re(α) the real part of α ∈ C.
L −1 inverse Laplace transform.
‖A‖∞ induced ∞-norm of a matrix A.
L2 space of square integrable functions.
L∞ space of bounded functions.
H∞ set of L∞ analytic in Re(s) > 0.
prefix R real rational, e.g., RH∞, RH∈.
t time, t ∈ IR≥0.
d
dt

(·), ˙(·) differentiation operator.
(·)p

k, k-th harmonic coefficients for the positive sequence representation.
(·)n

k k-th harmonic coefficients for the negative sequence representation.
In identity matrix of dimension n.

J skew symmetric matrix
[

0 −1
1 0

]

e(·) exponential function
H set of indexes of the considered harmonic components

ρ(·) rotation vector defined as
[

cos(·)
sin(·)

]
.

(̂·) estimate of (·).
(̃·) error between a quantity and its reference.

(·)− (·)∗, (̂·)− (·).
(·)∗ desired external references.
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Chapter 1

Introduction

Since the emergence of the first semiconductor device, the evolution of electronics has
become an unquestioned reality. It is evident that the development of electronic equipment
has significantly changed patterns of behavior of individuals and has substantially improved
the quality of life. The great challenge that Electrical Engineering is facing at the beginning
of this new millennium is to guarantee an operation of the power systems with the highest
quality as demanded by different loads. To achieve this goal, the power electronics is playing
an important role in the design and construction of equipment able to correct the distortions
typical of a normal power system; thus improving the quality with which the Electricity is
delivered to the load.

The important criterion, which makes the power electronics solutions unique, is that they
are fundamentally multifunctionals, and can provide not only their main interfacing function,
but also various utility functions. The general trend in power electronic devices has been to
switch power semiconductors at increased frequencies to minimize harmonics and reduce
passive component sizes. There are several areas in which power electronics plays a vital
role. The research areas of power electronics include:

. Converters for utility applications such as static var compensation, voltage sag support,
HVDC distribution systems, large variable speed drives.

. Interfacing with distributed energy resources such as micro turbines, fuel cells, and
solar cells.

. Harmonics,power quality, and power filter design.

. Hybrid electric vehicle (HEV) applications such as motor drives or dc-dc converters.

. Soft switching inverters and DC-DC converters.

. Areas like transportation and utility applications.

The points mentioned above constitute a challenge in the field of power electronics, and
had contributed to the emergence of new semiconductor devices, new switching and control
strategies, and new topologies.

In the last decades the pulse width modulated two-level converters have been the dom-
inant topology in the low power and some selected medium power applications. There has

19



20 Chapter 1. Introduction

been on-going research on these power converters and, as technology evolves and matures,
various new trends and performance of power converters can be identified. Several important
issues play a key role in these new trends. Factors like increasing the power density, improv-
ing performance, reducing the cost, and also increasing the VA ratings of the converter are
considered. There are several ways in which these factors can be achieved, for instance, to
increase the power density the switching losses must be reduced. This is obtained by using
soft-switching techniques, efficient power devices, and improving the thermal management.
Now, to increase the system performance, then it is required to reduce the total harmonic dis-
tortions, to reduce the EMI problems, and to improve the dynamic response of the system.

As the power demand continues to grow unceasingly, the converters power ratings should
also increase. In case that the conventional two-level converters are used in these high power
applications, then the rating of the devices has to increase considerably, that is, the blocking
voltage rating, current rating, thermal management, and so on must be increased accordingly.
Multilevel converters, in contrast, allow high power ratings of the converters but using low
rating devices. Recently, the study of multilevel converters has become an attractive solution
in medium and high power applications as the voltage stress of power semiconductors, volt-
age harmonics, and electromagnetic interferences can be reduced. One of the first topologies
of multilevel converters was the neutral point clamped inverter topology proposed by Nabae
et al. in 1981. These converters incorporate a topological structure that allows a desired
output voltage to be synthesized from among a set of different voltage sources isolated or
interconnected. Thus, by synthesizing the AC output voltage from several DC voltage levels,
staircase waveforms are produced, which approach the sinusoidal waveform with low har-
monic distortion, as shown in Fig. 1.1. Thanks to the reduction of low frequency harmonics
from the AC voltage, the size of the AC inductances can be reduced as well. In addition,
they allow to handle at least twice the voltage of a conventional converter, while using the
same type of switching devices; that is, due to the series connection of semiconductors, it is
possible to reach medium-high voltages with standard components. The multilevel converter
can therefore be described as a voltage synthesizer.

Considering that m is the number of steps of the phase voltage with respect to the negative
terminal of the inverter, then the number of steps in the voltage between two phases of the
load k is

k = 2m + 1 (1.1)

and the number of steps p in the phase voltage of a three-phase load in wye connection is

p = 2k − 1 (1.2)

There are several advantages of multilevel inverters such as

. Low manufacturing costs as low rating devices are used;

. Improved waveform quality as levels in the converter are increased;

. Compact modules and no transformer needed;
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Figure 1.1: Synthesis of the output voltage in multilevel converters: a) two levels, b) three
levels and c) n-levels.

. Better synthesizing of the output waveforms which reduces the output filters and the
rating of the passive components;

. Many possible connections are available such as single-phase, three-phase, and multi
phase connections;

. Low switching frequency yields high efficiency.

When series connected capacitors are used to divide the DC-link voltage, three-level
inverters (multilevel converters in general) have a DC-link voltage problem due to the fol-
lowing reasons:

. Unequal capacitor values due to manufacture tolerances.

. Unequal loading of the capacitors due to unintended switching delays.

. Unequal loading of the capacitors due to nonlinear loads containing even order har-
monics.

. Dead-time implementation, which is always necessary in voltage source converters.

. Transformer-secondary leakage inductance or voltage imbalance due to manufacturing
tolerances.

. Unbalanced load due to imbalances between the phases of the three-phase load.
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. Dynamic operating conditions such as acceleration or deceleration of a motor.

. Imbalances in the parameters of the power semiconductors switching devices.

The unique structure of multilevel voltage source inverters allows them to reach high
voltages with low harmonics without the use of transformers. This makes these unique
power electronics topologies suitable for flexible AC transmission systems (FACTS) and
custom power applications. The use of a multilevel converter to control the frequency, volt-
age output, phase angle, and active and reactive power flow at a DC/AC interface provides
significant opportunities in the control of distributed power systems.

Additional applications of multilevel converters include adjustable speed motor drives,
static var compensation, dynamic voltage restoration, harmonic filtering; or for a high volt-
age DC backtoback converter. As distributed power sources are expected to become increas-
ingly prevalent in the near future, the use of a multilevel converter to control the frequency
and voltage output (including phase angle) from renewable energy sources will provide sig-
nificant advantages because of its fast response and autonomous control. Additionally, multi-
level converters can also control the active and reactive power flow from a renewable energy
source connected to the utility. If a capacitance is connected in parallel to the renewable
energy source, then a multilevel converter can provide static var compensation even when
there is no output power from the photovoltaic or fuel cell energy source. If banks of batter-
ies or large capacitors are on the DC bus, then a multilevel converter can provide significant
ridethrough capability for voltage sags or load swings experienced at the utility interface
connection.

Multilevel inverters can operate not only with PWM techniques but also with ampli-
tude modulation (AM), improving significantly the quality of the output voltage waveform.
With the use of amplitude modulation, low frequency voltage harmonics are perfectly elimi-
nated, generating almost perfect sinusoidal waveforms, with a THD lower than five percent.
Another important characteristic is that each device can be operated at a low switching fre-
quency, reducing the semiconductor stresses, and therefore reducing the switching losses.

1.1 Topologies of multilevel converters
Up to now, the topologies for high power multilevel converter are classified in three

main types: flying capacitor converter (FC), diode clamped converter (NPC) and cascaded
H-bridge converter (HB).

A three-level diode-clamped inverter (NPC) is shown in Fig.1.2. In this circuit, the dc-
bus voltage is split into three levels by two series-connected bulk capacitors, C1 and C2.
The middle point of the two capacitors n can be defined as the neutral point. The output
voltage has three states: Vdc/2 , 0, and −Vdc/2. For voltage level Vdc/2, switches S1 and S2
need to be turned on while the rest is maintained off; for −Vdc/2, switches S3 and S4 need
to be turned on; and for the 0 level, S2 and S3 need to be turned on. The key components
that distinguish this circuit from a conventional two-level inverter are diodes D1 and D2.
These two diodes clamp the switch voltage to half the level of the dc-bus voltage. When
both S1 and S2 turn on, the voltage across a and 0 is Vdc, i.e., va0 = Vdc. In this case, D2
balances out the voltage sharing between S3 and S4 with S3 blocking the voltage across C1
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and S4 blocking the voltage across C2. Notice that output voltage vaN is ac, and va0 is dc.
The difference between vaN and va0 is the voltage across C2, which is Vdc/2. If the output
is removed out between a and 0, then the circuit becomes a dc/dc converter, which has three
output voltage levels: Vdc, Vdc/2, and 0.

Figure 1.2: Neutral Point Clamped (NPC) multilevel converter.

Figure 1.3 illustrates the fundamental building block of a phase-leg capacitor-clamped
inverter (FC). The circuit has been called the flying capacitor inverter [1], [5], [6] with inde-
pendent capacitors clamping the device voltage to one capacitor voltage level. The inverter
in Fig.1.3 provides a three-level output across a and N , i.e., vaN = Vdc/2, 0, or −Vdc/2.
For voltage level Vdc/2, switches S1 and S2 need to be turned on; for −Vdc/2, switches
S3 and S4 need to be turned on; and for the 0 level, either pair (S1, S3) or (S2, S4) needs
to be turned on. Clamping capacitor C1 is charged when S1 and S3 are turned on, and is
discharged when S2 and S4 are turned on. The charge of C1 can be balanced by proper
selection of the 0-level switch combination.

A different converter topology which is based on the series connection of single-phase
H-bridge inverters (HB) with separate dc sources is shown in Fig.1.4. This figure shows
the power circuit for one phase leg of a five-level inverter with two cells in each phase.
The resulting phase voltage is synthesized by the addition of the voltages generated by the
different cells. Each single-phase full-bridge inverter generates three voltages at the output:
+Vdc , 0, and −Vdc. This is made possible by connecting the capacitors sequentially to the
ac side via the four power switches. The resulting output ac voltage swings from −2Vdc to
2Vdc with five levels, and the staircase waveform is nearly sinusoidal, even without filtering.

Other topologies can be found in the literature of power and industrial electronics, which
are often a combination of the three basic topologies or modifications of them. They can be
found under the following names:

. Asymmetric Hybrid Multilevel Cells.
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Figure 1.3: Flying capacitor (FC) multilevel converter.

Figure 1.4: H-bridge (HB) multilevel converter.



1.1.2 Classification of Modulation Strategies 25

. Mixed-Level Hybrid Multilevel Cells.

. Soft-Switched Multilevel Inverters.

. Matrix converters.

. Transformer-coupled inverters.

. Diode/capacitor clamped converters.

. New diode clamped multilevel converters.

1.2 Classification of Modulation Strategies
The modulation methods used in multilevel inverters can be classified according to switch-

ing frequency as fundamental switching frequency and high switching frequency PWM.
Methods that work with high switching frequencies have many commutations for the power
semiconductors in one period of the fundamental output voltage. A very popular method in
industrial applications is the classical carrier-based sinusoidal PWM (SPWM) that uses the
phase-shifting technique to reduce the harmonics in the load voltage [1], [2], [3]. Another
interesting alternative is the SVM strategy, which has been used in three-level inverters [4].

Methods that work with low switching frequencies generally perform one or two com-
mutations of the power semiconductors during one cycle of the output voltages, generating
a staircase waveform. Representatives of this family are the multilevel selective harmonic
elimination [5], [6] and the space-vector control (SVC) [7]. Some of the most important
modulation techniques are listed below:

. Multilevel SPWM. Several multicarrier techniques have been developed to reduce the
distortion in multilevel inverters, based on the classical SPWM with triangular carriers.
Some methods use carrier disposition and others use phase shifting of multiple carrier
signals [2], [8], [9].

. SVM technique. It can be easily extended to all multilevel inverters [10]-[16]. These
vector diagrams are universal regardless of the type of multilevel inverter. In other
words, the modulation is valid for five-level diode-clamped, capacitor-clamped, or
cascaded inverter. Space-vector PWM methods generally have the following features:
good utilization of dc-link voltage, low current ripple, and relatively easy hardware
implementation by a digital signal processor (DSP). These features make it suitable
for high-voltage high-power applications. However, as the number of levels increases,
redundant switching states and the complexity of selecting switching states increase
dramatically.

. Selective Harmonic Elimination. To minimize harmonic distortion and to achieve ad-
justable amplitude of the fundamental component, up to m− 1 harmonic contents can
be removed from the voltage waveform. In general, the most significant low-frequency
harmonics are chosen for elimination by properly selecting angles among different
level inverters, and high-frequency harmonic components can be readily removed by
using additional filter circuits.
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. SVC. A conceptually different control method for multilevel inverters, based on the
space-vector theory, has been introduced [17]. This control strategy, called SVC,
works with low switching frequencies and does not generate the mean value of the
desired load voltage in every switching interval, as is the principle of SVM. The main
idea in SVC is to deliver to the load a voltage vector that minimizes the space error or
distance to the reference vector. This method is simple and attractive for high number
of levels. As the number of levels decreases, the error in terms of the generated vectors
with respect to the reference will be higher; this will increase the load current ripple.

. Direct Torque Control (DTC). This technique has been developed for low-voltage two
level inverters as an alternative to the field oriented method to effectively control torque
and flux in AC drives [18]. DTC and hysteresis current control techniques have also
been applied in multilevel inverters [19]. It must be noticed that one major manufac-
turer has been selling medium-voltage three-level diode clamped inverters controlled
with DTC [20].

1.3 Phase locked-loop algorithms
One crucial aspect in the control of grid-connected power converters, is the detection of

the fundamental-frequency positive-sequence component of the utility voltage under unbal-
anced and distorted conditions. Specifically, the detection of the positive-sequence voltage
component at fundamental frequency is essential for the control of distributed generation
and storage systems, flexible AC transmission systems (FACTS), power line conditioners
and uninterruptible power supplies (UPS). The most widely accepted solution to provided
this synchronization are the phase-locked loop (PLL) based technics. The basic PLL con-
cept has been known and widely utilized since it was first proposed in 1922. From that
time, PLLs have been used in instrumentation, space telemetry, and many other applications
requiring a high degree of noise immunity and narrow bandwidth.

A phase-locked loop (PLL) is a system that generates an alternating signal whose phase
shift and frequency are equal to those of a “reference” signal. In general, a conventional PLL
comprises a phase frequency detector (PFD) aimed to detect phase error and frequency error
between the sensed input signal and an internally reconstructed signal. This error signal is
processed in a filter and the result is used to adjust the frequency of a voltage controlled
oscillator (VCO). A PLL circuit responds to both the frequency and the phase shift of the
input signal. It may automatically increase or decrease the frequency of a controlled oscil-
lator until its output signal matches both frequency and phase shift of the reference. The
PLL scheme compares its output phase with the phase of an incoming reference signal and
adjusts itself until both are aligned, i.e., the PLL output’s phase is “locked” to that of the
input reference. Once the loop is locked (the phase difference between the output and the
input signals is very close to zero) the frequency of the output signal is a multiple (integer or
fractional) of the input signal’s frequency.

One of the most common implementations of integrated circuits’ PLLs is in frequency
synthesizers, where PLLs are used to generate a set of programmable frequencies. Applica-
tions of frequency synthesizers include LO (Local Oscillator) for up- and down- conversion
in wireless communications systems ( such as cell phones), demodulation of both FM and
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AM signals, recovery of clock timing information in a data stream (such as those made avail-
able in a disk drive), and clock multipliers in microprocessors. In wireless communications
ICs, PLLs have to achieve key performance metrics of various parameters, including phase
noise, spur levels, and lock time, which tend to trade off with each other and hence challenge
IC designers everywhere. Given the widespread use of PLLs and their complexity, a lot of
research effort has been applied to the understanding of PLLs and simulation techniques that
can facilitate their implementation in ICs.

One crucial aspect in the control of grid-connected power converters is the detection of
the fundamental-frequency under distorted conditions. In particular, in three-phase systems,
it is necessary to detect the positive-sequence component of the utility voltage under un-
balanced and distorted conditions. The PLL schemes have been used in power electronics
systems which require grid voltage information, such as the frequency, phase angle and am-
plitude. They are in fact the most widely accepted solution to provide synchronization with
the grid. The detection and synchronization to the fundamental component is essential for
the control of distributed generation and storage systems, flexible ac transmission systems
(FACTS), power line conditioners and uninterruptible power supplies (UPS).

1.4 Objectives, structure and main contributions
The objectives of this thesis can be summarized as follows:
[First]: to establish mathematical models based on differential equations for the different

topologies of multilevel converters. The hypothesis is that with a correct description of
the dynamics of the systems, is possible to design a control law that would maximize the
characteristics of the system under study.

[Second]: based on the mathematical models proposed, design an appropriated control
law in order to obtain the most benefits of the systems. The main reason of design the control
law in base of the model is try to identify the control input (or inputs) that permits the balance
of the capacitor voltages, which is the most important problem with the multilevel converter
systems.

[Third]: validate the mathematical models and the control laws with simulations results
and/or experimental results.

[Fourth]: demonstrate that with a complete description of the source voltage, is possible
to design a PLL algorithm to perform properly under unbalanced conditions, and to be robust
against angular frequency variations, also robust against harmonic distortion present in the
source voltage signal.

[Fifth]: validate the proposed PLL algorithms with simulation results and/or experimen-
tal results.

The thesis is structured as follows:
Chapter 2 presents a model describing the dynamics of a three level neutral point clamped

converter used in a synchronous rectifier application. The highly nonlinear model, originally
in abc-coordinates, is also expressed in its αβγ-coordinates. Special attention is given to
the γ-component of the control input, which represents a degree of freedom crucial for the
balancing of the capacitors voltages.

Unlike others models presented in the literature [71], [75] that are more analytical models
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describing the basic operation of the converter or the effects of the systems parameters, the
proposed model is an average model working with continuous signals. This is true if the
switching frequency is much faster than the nominal frequency, in this case, 50 or 60 Hz;
then considering systems working with a switching frequency of 10 KHz, the assumption is
correct. This means that the inputs of the model are the duty ratios instead of the switching
sequence. Moreover, the proposed model is presented in αβγ-coordinates, or fixed reference
frame, instead of the rotating reference frame by using a combination of Clarke’s and Park’s
transformations [73], [74], this is traduced in a minor computational requirements, and also,
it is not required the knowledged of the angular frequency for the calculation of the reactive
power and the instant power. It is also important to clarify that the proposed model represents
the dynamics of the converter and is not an study with design purpose of the parameters of
the converter [76]. The parameters of the converter are expressed in the model, but there are
considered as an unknown constants.

Chapter 3 presents an adaptive controller for a synchronous rectifier using a three level
NPC. The controller guarantees regulation and balance of the output capacitors voltages, as
well as a close to unity power factor, simultaneously. The design is based on the model in
αβγ-coordinates of the three level converter above proposed. Special attention is given to
the γ-component of the control input, since it has direct influence in the balancing of the
capacitors voltages, represented here as the arithmetic difference of voltages.

Unlike other techniques of control [4], [72], [70], where are focused in obtaining the
best switching sequence to solve the problems of balancing the voltages of the capacitors
and harmonic elimination, based in analytical models, the proposed controller is based in
a mathematical model, in this case, an average continuous model. This allow to obtain the
proper duty ratios for the switching sequence and for the implementation it is necessary a
correct modulation scheme, in this case it was implemented the proposed in [24].

Chapter 4 presents the modeling and control process of the cascade h-bridge single-phase
multilevel converter used as an active filter. Based on the model, a controller is proposed
to guarantee a current tracking of the line current towards a reference proportional to the
line voltage. Simultaneously, the controller guarantees the regulations and balance of the
capacitor voltages.

Chapter 5 presents the modeling and control process of the cascade H-bridge three-phase
multilevel converter used as a shunt active filter. Based on the model, a controller is proposed
to compensate harmonic distortion and reactive power due to a nonlinear load. Simultane-
ously, the controller guarantees the regulations and balance of the capacitor voltages. The
results are shown for a cascade H-bridge three-phase five-level converter, however, all results
can be easily extended to higher levels.

Chapter 6 presents the design and implementation of a single phase PLL based on an
adaptive observer. The algorithm assumes that the signal is produced by a harmonic oscilla-
tor where the frequency is an unknown parameter, and only one of the states is available. A
prototype has been built and experimental results are presented to asses its performance.

Chapter 7 presents a PLL which is able to provide an estimation of the angular frequency,
and both the positive and negative sequences of the fundamental component of a three-phase
signal. These sequences are provided in fixed reference frame coordinates, and thus the
proposed algorithm is referred as fixed reference frame PLL (FRF-PLL). The FRF-PLL is
intended to perform properly under severe unbalanced conditions, and to be robust against



angular frequency variations in the three-phase source voltage signal. Although not con-
sidered in the design, it is shown that the scheme is also robust against harmonic distortion
present in the source voltage signal.

Finally, the concluding remarks, the scientific production and the future work.
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Chapter 2

NPC Multilevel Converter:
Mathematical Model

2.1 Introduction
Among the various multilevel converters, the NPC or Diode-Clamped topology is un-

doubtedly one of the most used and studied.
The advantages of the NPC topology are:

. The lock voltage of one semiconductor device is a single voltage input of one capacitor,
Vpn/(n− 1) in the case of n levels.

. The number of capacitors required is small compared with other multilevel topologies.
This point is especially interesting since they are components reagents which entail a
higher cost in the converter.

. Can be connected directly to a DC bus, without adding other additional capacitors.

. Does not require transformers.

. Change from one state to another via actuation of a single switch.

This topology presents, however, the followings drawbacks:

. The fixing diodes or clamping diodes must be chosen capable to driving the nominal
current of the converter. This requirement must be considered seriously in the design
of the converter.

. In topologies with more than three levels, it is required that the clamping diodes block
different voltages depending on their position in the converter.

. It is necessary that the tensions of the capacitors remain balanced in any point of work,
complicating the control system of the converter. The balancing of the voltages of
capacitors is difficult as it is increasing the number of levels of the converter, it can
even be impossible in some operating conditions.

31



32 Chapter 2. NPC Multilevel Converter: Mathematical Model

In general, the provided advantages of NPC converters make interesting the task to de-
velop a complete mathematical model of the converter in order to allow the design of more
adequate control strategies.

This chapter presents a model that describes the dynamics of a three level neutral point
clamped converter used in a synchronous rectifier application. The highly nonlinear model,
originally in abc-coordinates, is also expressed in its αβγ-coordinates. Special attention is
given to the γ-component of the control input, which represents a degree of freedom crucial
for the balancing of the capacitors voltages. It is shown that the arithmetic difference and
sum of the capacitors voltages are two natural states of the system and, indeed, they reduce
considerably the model expressions. It is also shown that the controller γ-component has a
minimum influence on the sum of the capacitors voltages, but it has a strong influence on the
difference, hence its importance in the capacitor voltage balance. Simulations are presented
to validate the proposed model.

2.2 Model of the three level NPC inverter

The basic setup for the synchronous rectifier application using a three level NPC inverter
discussed in this chapter is shown in Fig. 2.1, and the equivalent circuit with ideal switches
is shown in Fig. 2.2.
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Figure 2.1: Synchronous rectifier based on a three level NPC inverter.

The modeling process is divided in two stages. In the first stage, we obtain the expres-
sions for the inductor current dynamics, and second, we obtain the expressions to describe
the dynamics of the capacitor voltages. Some approximations are proposed to reduce the
complexity of such expressions. We note that a natural description of the capacitors voltages
dynamics consists in considering, as controlled variables, the addition and the difference of
both capacitors voltages. We conclude this section by presenting the transformation of the
proposed model from abc-coordinates to αβγ-coordinates where we introduce the third co-
ordinate γ to consider the third degree of freedom available in the input control. This control
component is crucial in the balancing of the capacitors voltages as it will become clear later.
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Figure 2.2: Synchronous rectifier equivalent circuit based on a three level inverter with ideal
switches.

2.2.1 The inductors current dynamics
Direct application of Kirchhoff’s Voltage Law (KVL) yields

vS1 = L
di1
dt

+ v1 + v0n

vS2 = L
di2
dt

+ v2 + v0n (2.1)

vS3 = L
di3
dt

+ v3 + v0n

where

vS1, vS2, vS2 : source voltages referred to “n”
i1, i2, i3 : inductor currents
v1, v2, v3 : injected voltages referred to “0”
v0n : voltage at “0” referred to “n”
L : inductance of input inductors
C : capacitance of output capacitors
R : load resistance
idc1, idc2, idc3 : currents at top, middle and bottom

connection points of capacitors
iC1, iC2 : capacitors currents

Since source voltages are equilibrated and no fourth wire is considered in this application
it can be assumed that

vS1 + vS2 + vS3 = 0 , i1 + i2 + i3 = 0

Adding all three equations (2.1), side by side, yields

v0n = −1

3
(v1 + v2 + v3)
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Direct substitution of v0n in (2.1) yields
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The voltages in the switches vi (i ∈ {1, 2, 3}) referred to “0” point are defined in terms
of the switching positions δi as follows

vi =





vC2 , δi = 1
0 , δi = 0
−vC1 , δi = −1

, i ∈ {1, 2, 3} (2.3)

According to (2.3), three states are allowed, and an expression of vi (for every i ∈
{1, 2, 3}) in function of δi can be obtained. A single quadratic function that fits all three
states is

vi =

(
vC2 − vC1

2

)
δ2
i +

(
vC2 + vC1

2

)
δi (2.4)

where δi ∈ {−1, 0, 1}.
Figure 2.3 shows the quadratic function used here to mimic the relationship (2.3) in the

points of interest.

vC2< vC1

vC2> vC1

vC2= vC1

1

-1

vC2

-vC1

δi

vi

Figure 2.3: Description of the voltages functions vi using a quadratic function of δi fitting all
three points (¨), valid for each i ∈ {1, 2, 3}. For: (–) vC1 > vC2 , (-·-) vC1 < vC2 , and (· · · )
vC1 = vC2 .

Notice also that, for a given vi, vC1 and vC2, there exists two roots for δi that solves eq.
(2.4), however the following root is the only physically meaningful

δi =
−vC2+vC1

2
+

√(
vC2+vC1

2

)2
+ 2(vC2 − vC1)vi

vC2 − vC1

fulfilling the condition
−1 ≤ δi ≤ 1
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It is clear that vi ≡ 0 ⇐⇒ δi ≡ 0. Moreover, for vC1 ≡ vC2 ⇒ vi = vC1δi.
In conclusion the inductors currents dynamics can be modeled as (2.2) where the voltages

vi are computed as in (2.4).

Remark 2.1 Under the consideration that vC2
∼= vC1 eq. (2.4) reduces to

vi =
vC2 + vC1

2
δi , i ∈ {1, 2, 3} (2.5)

Thus, subsystem (2.2) can be approximated as



Ldi1
dt

Ldi2
dt

Ldi3
dt


 = −vC1 + vC2

6

[
2 −1 −1

−1 2 −1
−1 −1 2
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δ3




+




vS1

vS2

vS3


 (2.6)

¤

2.2.2 The capacitors voltages dynamics
Using Kirchhoff’s Current Law (KCL) in the diagram of Fig.2.2 it is obtained the fol-

lowing relationships

idc1 = iC2 + iR

idc2 = iC1 − iC2

idc3 = −iC1 − iR

0 = idc1 + idc2 + idc3

where iC1 = Cv̇C1, iC2 = Cv̇C2, iR = (vC1 + vC2)/R and idci = idci1 + idci2 + idci3, for
every i ∈ {1, 2, 3}.

From these expressions, the following relationships are obtained

iC2 + iC1 = idc1 − idc3 − 2iR (2.7)
iC1 − iC2 = idc2 (2.8)

Expressions for idc1, idc2 and idc3 are approximated as quadratic functions following a
similar procedure as before.

A. Current idc1

First, it is established the relationship between each output current idc1k in terms of the
three possible switch positions δk, and for every k ∈ {1, 2, 3}. Thus, for a given k ∈ {1, 2, 3}
three points are known, and a quadratic function relating idc1k and δk can be designed to fit
all three points. Figure 2.4 shows the points and the fitting quadratic function for idc1k vs. δk

which is valid for all k ∈ {1, 2, 3}.
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ik

1-1 δk

i
dc1k

0

Figure 2.4: Description of the current functions idc1k using a quadratic function of δk, fitting
all three points (¨), valid for each k ∈ {1, 2, 3}.

The expression for the k-th quadratic function is

idc1,k = (δk + 1)
δkik
2

Now, since idc1 =
∑

k∈{1,2,3} idc1k, we obtain the following expression

idc1 = (δ1 + 1)
δ1i1
2

+ (δ2 + 1)
δ2i2
2

+ (δ3 + 1)
δ3i3
2

(2.9)

B. Current idc2

Figure 2.5 shows the distribution of the three points (for each switch position) and the
quadratic function fitting them. In this case the expression for the quadratic function relating
current idc2k and δk is

idc2k = (1− δ2
k)ik

ik

1

-1

δk

i
dc2k

0

Figure 2.5: Description of the current functions idc2k using a quadratic function of δk, fitting
all three points (¨), valid for each k ∈ {1, 2, 3}.

From idc2 =
∑

k∈{1,2,3} idc2k, we obtain

idc2 = (1− δ2
1)i1 + (1− δ2

2)i2 + (1− δ2
3)i3

= −δ2
1i1 − δ2

2i2 − δ2
3i3 (2.10)
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where we used the fact that i1 + i2 + i3 = 0

Remark 2.2 Another expression for idc2k without involving square terms δ2
i , (i ∈ {1, 2, 3}),

but still valid in all three points, is obtained by using absolute values |δi| as follows

idc2 = −|δ1|i1 − |δ2|i2 − |δ3|i3 (2.11)

where the squares have been replaced by absolute values. ¤

C. Current idc3

The case of idc3 is very similar to idc1. The distribution of the three points (for each
switch position) and the quadratic function fitting them are presented in Fig.2.6. In this case
the expression of the quadratic function relating current idc3k and δk is

idc3k = (δk − 1)
δkik
2

ik

1-1 δ
k

i
dc3k

0

Figure 2.6: Description of the current functions idc3k using a quadratic function of δk, fitting
all three points (¨), valid for each k ∈ {1, 2, 3}.

As before, from idc3 =
∑

k∈{1,2,3} idc3k, it is obtained

idc3 = (δ1 − 1)
δ1i1
2

+ (δ2 − 1)
δ2i2
2

+ (δ3 − 1)
δ3i3
2

(2.12)

Direct substitution of (2.9), (2.10) and (2.12) in (2.7) and (2.8) yields the following ex-
pressions

C(v̇C1 + v̇C2) = idc1 − idc3 − 2iR =

= δ1i1 + δ2i2 + δ3i3 − 2(vC1 + vC2)

R
(2.13)

C(v̇C1 − v̇C2) = idc2 = −δ2
1i1 − δ2

2i2 − δ2
3i3 (2.14)

Remark 2.3 It was observed in (2.13) that selecting as output the sum of the capacitors
voltages automatically cancels the squares of δi, (i ∈ {1, 2, 3}) which appeared originally in
the description of idc1 and idc3. This, however, is not the case in the difference between the
capacitors voltages as observed in (2.14) where the quadratic terms remain. ¤
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Remark 2.4 Another option to describe the dynamics (2.14) without involving the square
functions is considering the absolute value description of idc2, that is,

C
d

dt
(vC1 − vC2) = −|δ1|i1 − |δ2|i2 − |δ3|i3

Although this expression looks simpler than (2.14), it is more difficult to handle, specially
while performing the transformation to αβ coordinates, as it will become clear later. ¤

Summarizing, the overall model of system shown in Fig.2.2 is given by



Ldi1
dt

Ldi2
dt

Ldi3
dt


 =

[
2 −1 −1

−1 2 −1
−1 −1 2

]


v1

v2

v3


 +




vS1

vS2

vS3


 (2.15)




v1

v2

v3


 =

vC2 − vC1

2




δ2
1

δ2
2

δ2
3


 +

vC2 + vC1

2




δ1

δ2

δ3


 (2.16)

C
d

dt
(vC1 + vC2) = [δ1, δ2, δ3]




i1
i2
i3


 +

2(vC1 + vC2)

R

(2.17)

C
d

dt
(vC1 − vC2) = −[δ2

1, δ2
2, δ2

3]




i1
i2
i3


 (2.18)

which can also be expressed in matrix form as

L
di123

dt
= −1

3
Bv123 + vS123 (2.19)

v123 =
vC2 − vC1

2
[δ2

1, δ2
2, δ2

3]
>

+
vC2 + vC1

2
δ123 (2.20)

C(v̇C1 + v̇C2) = δ>123i123 − 2(vC1 + vC2)

R
(2.21)

C(v̇C1 − v̇C2) = −[δ2
1, δ2

2, δ2
3]i123 (2.22)

where i123 = [i1, i2, i3]
>, vS123 = [vS1, vS2, vS3]

>, v123 = [v1, v2, v3]
>, δ123 = [δ1, δ2, δ3]

>

and

B =

[
2 −1 −1

−1 2 −1
−1 −1 2

]

where it was noticed that the natural variables of interest are, besides the inductor currents,
the sum and the difference of the capacitor voltages.
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Remark 2.5 Under the consideration that vC2
∼= vC1, subsystem (2.19) can be approximated

as (2.6), which in matrix form can be written as

L
di123

dt
= −vC1 + vC2

6
Bδ123 + vS123 (2.23)

¤

2.2.3 Transformation to αβγ-coordinates
Vectors originally in abc-coordinates are transformed into αβγ coordinates according to

iαβγ = Ti123 , vSαβγ = TvS123

δαβγ = Tδ123 , vαβγ = Tv123

where xαβγ
4
= [xα, xβ, xγ]

> and the transformation matrix T used is defined as

T
4
=

2√
3




1 −1
2

−1
2

0
√

3
2

−
√

3
2

1√
2

1√
2

1√
2




where T−1 = 1
2
T>, TT−1 = I3 and I3 is the 3×3 identity matrix.

Remark 2.6 The γ coordinate has been considered with the purpose to include an extra
degree of freedom (DOF) present in the control vector. The γ coordinate will become crucial
in the balance control of the capacitors voltages, as it will become clear later. ¤

Remark 2.7 For the control design purposes the averaged model is considered instead, i.e.,
the control inputs δ1, δ2 and δ3 represent, from now on, continuous signals taking values
in the range [−1, 1]. This is supported by the fact that, for the real implementation, an
appropriate modulation technique, such as multi-carrier phase-shifted or level-shifted, with
a relative high effective switching frequency is used. ¤

A. Inductor currents dynamics

Direct application of the above transformation on both sides of subsystem (2.19) gives

L
dTi123

dt
= −TBT−1vαβγ + TvS123

where v123 = T−1vαβγ has been used. This yields

L
diαβ

dt
= −vαβ + vSαβ (2.24)

where the fact that TBT−1 = diag{3, 3, 0} has been used, (i1 + i2 + i3) = 0 ⇒ iγ ≡ 0 and
(vS1 + vS2 + vS3) = 0 ⇒ vSγ ≡ 0.
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From vαβγ = Tv123 the following expression for vαβ in terms of δγαβ is obtained

vαβ =
2√
3

[
v1 − v2+v3

2√
3

2
(v2 − v3)

]

As described by (2.20)



v1

v2

v3


 =

vC2 − vC1

2




δ2
1

δ2
2

δ2
3


 +

vC2 + vC1

2




δ1

δ2

δ3




Vector vαβ can thus be computed as

vαβ =

[
δ2
1 − δ2

2+δ2
3

2
2√
3

(
δ1 − δ2+δ3

2

)
√

3
2

(δ2
2 − δ2

3) δ2 − δ3

][ vC2−vC1√
3

vC2+vC1

2

]
(2.25)

On the other hand, using δ123 = T−1δαβγ yields

δ1 =
1√
3

(
δγ√
2

+ δα

)

δ2 =
1√
3

(
δγ√
2
− δα

2
+

√
3δβ

2

)

δ3 =
1√
3

(
δγ√
2
− δα

2
−
√

3δβ

2

)
(2.26)

On the right hand side of (2.25) the terms δ2
1 − 1

2
(δ2

2 + δ2
3),

√
3

2
(δ2

2 − δ2
3),

2√
3

(
δ1 − δ2+δ3

2

)
and δ2− δ3 can be identified. They can be computed in terms of δγαβ using (2.26) as follows

δ2
1 −

1

2
(δ2

2 + δ2
3) =

δγδα√
2

+
δ2
α − δ2

β

4
(2.27)

√
3

2
(δ2

2 − δ2
3) =

δγδβ√
2
− δαδβ

2
(2.28)

2√
3

(
δ1 − δ2 + δ3

2

)
= δα (2.29)

δ2 − δ3 = δβ (2.30)

Voltages vector vαβ can be rewritten as

vαβ =

[
δγδα√

2
+

δ2
α−δ2

β

4
δα

δγδβ√
2
− δαδβ

2
δβ

][ vC2−vC1√
3

vC2+vC1

2

]

which can also be rewritten as

vαβ =
vC2 − vC1√

3

[
δγδα√

2
+

δ2
α−δ2

β

4
δγδβ√

2
− δαδβ

2

]
+

vC2 + vC1

2
δαβ (2.31)
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Remark 2.8 Notice, from (2.24) and (2.31), that the control component δγ has influence
over the dynamics of iαβ , however, this influence disappears as the voltages difference (vC1−
vC2) approaches to zero. ¤

Remark 2.9 Following approximation (2.23), that is, considering vC2
∼= vC1, the expression

for subsystem (2.24), with vαβ described as in (2.31), can be reduced to

L
diαβ

dt
= −

(
vC1 + vC2

2

)
δαβ + vSαβ (2.32)

which can be also obtained by applying the transformation directly to the approximation
(2.23). ¤

B. Sum of the capacitors voltages

Applying the transformation to the sum of the capacitors voltages dynamics (2.21) yields

C(v̇C1 + v̇C2) = (T−1δαβγ)
>T−1iαβγ − 2

R
(vC1 + vC2)

=
1

2
δ>αβγiαβγ − 2

R
(vC1 + vC2)

but iγ = 0, therefore

C(v̇C1 + v̇C2) =
1

2
δ>αβiαβ − 2

R
(vC1 + vC2) (2.33)

Remark 2.10 Notice that the δγ component of the controller has not direct influence on the
dynamics of the sum of the capacitors voltages. ¤

C. Difference of the capacitors voltages

Applying the transformation to the difference between the capacitor voltages dynamics
(2.22) yields

C(v̇C1 − v̇C2) = −[δ2
1, δ2

2, δ2
3]T

−1iαβγ (2.34)

Compute of the first product yields

[δ2
1, δ2

2, δ2
3]T

−1 =

1√
3

[
δ2
1 −

1

2
(δ2

2 + δ2
3),

√
3

2
(δ2

2 − δ2
3),

1√
2
(δ2

1 + δ2
2 + δ2

3)

]
(2.35)

On the right hand side of this product the terms 1√
2
(δ2

1 + δ2
2 + δ2

3), δ2
1 − 1

2
(δ2

2 + δ2
3) and

√
3

2
(δ2

2 − δ2
3) can be easily identified. The former is not necessary as iγ ≡ 0, the remaining

two were computed before in terms of δαβγ in (2.27)-(2.28) giving

δ2
1 −

1

2
(δ2

2 + δ2
3) =

1√
2
δγδα +

1

4
(δ2

α − δ2
β)

√
3

2
(δ2

2 − δ2
3) =

1√
2
δγδβ − 1

2
δαδβ
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Remark 2.11 As pointed out before, the square functions can be replaced by absolute val-
ues, however, in this case the computations would be much more involved. ¤

Product (2.35) can now be written in terms of δα, δβ and δγ as

[δ2
1, δ2

2, δ2
3]T

−1 =

1√
3

[
1√
2
δγδα +

1

4
(δ2

α − δ2
β),

1√
2
δγδβ − 1

2
δαδβ, ∗

]

Direct substitution of the previous result in (2.34), with iγ = 0, yields

C(v̇C1 − v̇C2) = −
(

δ>αβiαβ√
6

)
δγ

− 1

4
√

3

[
δ2
α − δ2

β, −2δαδβ

]
iαβ (2.36)

Remark 2.12 From (3.3) it can be observed that the control component δγ has a direct in-
fluence over the dynamics of the difference of capacitors voltages. However, this control
component is affected by the projection δ>αβiαβ , therefore special attention should be taken
in the control design process to keep such a projection bounded away from zero. ¤

Summarizing, the model of the three level converter in αβγ-coordinates is given by

L
diαβ

dt
= −vαβ + vSαβ (2.37)

vαβ =
vC2 − vC1√

3

[
δγδα√

2
+

δ2
α−δ2

β

4
δγδβ√

2
− δαδβ

2

]

+
vC2 + vC1

2
δαβ (2.38)

C(v̇C1 + v̇C2) =
1

2
δ>αβiαβ − 2

R
(vC1 + vC2) (2.39)

C(v̇C1 − v̇C2) = − 1

4
√

3

[
δ2
α − δ2

β, −2δαδβ

]
iαβ

−
(

δ>αβiαβ√
6

)
δγ (2.40)

2.3 Model verification
A three level converter and the proposed model have been simulated and compared to

show the validity of the proposed one. The former includes the effects of the switching de-
vices and is controlled by a switching sequence, while the latter is controlled by the average
continuous control signals δαβγ obtained from a conventional control. The pulses for the
switching system are generated using a modulation algorithm referred as SVM-3D that was
proposed in [24], having as inputs the same control signals δαβγ . This generalized method
easily provides the nearest switching vectors sequence to the reference vector and calculates
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the on-state durations of the respective switching state vectors without involving trigono-
metric functions, look-up tables or coordinate system transformations which increase the
computational load corresponding to the modulation of multilevel converters. The following
conditions have been considered in the simulations: sampling frequency 10KHz, capacitance
C = 3300 µF, inductance L = 1.2mH, reference for the sum of voltages 700V. The test con-
sists in changing the load from R = 20 Ω to R = 10 Ω at t = 0.2s. Every figure shows the
response using the proposed model in the top plot and the response of the switching system
driven by pulses in the bottom plot. Figure 2.7 shows the time responses of the input cur-
rents iαβ to the load change. Figure 2.8 shows the time responses of the sum of voltages
x3 = vC1 + vC2. And Fig.2.9 shows the responses of the voltages difference x3 = vC1− vC2.

Experimental results are shown in the chapter 3 in order to validate the proposed model
and to show the benefits of the proposed controller.
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Figure 2.7: Input currents iαβ responses to a load step change from 20Ω to 10Ω at t = 0.2s:
(Top) Proposed model and (Bottom) switching system driven by pulses.

2.4 Conclusions
In this chapter is presented a model for the three-level NPC converter. The model was

obtained in the original abc-coordinates and then after transformations it was also presented
in αβγ-coordinates. It was found that a natural way to write the model is considering as
variables the sum and the difference of the capacitors voltages, besides the inductors currents.
The proposed model stressed the existence of a third degree of freedom (DOF) offered by
the control input, and referred here as the γ-component, which, together with the α and β
components, form the control input vector.
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Figure 2.8: Sum of voltages x3 = vC1 + vC2 responses to a load step change from 20Ω to
10Ω at t = 0.2s: (Top) Proposed model and (Bottom) switching system driven by pulses
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Figure 2.9: Difference of voltages x4 = vC1− vC2 responses to a load step change from 20Ω
to 10Ω at t = 0.2s: (Top) Proposed model and (Bottom) switching system driven by pulses



Chapter 3

NPC Multilevel Converter: Adaptive
Controller for a Three-level Synchronous
Rectifier

3.1 Introduction

Based on the model described in the previous chapter, the capacitors voltage balancing
issue can now be treated from another viewpoint. The main feature of the previously pro-
posed model is the existence of a third degree of freedom (DOF) offered by the control input
referred as the γ component, which is put in evidence, and together with the α and β com-
ponents form the control input vector. It is shown that this γ component is precisely the
DOF required to pursue the capacitors voltages balance. The model is written in terms of the
sum and the difference of the capacitors voltages, which are perhaps the natural variables,
besides the inductors currents. According to this description, to guarantee the capacitors
voltages balance, is equivalent to drive to zero the difference of capacitors voltages. It is ob-
served that the dynamics associated to this voltages difference is being perturbed by higher
order harmonics, mainly a third harmonic. Therefore, the proposed controller includes an
adaptive term to cope with these disturbances. After some transformations, this adaptive
term is finally reduced to a bank of resonant filters. The proposed controller thus guarantees
regulation, balance of the capacitors voltages, and a close to unity power factor. Numerical
results are presented to asses the performance of the proposed controller.

3.2 Model of the three level inverter

The basic setup for the synchronous rectifier application using a three level NPC inverter
discussed in this chapter is shown in Fig.2.1, and the equivalent circuit with ideal switches is
shown in Fig.2.2 in the previous chapter.

The system dynamics is described by the following model in αβγ-coordinates (the γ
coordinate is also referred as coordinate “0” in the literature), which was obtained in the

45
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previous chapter.

L
diαβ

dt
= −vC1 + vC2

2
δαβ + vSαβ (3.1)

C(v̇C1 + v̇C2) =
1

2
δ>αβiαβ − 2

R
(vC1 + vC2) (3.2)

C(v̇C1 − v̇C2) = − 1

4
√

3

[
δ2
α − δ2

β, −2δαδβ

]
iαβ

−
(

δ>αβiαβ√
6

)
δγ (3.3)

where

vSα, vSβ : source voltages
iα, iβ : inductor currents
vC1, vC2 : capacitors voltages
δα, δβ, δγ : control signals ∈ {−1, 0, 1}
L : inductance of input inductors
C : capacitance of output capacitors
R : load resistance

Remark 3.1 From (3.3) it was observed that the control component δγ , usually disregarded
in most three-phase three-wire applications, has a direct influence over the dynamics of the
difference of capacitors voltages, and thus it will be crucial in the balancing of the capacitors
voltages. However, this control component, as observed in (3.3) is affected by the projection
δ>αβiαβ . Therefore, special attention should be taken in the control design process to keep
such a projection bounded away from zero. ¤

3.3 Controller design
To simplify the notation, the following transformations are considered

x1 = iα, x2 = iβ, x3 = vC1 + vC2, x4 = vC1 − vC2

u1 = δα, u2 = δβ, u3 = δγ, vS = vSαβ

The model can then be rewritten as

Lẋ12 = −1

2
x3u12 + vS (3.4)

Cẋ3 =
1

2
u>12x12 − 2

R
x3 (3.5)

Cẋ4 = − 1

4
√

3

[
(u2

1 − u2
2), −2u1u2

]
x12

− 1√
6
u3u

>
12x12 (3.6)
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The multilevel converter presented here is used in an application of a three-phase rectifier.
The control objective can be stated, in terms of the new variables, as follows:

i) First, a power factor close to the unity should be guaranteed. This can be fulfilled if

x12 → x∗12 = gvS , x12 = [x1 , x2]
>

that is, the input current signal follows a signal proportional to the supplied voltage. The
proportionality gain g represents the equivalent conductance observed by the power supply,
and represents a degree of freedom yet to be defined.

ii) Second, the controller should regulate the sum of the output capacitors voltages to-
wards a desired constant reference Vd, that is,

x3 → x∗3 = Vd

iii) Third, the voltage in both capacitors should be balanced. In other words, the differ-
ence between the capacitors voltages should be driven to zero, that is,

x4 → x∗4 = 0

Here and in what follows (·)∗ is used to represent a desired reference. Also, the simplified
notation x12 = [x1, x2]

> and u12 = [u1 , u2]
> is used to represent vectors.

3.3.1 Main assumptions
A1. It is of great interest to design robust controllers with respect to parameter uncer-

tainties, and thus, in the control design process, most system parameters are considered as
unknown constants, possibly changing in steps, or that can be slowly varying.

A2. To facilitate the control design, it is assumed that x12 dynamics is much faster than
the dynamics of x3 and x4, and thus, these two latter can be decoupled from the former based
on a time scale separation argument.

A3. It is assumed that iγ = 0, vSγ = 0 because there is not connection to neutral, that is,
no homopolar component is considered, and also equilibrated voltages can be assumed.

A4. In this first approach it is considered that the source voltage is composed mainly by
its fundamental component, that is, it can be expressed as

vS(t) = eJwtVS , eJwt =

[
cos(wt) − sin(wt)
sin(wt) cos(wt)

]

J =

[
0 −1
1 0

]

where VS = [V r
S , V i

S] represents the phasor vector of signal vS(t), with V r
S and V i

S the real
and imaginary parts, respectively, both considered as unknown constants and J is a skew
symmetric matrix. Notice that, in this special case, the current reference can be represented
as

x∗12 = geJwtVS

whose time derivative, extremely useful in solving the tracking problem, is given by

ẋ∗12 = gwJvS = wJx∗12
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where it has been considered ġ ∼= 0, based on the decoupling assumption.
The control design process is thus divided in three steps. First, a controller for x12 is

proposed to solve the current tracking problem. This controller is referred as inner or current
control loop. Second, a controller that regulates x3 towards its constant reference is designed.
This controller is addressed as the outer or voltage control loop. Finally, a controller that
zeroes x4 is proposed. This last controller is referred as the voltage balancing control.

3.3.2 Inner (current) control loop
Consider subsystem (3.4) describing the inductor currents x12 dynamics

Lẋ12 = −ν12

where ν12
4
= 1

2
x3u12 − vS has been defined.

Notice that, in the case that all parameters are known, the following controller solves the
tracking problem

ν12 = −Lẋ∗12 + k1x̃12 = −LwJx∗12 + k1x̃12 = −θJx∗12 + k1x̃12

where k1 is a positive design parameter, x̃12
4
= x12 − x∗12 and θ

4
= wL.

Since in the previous controller both parameters L and possibly w are unknown constants,
it is proposed the following controller instead

ν12 = −θ̂Jx∗12 + k1x̃12

where θ̂ represents the estimate of the unknown θ.
The error dynamics is given by

L ˙̃x12 = −k1x̃12 + θ̃Jx∗12 (3.7)

where θ̃
4
= θ̂ − θ.

The adaptive law is designed by following the Lyapunov approach, for this, the following
quadratic function is proposed

H =
L

2
x̃>12x̃12 +

1

2γ
θ̃2

whose time derivative along the trajectories of (3.7) is

Ḣ = −k1x̃
>
12x̃12 + θ̃x̃>12Jx∗12 +

1

γ
θ̃ ˙̃θ

Out of which the following adaptive law is proposed

˙̂
θ = −γx̃>12Jx∗12

where γ is a positive design parameter, referred as the adaptation gain. Notice that, the fact
˙̃θ =

˙̂
θ has been used, since θ is assumed constant. This yields

Ḣ = −k1x̃
>
12x̃12
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The proof follows using Barbalat’s lemma [45]. From the proposed adaptive law, all error
signals are bounded, i.e. x̃12 in L∞, θ̃ in L∞, equivalently the estimate state is bounded as
well, i.e. θ̂ in L∞. This implies that the time derivate of the error is bounded as well, i.e. ˙̃x12

in L∞. From the Barbalat’s lemma then Ḣ → 0 as t → ∞ and hence x̃12 → 0, which is
asymptotically stable.

Summarizing, the proposed inner (current) controller is given by

u12 =
2

x3

(
vS − θ̂Jx∗12 + k1x̃12

)

˙̂
θ = −γx̃>12Jx∗12

x̃12 = x12 − x∗12 , x∗12 = gvS

(3.8)

3.3.3 Outer (voltage) control loop
Based on the decoupling assumption, after a relatively short time, x̃12

∼= 0, θ̃ ∼= 0 and
u12 = u12eq where

u12eq = u12|{x̃12=0, θ̃=0} =
2

x3

(vs− gwLJvS)

is the equivalent controller.
From (5.23), the dynamics of the sum of voltages x3 gets the form

Cẋ3 =
1

2
u>eq12x

∗
12 −

2

R
x3

Direct substitution of ueq12 in the expression above yields

Cx3ẋ3 = (vs− gwLJvS)>gvS − 2

R
x2

3 = v>S vSg − 2

R
x2

3

Considering the transformation z3 = x2
3/2, the system above can be rewritten as

Cż3 = gv>S vS − 4

R
z3 (3.9)

which is a stable first order system having as control input the variable g which is affected
by a positive bounded function v>S vS .

According to the first control objective, x3 should be regulated to a desired constant ref-
erence. However, since x3 and thus z3 have an unavoidable ripple, this control objective can
be only accomplished in average, for this purpose, the dc component of (5.14) is considered
only as follows

Cż30 = 〈gv>S vS〉0 − 4

R
z30

where 〈·〉0 is a function that extracts the dc component of a signal, and z30 = 〈z3〉0. The ex-
traction of the the dc component of a scalar x is defined, at time t, by the following averaging
operation 〈x〉0(t) = 1

T

∫ t

t−T
x(τ)dτ , referred also as the moving average.
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Recalling that the control signal g affects the current reference in the form x∗12 = gvS , it
should then be proposed a controller that forces g to converge as smooth as possible towards
a constant in the steady state. Towards this end, it is assumed that 〈gv>S vS〉0 ∼= g〈v>S vS〉0 =
gv2

S,RMS where vS,RMS is the RMS value of vS . Moreover, as it is common practice, the

control input is redefined as G
4
= gv2

S,RMS , this yields

Cż30 = G− 4

R
z30 (3.10)

For this first order system, the following controller is proposed

G = −kpχ− kiξ (3.11)
τ χ̇ = −χ + z̃30 (3.12)

ξ̇ = z̃30 (3.13)

where kp and ki are positive design constants, which are tuned in a similar way as in a PI
controller, τ is also a positive design constant, and represents the time constant of a LPF.
Parameter τ is selected small enough such that the LPF bandwidth is inferior to the 2nd
order harmonic of the fundamental. Indeed, following the classical Hurwitz criterium, it is
possible to show that the closed loop system (3.10) and (3.11)-(3.13) is exponentially stable
provided all design parameters are positive. Evidently, there are certain restrictions for the
parameter values, which is linked to the decoupling assumption, basically, the response of
this subsystem cannot be made arbitrarily fast.

Moreover, thanks to the low pass filtering properties of the LPF (3.12) and integrator
(3.13), similar results can be obtained by using either z3 or z30 in the controller implementa-
tion. Since z30 is not available, it is preferred to use z3 in the implementation. Summarizing,
the expressions conforming the outer loop controller are given by

G = −kpχ− kiξ
τ χ̇ = −χ + z̃3

ξ̇ = z̃3 (3.14)

3.3.4 Voltage balancing control

In this section, a controller is presented to balance the voltage in the capacitors, in other
words, to bring to zero the difference between the capacitors voltages x4 = vC1 − vC2. For
easy of reference, the differential equation describing these dynamics are rewritten next

Cẋ4 = − 1√
6
(u>12x12)u3 − 1

4
√

3

[
u2

1 − u2
2, −2u1u2

]
x12 (3.15)

If the interest was to control the average value of x4 only, then this problem falls into a
classical regulation problem. However, as it will become clear later, there is an important
contribution of harmonics due to the second term on the RHS of (3.15). The proposed
controller should then guarantee both, regulation and harmonic disturbances rejection.
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As in the previous section, based on the decoupling assumption, it is considered that after
a relatively short time the following holds

x12 = x∗12 = gvS , u12 = u12eq (3.16)

where

u12eq = u12|{x̃12=0, θ̃=0} =
2

x3

(vS − Lẋ∗12)

=
2

x3

(I2 − gwLJ)vS

=
2

x3

[
vS1 + gwLvS2

vS2 − gwLvS1

]
(3.17)

with I2 the 2× 2 identity matrix, and J the skew symmetric matrix defined previously.
The system dynamics can now be written as

Cẋ4 = − 1

4
√

3

[
(u2

1eq − u2
2eq)x

∗
1 − 2u1equ2eqx

∗
2

]

− 1√
6
(u>12eqx

∗
12)u3 (3.18)

Direct substitution of (3.16)-(3.17) in (3.18) yields, term by term,

u>12eqx
∗
12 =

2

x3

[(I2 − gwLJ)vS]> gvS =
2

x3

gv>S vS

(u2
1eq − u2

2eq)x
∗
1 =

4

x2
3

[
(v2

S1 − v2
S2)(1− g2w2L2)

+4vS1vS2gwL] gvS1

−2u1equ2eqx
∗
2 =

4

x2
3

[
2gwL(v2

S1 − v2
S2)

−2vS1vS2(1− g2w2L2)
]
gvS2

Out of which the difference of capacitors voltages dynamics become

Cẋ4 = −
(√

2

3

g

x3

v>S vS

)
u3 − g√

3x2
3

δ(t) (3.19)

where all distorting terms have been concentrated in a single variable δ(t), that is,

δ(t) = (1− g2w2L2)v3
S1 + 6gwLv2

S1vS2

−3(1− g2w2L2)v2
S2vS1 − 2gwLv3

S2

Remark 3.2 Notice that, δ(t) is composed by products of the form v3
S1, v2

S1vS2, v2
S2vS1 and

v3
S2. Therefore, it is expected that the harmonic content of δ(t) will be composed mainly

by fundamental and third harmonic. Recall for instance that, cos3(wt) = 1
4
(cos(3wt) +

3 cos(wt)), sin2(wt) cos(wt) = −1
4
(cos(3wt)− cos(wt)), etc. ¤
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For the sake of clarity in the control design process, it is convenient to define

φ(t)
4
=

g√
3x2

3

δ(t)

ν3
4
=

(√
2

3

g

x3

v>S vS

)
u3

The system (3.19) is thus reduced to

Cẋ4 = −ν3 − φ (3.20)

Remark 3.3 Notice that, if g and x3 are smooth enough, as demanded in normal operation,
then the harmonics content of φ(t) is similar to that of δ(t). ¤

It is assumed that signal φ can be described as the sum of its harmonic components
(mainly first and third harmonic components as stated before) as follows

φ =
∑

k∈{1,3}
ρ>k Φk , ρk =

[
cos(kwt)
sin(kwt)

]
, Φk =

[
Φr

k

Φi
k

]

where Φk ∈ IR2 is the phasor, assumed to be an unknown constant vector, of the kth harmonic
component of φ.

The following controller is proposed

ν3 = kbχ + φ̂

σχ = −χ + x4

where φ̂ represents the estimate of φ; kb and σ are positive design constants.

Remark 3.4 Notice that there is not need of an integral action since no DC offset appears in
system (3.20). ¤

Based on the previous description of φ it is assumed that

φ̂ =
∑

k∈{1,3}
ρ>k Φ̂k

where Φ̂k represents now the estimate for Φk.
The error system can then be rewritten as

Cẋ4 = −kbχ +
∑

k∈{1,3}
ρ>k Φ̃k (3.21)

σχ̇ = −χ + x4 (3.22)

where Φ̃k
4
= Φ̂k − Φk, (k ∈ {1, 3}).
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Following the Lyapunov approach to design adaptive laws to estimate Φ̂k. Towards this
end, it is proposed the following quadratic storage function

H =
C

2
x2

4 +
kbσ

2
χ2 +

∑

k∈{1,3}

1

2γk

Φ̃>
k Φ̃k

whose time derivative along the trajectories of (3.21)-(3.22) yields

Ḣ = −kbχ
2 + x4

∑

k=1,3

ρ>k Φ̃k +
∑

k∈{1,3}

1

γk

˙̃Φ>
k Φ̃k

Out of which the following adaptive laws are proposed

˙̂
Φk = −γkρkx4 , k ∈ {1, 3}

where it has been used the fact that ˙̂
Φk = ˙̃Φk.

The adaptation scheme proposed above can be further simplified by considering the fol-
lowing transformations

φ̂k = ρ>k Φ̂k , k ∈ {1, 3}
ψ̂k = ρ>k JΦ̂k

The adaptations are thus transformed in the following expressions

˙̂
φk = −γkx4 − kwφ̂k , k ∈ {1, 3}
˙̂
ψk = kwφ̂k

Notice that these expressions define indeed an LTI system which can be expressed in the
form of a transfer function having as output the states φ̂ (k ∈ 1, 3). This yields the following
bank of resonant filters

φ̂k =
−γks

s2 + k2w2
x4 , k ∈ {1, 3}

Summarizing, the part of the controller that balance the capacitors voltages, i.e., that
brings to zero the difference between the capacitors voltages, is given by

u3 =

(√
3

2

x3

gv>S vS

)
ν3

ν3 = kpχ +
∑

k∈{1,3}
φ̂k

σχ = −χ + x4

φ̂k =
−γks

s2 + k2w2
x4 , k ∈ {1, 3}

(3.23)

Remark 3.5 It has been assumed, so far, that the line frequency w is well known (and con-
stant), this restriction, can be avoided by using an adaptive estimator that includes the esti-
mation of w as well. However, in practice, this frequency does not vary considerably from
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the nominal value. In fact, a slight mismatch does not have a serious effect on the response
of the controller because the resonant filters are implemented by means of band pass filters
with a limited quality factor. ¤

Remark 3.6 The term gv>S vS is a scale factor multiplying the apparent conductance of the
line g. This term could be substituted by gv2

S,RMS , where vS,RMS is the RMS value of the
source voltages vector, which could be considered a constant. ¤

Figure 3.1 depicts a detailed block diagram of the completed proposed controller.
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Figure 3.1: Block diagram of the overall controller including tracking, regulation and balance
control loops.

3.4 Simulation results
The system (3.4)-(3.6) has been simulated together with the overall controller composed

by the inner control loop (3.8), the outer control loop (3.14) and the voltage balancing con-
troller (3.23). The reference for the sum of the capacitors voltages is set to x∗4 = 700 V (350
V on each capacitor). The load resistor is varied from 20 Ω to 10 Ω at t = 0.66 s, and back
to 20 Ω at t = 1.33 s. The system parameters are w = 100π rad/sec (f = 50 Hz), L =1.2
mH, C =6600 µF, R ∈ {10 Ω, 20 Ω}, vS,RMS =220 VRMS .

The parameters of the controller are set to:

. Inner loop: k1 = 2.5, γ = 0.01

. Outer loop: kp = 0.1, ki = 3.75, τ = 0.001
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. Balancing loop: kb = 0.75, σ = 0.001, γ1 = 0, γ3 = 10

The bandwidth of the controller frequency response is limited by the maximum frequency
of sampling/commutation. Usually, the bandwidth of the current loop is desired to be 1/10
of the sampling frequency. Based on this, an approximate procedure is followed to find an
initial setting of the parameters for the current tracking control loop. First, it is proposed
to set k1 equal to 2πficL, where fic is the desired current loop bandwidth, in this case,
fic = fsw/10. Second, the remaining transfer function is a first order low pass filter having a
pole at 2πfic. Disregarding, for simplicity, the influence of such a pole, the gain γ can be set
as γ = Tkγ , where Tkγ is the desired response time evaluated between the 10% and 90% of a
step response of the amplitude of the corresponding sinusoidal perturbation. This relation is
exact only when different band-pass filters give independent contributions. In a general case,
however, this procedure gives a useful estimate of controller parameters given the desired
response time for various harmonic components.

In the first outer loop, corresponding to the regulation of the capacitor voltages, the pa-
rameter selection is guided by conventional techniques given the desired regulation loop
bandwidth and phase margin. Note, however, that due to the ripple on the DC voltage at
twice the supply frequency during unbalanced conditions, the voltage loop bandwidth should
be limited to approximately 10-20 Hz in order to avoid possible amplification of the second
harmonic in the line current reference.

In the second outer loop, corresponding to the balance of the capacitor voltages, the
parameter selection is guided also by conventional techniques. The main consideration in
this outer loop is that the response in frequency of the controllers is limited by the response
in frequency of the first outer loop. The response in frequency in this loop is usually set 1/5
of the response in frequency of the regulation loop.

Figure 3.2 shows the transient response of both input currents to a load step change from
20 Ω to 10 Ω at t = 0.66 s. In the same plots, are included the corresponding source voltages
in dotted lines to exhibit the fulfilment of and almost unitary power factor.

Figure 3.3 shows the transient response of capacitors voltages sum x3 = vC1 + vC2 and
difference x4 = vC1 − vC2 during a load resistor change from 20 Ω to 10 Ω at t = 0.66
s, and back to 20 Ω at t = 1.33 s. It is observed that after relatively small transients the
sum x3 converges towards its desired constant reference Vd = 700 V, while the difference of
capacitors voltages x4 converges almost to zero, thanks to the harmonics cancelation. Figure
3.4 compares the responses of the difference of capacitors voltages x4 obtained with the
harmonics compensation strategy (in the bottom plot), and without harmonic compensation
(in the top plot). Notice that, without harmonic compensation there is a non vanishing ripple,
actually a third harmonic, of almost constant amplitude.

Finally, Fig. 3.5 shows the plots of the gain g = G/v2
S,RMS and the estimated parameter

θ̂ = ŵL. Notice that, while θ̂ converges to the real value θ = wL = 0.377 Ω, g presents
a steady state error. The latter should converge to g = 2V 2

d /(RvS,RMS), i.e., 2.02 Ω−1 and
1.01 Ω−1 for R = 10 Ω and R = 20 Ω, respectively. This steady state error is due to a DC
term produced during the transformation from x3 to z3 which involves the square of signal
x3 containing a ripple.
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Figure 3.2: Transient response of input currents to a load step change from 20 Ω to 10 Ω at
t = 0.66 s: (Top) x1 in solid and vs1 in dotted line; (Bottom) x2 in solid and vs2 in dotted
line.
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Figure 3.3: Transient response, during a load resistor change from 20Ω to 10Ω at t = 0.66s,
and back to 20Ω at t = 1.33s, of: (Top) the sum of capacitors voltages x3 = vC1 + vC2, and
(Bottom) the difference of capacitors voltages x4 = vC1 − vC2.
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Figure 3.4: Transient response of the difference of capacitors voltages x4 = vC1 − vC2 from
start up: (Top) without harmonic compensation, and (Bottom) with harmonic compensation.
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Figure 3.5: Transient response, during a load resistor change from 20Ω to 10Ω at t = 0.66s,
and back to 20Ω at t = 1.33s, of: (Top) the gain g, and (Bottom) the estimate θ̂ = ŵL.
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3.5 Experimental results
In order to validate the mathematical model and show the effectiveness of the proposed

controller, experimental results are shown.
For this purpose, the proposed control algorithm was programmed in a fixed-point DSP

TMS320LF2407A in cascaded with a floating-point DSP VC33, for a prototype of 10kW.
The following parameters have been selected: a nominal frequency of 50 Hz (ω0 = 314.16
rad/s); inductances of 3mH; capacitors of 6600µF and load of 35Ω.

Figure 3.6 shows the compensated source currents iS123. It is important to point that
the reference of the current is gvS , and then, because the source voltages is not perfectly
sinusoidal, the source current follows a distorted signal.

Figure 3.6: Compensated source currents iS123

Figure 3.7 shows the compensated source currents iS123 during a load change from 1kW
to 10kW (800V). The current follows the new reference in a relatively short time and the
overshoot is almost imperceptible.

Figure 3.8 shows the capacitor voltages transient response when the load is changed from
1kW to 10kW (750V). It is shown that after a relatively small transient, all capacitor voltages
converges towards their common reference 375VDC .

Figure 3.9 shows the rectified voltage during a load change from 1kW to 10kW (800V).
It is shown that after a relatively small transient, the rectifier voltage converges towards its
reference 800VDC .

Figure 3.10 shows the rectified voltage in a reference change from 750V to 850V. It is
shown that the voltage reach the new reference after a relatively short transient.

3.6 Conclusions
In this chapter it was proposed a nonlinear controller based on a model for the three-

level NPC converter just proposed in the Chapter 2 of this thesis. The main feature of this
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Figure 3.7: Compensated source currents iS123

Figure 3.8: Capacitor voltages during a load change
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Figure 3.9: Rectified voltage during a load change from 1kW to 10kW (800V)

Figure 3.10: Rectified voltage in a reference change from 750V to 850V.



model was the existence of a third degree of freedom (DOF) offered by the control input,
and referred as the γ-component, which represents a crucial DOF useful to deal with the
balancing of the capacitors voltages. It is important to remark that in previous works, this
DOF has been neglected or simply disregarded. The model was written in terms of the sum
and the difference of the capacitors voltages, which were perhaps the natural variables of
representation, besides the inductors currents. According to this description, it was found
that the difference of the capacitors voltages, which should in principle be reduced to zero
to guarantee the balancing, is indeed perturbed by higher order harmonics, mainly a third
harmonic. To overcome this issue, it was included in the control design a harmonic compen-
sation mechanism to cope with these disturbances.

The simulation results and experimental results show the effectiveness of the proposed
controller. Notice that the experimental results show in the source currents a distortion with
a remarkable third harmonic, this due the fact that the reference current is given by gvS ,
and then, because the source voltages is not perfectly sinusoidal, the source current follows
a distorted signal. Out of that, the experimental response is exactly like the simulations
predicted, obviously with more distortion due the physical limitations of the prototype and
the commutation losses. Moreover, the distortions in the capacitor voltages are minimum in
relation with the DC voltage, and the overvoltage during the load change is minor to the 5
percent of the DC voltage, showing the controller a very good performance, even when the
voltage reference is changed, reaching the desired value in a relatively short time.
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Chapter 4

Modeling and Control of a Single-phase
Cascade H-Bridge Multilevel Converter

4.1 Introduction
Inside the different topologies of multilevel converters, the cascade H-bridge topology

is an attractive option given its different advantages such as the modularity, the simplest
composition and the reduced number of components (they do not have the need of extra
clamping diodes, nor balance capacitors). Even more, the structure of multicells in H-bridge
allows the nourishment of different charges in DC when is used like active rectifier. In
contrast with the advantages that present this type of converters, they have a major challenge
regarding their control, this is due to the fact that every H-bridge cannot be considered to be
an independent structure of control, but it must interact with other cells to be able to obtain a
current almost sinusoidal and in phase with the line voltage on the AC side, at the same time
as they must regulate and stabilize the voltages in every capacitor on the DC side.

To achieve these requirements different control techniques can be considered and the
controller design can be carried out by following different criteria. An interesting technique
of control that has been applied in different works is the Passivity-Based Control (PBC).
The idea behind this technique is to consider the system dynamics as the sum of energy-
transformation subsystems and to control their energy exchanges. The theoretical framework
of the PBC can be found in [44] and some applications to multilevel converters are found
in [32]. On the other hand, and even though there are several mathematical models can be
found in the literature, the control techniques applied until now do not use such models for
the controller design.

This chapter presents the modeling and control process of the cascade h-bridge single-
phase multilevel converter used as a shunt active filter. Based on a mathematical model, a
controller is proposed to guarantee a current tracking of the line current towards a reference
proportional to the line voltage. Simultaneously, the controller guarantees the regulations
and balance of the capacitor voltages. Crucial for the developments is the transformation of
the model in terms of the sum and the difference of the squares of the capacitors voltages.
Moreover, it is shown that, while the current tracking problem and the regulation problem
depend on the sum of the injected voltages, the balance depends on the difference between
them. The results are shown for a single-phase five-level cascade h-bridge converter as a
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shunt active filter, however, can be easily extended to higher levels.

4.2 Model of the five level HB multilevel converter
In this chapter an active filter using the single-phase 5 level cascade h-bridge converter

is considered. The results, however, can be easily extended to higher levels. The basic setup
is shown in Fig.4.1.
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Figure 4.1: Single-phase five-level cascade h-bridge converter used as a shunt active filter.

The modeling process is divided in two stages. First, the expressions for the inductor
currents dynamics are obtained, and second, the expressions that describes the capacitors
voltages dynamics.

The model can be obtained by simple application of Kirchhoff’s laws, this yields the
system

L
di

dt
= −u1vC1 − u2vC2 + vS (4.1)

C
dvC1

dt
= u1i− vC1

R
(4.2)

C
dvC2

dt
= u2i− vC2

R
(4.3)

iS = i + i0

e1 = u1vC1 , e2 = u2vC2

e = e1 + e2

where parameters L and C are the input inductance and DC-side capacitance of the active
filter, respectively. Notice that, without loss of generality, the same capacitance C has been
assumed for both h-bridges, as well as the losses represented by R; iS is the line current, vC1

and vC2 are the capacitors voltages; i(t) represents the injected active filter current; u1(t) and
u2(t) denote the switch position functions for each H-bridge and act as the control inputs,
which take values in the discrete set {−1, 0, 1}. For instance, for u1 = 1 transistors Q1 and
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Q4 are turned on, while transistors Q2 and Q3 are turned off, and the opposite for u1 = −1.
Moreover, for u1 = 0, either, Q1 and Q2 are both on, or Q3 and Q4 are both on. The lower
H-bridge operates in a similar way.

For the control design purposes the averaged model is considered instead, i.e., the con-
trol inputs u1 and u2 represent, from now on, continuous signals taking values in the range
[−1, 1]. This is supported by the fact that, for the real implementation, an appropriate mod-
ulation technique, such as multi-carrier phase-shifted or level-shifted, with a relative high
effective switching frequency is used.

For controller design purposes it is more convenient to transform the model above as
follows

L
dx1

dt
= −L

di0
dt
− δ1 + vS (4.4)

C
dx2

dt
= δ1x1 − 2

R
x2 (4.5)

C
dx3

dt
= δ2x1 − 2

R
x3 (4.6)

where the following definitions have been used

x1
4
= iS

x2
4
=

v2
C1 + v2

C2

2

x3
4
=

v2
C1 − v2

C2

2

δ1
4
= u1vC1 + u2vC2

δ2
4
= u1vC1 − u2vC2

Notice that, the model is expressed in terms of the line current, instead of the injected
current as in conventional controllers. This allows a more natural compensation of the line
current, and with the benefit that, a reduced number of sensors is required. Notice that, x2

and x3 represent the sum and the difference, respectively, of the squares of the capacitors
voltages, while δ1 and δ2 represent the sum and the difference of the injected voltages. These
last two signals represent the actual control inputs of system (5.21)-(5.23). In fact, the origi-
nal control signals can be reconstructed as u1 = (δ1 +δ2)/(2vC1) and u2 = (δ1−δ2)/(2vC2).
Notice that, all these transformations reduce considerably the model expressions.
Main assumptions:

A1. [decoupling assumption] It is assumed that, the inductor current dynamics are faster
than the capacitor voltage dynamics. Thus based on the time scale separation principle, the
control design is split in two parts, namely, an inner (tracking) current loop and an outer
voltage loop.

A2. The load current i0 and source voltage vS are periodic signals that contain higher
odd harmonics of the fundamental frequency ω0 = 2πf0, which is a known constant, and
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have the following Fourier series description.

vS =
∑

k∈H

ρ>k VS,k (4.7)

i0 =
∑

k∈H

ρ>k I0,k (4.8)

where

ρk =

[
cos(kω0t)
sin(kω0t)

]
, VS,k =

[
V r

S,k

V i
S,k

]
, I0,k =

[
Ir
0,k

I i
0,k

]

numbers Ir
0,k, I i

0,k, V r
S,k and V i

S,k ∈ IR are the kth harmonic coefficients of the Fourier series
description (also referred as the phasors) of the load current and source voltage, respectively.
The harmonic coefficients are assumed unknown constants (or slowly varying) and H =
{1, 3, 5, ...} is the set of indexes of the considered odd harmonic components. Superscripts
(·)r and (·)i are used to distinguish the coefficients associated to cos(kω0t) and sin(kω0t),
respectively.

A3. System parameters L, C and R are unknown positive constants.

4.3 Controller design
For controller design purposes it is also assumed that the inductor current dynamics are

faster than the capacitor voltage dynamics. Thus, based on the time scale separation princi-
ple, the control design is split in two parts, an inner current (tracking) control loop and an
outer voltage control loop. As stated above, the dynamics of the capacitors voltages have
been transformed and expressed in terms of the sum and difference of the squares of the ca-
pacitors voltages. Therefore the voltage control loop is divided in its turn in two more control
loops: a regulation loop that forces the sum of the squares towards a desired constant value
v2

d and, a balance loop to zero the difference of the squares. Notice that, under the assump-
tion that both capacitor voltages keep a positive value, which is valid in normal operation,
the fulfilment of the above regulation and balance objectives guarantee the regulation of both
capacitors voltages towards the same constant reference, that is, vC1 → Vd and vC2 → Vd.

4.3.1 Current tracking loop
A control signal δ1 in (5.21) is designed to force the source current to follow a reference

current signal proportional to the line voltage, that is,

x1 = iS → i∗S = ηvS/v2
S,RMS

where i∗S represents the current reference, with η/v2
S,RMS a scalar representing the apparent

conductance observed by the source. This is equivalent to seek for an operation with power
factor close to unity. In this case, the following controller is proposed

δ1 = vS − φ̂ + k1x̃1 (4.9)
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where k1 > 0 is a design parameter, and x̃1 = x1 − x∗1. The expression for δ1 cancels vS ,
adds a damping term k1(iS − i∗S) to reinforce the stability, and finally, it includes a harmonic
compensation scheme represented by φ̂.

This yields the following perturbed LTI system, referred as the error dynamics

L ˙̃x1 = −k1x̃1 − φ̂ + φ (4.10)

where φ = −Lẋ∗1, which can be considered as a periodic disturbance based on A2.
Following a similar adaptive approach as in [36], an expression for φ̂ can be proposed as

follows
φ̂ =

∑

`∈H

sγ`

s2 + `2ω2
0

x̃1 (4.11)

where γ`, (` ∈ H) is a positive design parameter. Notice that, this harmonic compensator
consists on a bank of harmonic oscillators tuned at the harmonics under concern, that is, the
odd harmonics, which confirms the well known internal model principle. This inner loop is
shown in Fig.4.2. A complete stability analysis, and more details on the derivation of this
part of the controller can be found in [36].
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Figure 4.2: Block diagram of the overall proposed controller.

4.3.2 Regulation loop

It is designed to drive the sum of the squares of the capacitors voltages towards a desired
constant reference V 2

d , that is, x2 → V 2
d . This guarantees that enough energy has been

stored in both capacitors for the correct fulfillment of the previous objective. Out of this
control loop, an expression for the scalar η is obtained, which is required to construct the
reference i∗S defined above. In this case, based on A1, it is proposed to use the traditional
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proportional term of limited bandwidth plus an integral term, both operating on the error
signal x̃2 , (x2 − V 2

d ), which is given below in its form of a transfer function

η = −
(

ki2

s
+

kp2

τs + 1

)
x̃2 (4.12)

where kp, ki are the proportional and integral gains of a PI controller, respectively, and τ
the time constant of a low-pass filter (LPF) affecting the proportional term. This controller
guarantees that, x2 → V 2

d in average, with η bounded. The regulation loop is shown in
Fig.4.2.

4.3.3 Balance loop
Finally, an expression for the control signal δ2 is designed to zero the difference of the

squares of the capacitors voltages. Based on A1, it can be considered that, after a relatively
small time, x1 = x∗1, therefore subsystem (5.23) can be rewritten as

Cẋ3 = δ2
ηvS

v2
S,RMS

− 2

R
x3 (4.13)

In this case, the following controller is proposed

δ2 = −ξ
vS

v2
S,RMS

(4.14)

ξ = kp3x3 + ki3ψ , ψ̇ = x3 (4.15)

The expression of controller δ2 consists on a signal proportional to the line voltage vS

whose amplitude is modulated by a proportional plus integral scheme operating on the dif-
ference of the squares x3. Notice that, another proposal could be δ2 = ξvS/(v2

S,RMSη), that
is, including a division by η. However, it was observed during implementation that, this
controller increased the control effort and did not improve substantially the performance.

The proposed control guarantees that, x3 → 0 in average, as can be confirmed in the
following model

C
dx3

dt
= −(ηkp3 +

2

R
)x3 − ηki3ψ (4.16)

ψ̇ = x3 (4.17)

which is an approximation of the DC component of x3 dynamics1. Notice that, in normal
operation η is a positive bounded variable. The balance loop is shown in Fig.4.2.

4.4 Numerical results
Numerical simulations using PSCAD 4.0 have been carried out. A voltage source of

127VRMS, f0=60Hz (w0=377rad/s) is considered. A diode bridge rectifier with a resistive
1The extraction of the the dc component of a scalar x is defined, at time t, by the following averaging

operation 〈x〉0(t) = 1
T

∫ t

t−T
x(τ)dτ , referred also as the moving average.
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load of either 40Ω or 20Ω, and a bulky capacitor of 100µF is considered as the nonlinear
load. This load produces a distorted current containing all odd harmonics of the fundamental
frequency (60Hz). The active filter has been designed with parameters L = 0.7mH, C =
4400 µF, R = 10 kΩ. The switching frequency for the switching devices is fixed to 15kHz.
The control parameters are fixed to k1 = 7, kp2 = 0.288, ki2 = 0.0216, kp3 = 0.1286,
ki3 = 0.2857. The set of compensated harmonics are {1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23}
with gains γ1 = 150, γ3 = 190, γ5 = 210, γ7 = 230, γ9 = 210, γ11 = 220, γ13 = 230,
γ15 = 240, γ17 = 250, γ19 = 260, γ21 = 270, γ23 = 280.

Figure 4.3 shows the transient responses observed during a load step change. For this,
the load resistor in the diode rectifier is changed from 40 Ω to 20 Ω. It is shown that, the
compensated source current iS(t) (top plot) is an almost sinusoidal signal in phase with the
source voltage vS(t), despite of the highly distorted load current i0(t) (medium plot). In the
bottom plot the injected current i(t) is presented.

Figure 4.4 shows the capacitors voltages transient responses during start-up and when
the load in the diode bridge rectifier is changed from 40 Ω to 20 Ω. It is shown that, after
a relatively small transient, the capacitors voltages vC1(t) and vC2(t) converge towards their
reference fixed at 110 V for both. This figure also shows that, the apparent conductance
η(t)/v2

S,RMS reaches, after a slight transient, a constant value proportional to the power dis-
sipated by the load.

Figure 4.5 shows the injected voltage e as computed in the control algorithm (in gray) and
the resulting modulated signal using the multicarrier phase-shifted modulation algorithm.
Finally, Fig. 4.6 shows that, the total harmonic distortion (THD) of the compensated current
iS decreases from 8% for the lowest load (40 Ω) to 5% for the highest load (20 Ω).

Figure 4.3: (from top to bottom) Transient responses of line voltage vS(t), compensated
current iS(t), load current i0(t), and injected current i(t) during a load step change.
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Figure 4.4: (from top to bottom) Transient responses of the capacitor voltages vC1(t) and
vC2(t), and apparent conductance η(t) observed by the source at start-up and during a load
change.

Figure 4.5: (gray) Injected voltage e as computed in the control algorithm, and (black) the
real injected voltage e using a multicarrier phase-shifted modulation algorithm.
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Figure 4.6: THD of the compensated current iS at start-up and during a load change.

4.5 Some preliminary experimental results

Experimental results using a DSP2407 controlling a prototype are presented. These re-
sults are preliminary because it was found that it is necessary to program the proposed con-
troller in a DSP with more computational capacity in order to obtain better experimental
results.

A voltage source of 127VRMS, f0=60Hz (w0=377rad/s) is considered. A diode bridge
rectifier with a resistive load of either 35Ω or 70Ω, and a bulky capacitor of 100µF is consid-
ered as the nonlinear load. This load produces a distorted current containing all odd harmon-
ics of the fundamental frequency (60Hz). The active filter has been designed with parameters
L = 3mH, C = 2200 µF, R = 22000 kΩ. The switching frequency for the switching devices
is fixed to 15kHz. The control parameters are fixed to k1 = 7, kp2 = 0.288, ki2 = 0.0216,
kp3 = 0.1286, ki3 = 0.2857. The DC voltage reference was settled at 50V.

Figure 4.7 shows the transient response observed during a start-up. The figure shows,
from top to bottom, both capacitor voltages reaching the desired value of 50V, the converter
injected voltage with five staggered levels and the source current.

Figure 4.8 shows the capacitor voltages reaching the reference of 50V, the injected volt-
age and the source current.

Figure 4.9 shows the capacitor voltages (TOP), the injected voltage and the source current
in phase with the source voltage (in black).

Figure 4.10 shows the injected voltage e as computed in the control algorithm (in black)
and the resulting modulated signal using the multicarrier phase-shifted modulation algo-
rithm. It is also shown the capacitor voltages (TOP) and the source current (BOTTOM).

4.6 Conclusions

In this chapter it was presented the modeling and control for the cascade H-bridge single-
phase multilevel converter used as a shunt active filter. Based on the proposed mathematical
model, a controller was designed to guarantee a current tracking of the line current towards
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Figure 4.7: Transient response observed during a start-up. The figure shows, from top to
bottom, both capacitor voltages, the converter output voltage and the source current.

Figure 4.8: From top to bottom, both capacitor voltages, the converter output voltage and the
source current.
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Figure 4.9: shows the capacitor voltages (TOP), the injected voltage and the source current
in phase with the source voltage (in black).

Figure 4.10: From top to bottom, the capacitor voltages, the injected voltage e as computed
in the control algorithm (in black) and the resulting modulated signal using the multicarrier
phase-shifted modulation algorithm, and the source current.
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a reference proportional to the line voltage. In addition, the controller guaranteed the regu-
lations and balance of the capacitor voltages. Crucial for the developments was the transfor-
mation of the model in terms of the sum and the difference of the squares of the capacitors
voltages. In fact, it was shown that, while the current tracking problem and the regulation
problem depend on the sum of the injected voltages, the balance depends on the difference
between them.

The preliminary experimental results shows a response almost identical to the simulations
results, and although the computational limitation of the DSP, the proposed controller allows
the balancing of the voltages of the capacitors and reach the desired DC voltage value. These
results provide a basis to believe that with more computational capacity, the results will be
the predicted in the simulations.



Chapter 5

Modeling and Control of a Three-phase
Five-level Cascade H-Bridge Multilevel
Converter

5.1 Introduction
As mentioned before, one of the major challenges in this type of converters is the control

design. In effect, such a controller must be able to guarantee stable regulation of the voltages
of every single capacitor on the DC side, all this in addition to the usual current tracking
control on the AC side. However, in these converters, the number of available controllers
is inferior to the controlled variables. For instance, in a three-phase H-bridge converter of
2n + 1 levels (n H-bridge converters in cascade), the control problem consists in controlling
n + 3 state variables (three currents plus n DC voltages) with only n switching functions.
This is due to the fact that every H-bridge cannot be considered as an independent structure
to control, as they interact with other cells. For instance, in a branch of a series connection
of H-bridges they share the same current and the effective injected voltage is the sum of
voltages in every cell.

For the three-phase multilevel cascade converter there are a few proposed solutions very
ingenious and intuitive, but in most cases there is a lack of formalism, and as mentioned
above, they are not model based. One big issue that has bee observed is that, with the
explicit available controllers it seems like the desired equilibrium point is inadmissible [46].

Generally speaking, an active filter application involves the compensation of harmonic
distortion and reactive power, i.e., periodic disturbances, caused by a distorting nonlinear
load. Control schemes based on the introduction of a bank of harmonic oscillators (resonant
filters) is perhaps one of the most appealed techniques to guarantee rejection of periodic dis-
turbances, thanks to its simplicity and effectiveness. This type of schemes is based on the
internal model principle. This principle states that the controlled output can track a class of
reference commands without a steady state error if the generator, or the model, of the refer-
ence is included in the stable closed-loop system. Therefore, according to the internal model
principle, if a periodic disturbance has an infinite Fourier series (of harmonic components),
then an infinite number of resonant filters are required to reject such a disturbance.

This chapter presents a mathematical model for cascade H-bridge three-phase multilevel
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converter used as a shunt active filter. Based on the model, a controller is proposed in or-
der to achieve the requirements of the system, that is, to compensate harmonic distortion
and reactive power due to a nonlinear load. This is accomplished by guaranteeing that the
line current follows a reference proportional to the line voltage during the steady state. Ad-
ditionally, the controller guarantees regulation and balance of the capacitors voltages. The
transformation of the model in terms of the sum and the difference of the squares of the
capacitors voltages is crucial for our developments. The idea behind the controller is the in-
troduction of certain amount of distortion during the transient, which permits the balancing
of the capacitors voltages. It is shown that, once the balancing is reached, this distortion
vanishes, thus remaining a current reference proportional to the source voltage in the steady
state. After suitable transformations to the model, it is shown that the natural control in-
puts are the sum and the difference of the so called injected voltages. Moreover, it is shown
that, while the current tracking problem and the regulation problem depend on the sum of
the injected voltages, the balance depends on the difference between them. The three-phase
five-level topology is studied here, however, the results can be easily scaled to higher levels.

5.2 System description
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Figure 5.1: Three-phase five-level cascade H-bridge converter.
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In this chapter, an active filter using three-phase five-level cascade H-bridge converter
shown in Fig.5.1 is considered. The model can be obtained by simple application of Kirch-
hoff’s laws, which yields the system

L
d

dt
iS1 = vS1 − (e11 + e12)− v0n + L

d

dt
i01 (5.1)

L
d

dt
iS2 = vS2 − (e21 + e22)− v0n + L

d

dt
i02 (5.2)

L
d

dt
iS3 = vS3 − (e31 + e32)− v0n + L

d

dt
i03 (5.3)

C
d

dt
z11 = e11(iS1 − i01)− 2z11

R
(5.4)

C
d

dt
z12 = e12(iS1 − i01)− 2z12

R
(5.5)

C
d

dt
z21 = e21(iS2 − i02)− 2z21

R
(5.6)

C
d

dt
z22 = e22(iS2 − i02)− 2z22

R
(5.7)

C
d

dt
z31 = e31(iS3 − i03)− 2z31

R
(5.8)

C
d

dt
z32 = e32(iS3 − i03)− 2z32

R
(5.9)

e11 = u11vC11 , e12 = u12vC12

e21 = u21vC21 , e22 = u22vC22

e31 = u31vC31 , e32 = u32vC32

z11 =
v2

C11

2
, z12 =

v2
C12

2

z21 =
v2

C21

2
, z22 =

v2
C22

2

z31 =
v2

C31

2
, z32 =

v2
C32

2

where parameters L and C are the input inductance and dc-side capacitance of the active
filter, respectively; iS1, iS2 and iS3 are the line currents, i01, i02 and i03 are the load currents,
i1, i2 and i3 are the injected currents, vC11, vC12, vC21, vC22, vC31 and vC32 are the capacitors
voltages; u11, u12, u21, u22, u31, and u32 denote the switch position functions for each H-
bridge and act as the control inputs, which take values in the discrete set {−1, 0, 1}. For
instance, if u11 = 1 then transistors Q1 and Q4 are turned on while transistors Q2 and Q3 are
turned off, and the opposite for u11 = −1. Moreover, for u11 = 0, either, Q1 and Q2 are both
on, or Q3 and Q4 are both on. The other H-bridges operates in a similar way.

Notice that, without loss of generality, the same inductance L, capacitance C and losses
represented by R have been assumed for all H-bridges. As L is the same for each branch,
and assuming vS1 + vS2 + vS3 = 0, then the following holds

v0n = −(e11 + e12) + (e21 + e22) + (e31 + e32)

3
(5.10)
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where v0n represents the voltage measured from point “0” to “n”.
For the control design purpose, the average model is considered, i.e., the control inputs

uij, ∀i ∈ {1, 2, 3} and ∀j ∈ {1, 2} represent, from now on, continuous signals taking values
in the range [−1, 1], which are used later in a modulation algorithm to generate the switching
sequence. This is supported by the fact that, for the real implementation, an appropriate
modulation technique with a relative high switching frequency is used.

5.3 Model transformation
A first convenient transformation to the above presented model is the following

L
d

dt
iS123 = vS123 − Be123 + L

d

dt
i0123 (5.11)

C
d

dt
z1 = e1(iS1 − i01)− 2z1

R
(5.12)

C
d

dt
z2 = e2(iS2 − i02)− 2z2

R
(5.13)

C
d

dt
z3 = e3(iS3 − i03)− 2z3

R
(5.14)

C
d

dt
y1 = δ1(iS1 − i01)− 2y1

R
(5.15)

C
d

dt
y2 = δ2(iS2 − i02)− 2y2

R
(5.16)

C
d

dt
y3 = δ3(iS3 − i03)− 2y3

R
(5.17)

where it has been defined

e1 = e11 + e12 , e2 = e21 + e22 , e3 = e31 + e32

δ1 = e21 − e22 , δ2 = e11 − e12 , δ3 = e31 − e32

z1 = z11 + z21 , z2 = z21 + z22 , z3 = z31 + z32

y1 = z11 − z21 , y2 = z21 − z22 , y3 = z31 − z32

where iS123 = [iS1, iS2, iS3, ]
> is the vector of source currents, i0123 = [i01, i02, i03, ]

> is
the vector of load currents, vS123 = [vS1, vS2, vS3, ]

> is the vector of source voltages and
e123 = [e1, e2, e3, ]

> is the vector of injected voltages, and

B =




2
3
−1

3
−1

3

−1
3

2
3
−1

3

−1
3
−1

3
2
3




Notice that, the model is expressed in terms of the line currents, instead of the injected
currents. Moreover, the model (5.12)-(5.17) represents the dynamics of the sum and differ-
ence of the squares of the capacitor voltages which seems to be the natural state variables of
the system.
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The proposed solution requires the transformation of the equations (5.11)-(5.14) into
conventional αβ-coordinates. For this purpose, the following transformation is used




ξα

ξβ

ξγ


 = T




ξ1

ξ2

ξ3


 (5.18)

The transformation matrix T used is defined as

T
4
=

2√
3




1 −1
2

−1
2

0
√

3
2

−
√

3
2

1√
2

1√
2

1√
2




where T−1 = 1
2
T>, TT−1 = I3 and I3 is the 3×3 identity matrix.

Remark 5.1 The γ coordinate disappears because the fact that (i1 + i2 + i3) = 0 ⇒ iγ ≡ 0
and (vS1 + vS2 + vS3) = 0 ⇒ vSγ ≡ 0. ¤

Moreover, it is proposed to use the following transformations that reduce the model and
reveal a structure more convenient for control design purposes.




x1

x2

x3


 =




1 1 1

0 −√3
√

3
2 −1 −1







z1

z2

z3


 (5.19)

Thus, after the above transformations the final expression for the model takes the form

L
d

dt
iSαβ = vSαβ − eαβ + L

d

dt
i0αβ (5.20)

Cẋ1 = e>αβM1(iSαβ − i0αβ)− 2x1

R
(5.21)

Cẋ2 = e>αβM2(iSαβ − i0αβ)− 2x2

R
(5.22)

Cẋ3 = e>αβM3(iSαβ − i0αβ)− 2x3

R
(5.23)

Cẏ1 = δ1(iS1 − i01)− 2y1

R
(5.24)

Cẏ2 = δ2(iS2 − i02)− 2y2

R
(5.25)

Cẏ3 = δ3(iS3 − i03)− 2y3

R
(5.26)

where it has been defined

M1 =

[
1 0
0 1

]
, M2 =

[
1 0
0 −1

]
, M3 =

[
0 1
1 0

]

Based on this model the control objective can be stated as follows:
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(i) Tracking: Consists in forcing the source currents to track references which, in the steady
state, are proportional to the corresponding source voltages, that is,

iSαβ → i∗Sαβ

where the current reference i∗Sαβ is designed according to

i∗Sαβ = g1M1vSαβ + g2M2vSαβ + g3M3vSαβ

where g1 representing the apparent conductance observed by the source, and g2 and g3 two
extra inputs required for the regulation and balancing objectives. These extra control inputs
will be defined in the voltage regulation loop.

Notice that the form of this current reference is based on the structure of the transformed
model. This is perhaps one of the main contributions of the present paper. The idea behind
this proposal is that, once the current tracking is reached, and as a result of the projections
in (5.21)-(5.23), there will appear a control input (g1, g2 or g3) associated to each equation
(5.21)-(5.23), which allows full controllability of this subsystem.
(ii) Regulation: All sums of the squares of capacitors voltages should be regulated to a given
constant level, that is

z1 → V 2
d , z2 → V 2

d , z3 → V 2
d

which is equivalent to guarantee that

x1 → 3V 2
d , x2 → 0 , x3 → 0

The (iii) Balancing: Consists in zeroing the difference of the capacitor voltages, that is,

y1 → 0 , y2 → 0 , y3 → 0

5.3.1 Main assumptions
A1. To make the controller robust against parameters uncertainties, the system parameters

L, C and R are considered as uncertain constants, possibly changing in steps, or that
can be slowly varying.

A2. To facilitate the design, it is assumed that the source voltage vSαβ and the load current
i0αβ are unbalanced periodic signals that contain higher odd harmonics of the known
fundamental frequency denoted by ω0. That is, they can be represented as sums of
harmonic components of both positive and negative sequences as follows

vSαβ =
∑

`∈H

(
eJ `ω0tVp

S,` + e−J `ω0tVn
S,`

)
(5.27)

i0αβ =
∑

`∈H

(
eJ `ω0tIp

0,` + e−J `ω0tIn
0,`

)
(5.28)
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where eJ `ω0t is a rotation matrix of the form

eJ `ω0t =

[
cos(`ω0t) − sin(`ω0t)
sin(`ω0t) cos(`ω0t)

]
, J =

[
0 −1
1 0

]

The vectors Vp
S,` and Vn

S,` ∈ <2 are the k-th harmonic coefficients for positive, neg-
ative sequences representation of the source voltage, while Ip

0,` and In
0,` ∈ <2 are the

corresponding k-th harmonic coefficients for the load current; H = {1, 3, 5, ...}. The
source voltage harmonic coefficient are assumed to be unknown constants, or slowly
varying signals.

A3. [Decoupling assumption] It is also assumed that, the current dynamics respond much
faster than the capacitor dynamics. This simplifies the control design as, based on a
scale separation principle, it can be split in a fast current tracking loop and a couple of
slow voltage loops.

The control design is split in two parts. First, an inner current (tracking) control loop
in which the currents provided by the source are forced to track references which are pro-
portional to the source voltages. Second, an outer voltage control loop, which is divided in
two more control loops: a regulation loop that drives the sum of the squares of the capaci-
tor voltages of each branch towards a desired constant value and, a balance loop to force to
zero the difference of the squares of the capacitor voltages of each branch. It is shown that,
under the assumption that all capacitor voltages maintain a positive value, which is valid in
normal operation, the fulfillment of the above control objectives guarantees the regulation of
all capacitor voltages towards their constant reference independently. The complexity of the
controller is also reduced as will become clear later.

5.4 Control design
For the tracking objective a control input is built which cancels measurable disturbances

(such as the source voltage) adds a damping term and introduces a bank of resonant filters
tuned at the selected harmonics under compensation, i.e., odd harmonics, to cancel the peri-
odic disturbance. Controllers with this similar structure can be found in the literature as res-
onant regulator [37], stationary frame generalized integrator [39], multi-resonant controller
[40], etc.

As described in more detail below, balancing was possible after the introduction of extra
control inputs that intentionally distort the current reference. However, this distortion lasts
during transients only, and vanishes in the stationary state. Based on this idea, a current
reference is designed which comprises a linear combination of vectors of periodic signals
with different phase shifts and possibly different sequences. Each of these signals having an
associated multiplying gain, namely, g1, g2, g3. In particular, the first gain g1 is associated
to a vector signal proportional to the source voltage. Therefore, it must be guaranteed that
gain g1 reaches a non zero constant value in the stationary state, while the other two gains
g2 and g3 causing the distortion vanish. The definition of the current reference in this way
constitutes the main contribution of this work.
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The regulation objective is solved by designing g1, g2 and g3 which are required to con-
struct the current reference. These control loops are formed by proportional plus integral
schemes operating on the corresponding error signal.

5.4.1 Current tracking loop

For the tracking objective a control input eαβ is built based on the energy shaping plus
damping injection methodology of the PBC [44]. The process consists in, first, making
a copy of the subsystem representing the current dynamics and evaluate it at the desired
current reference. Second, add a required damping term. Out of this the following expression
is obtained

L
d

dt
i∗Sαβ = vSαβ − eαβ + L

d

dt
i0αβ + k1̃iSαβ

where ĩSαβ = iSαβ − i∗Sαβ , k1 > 0.
This subsystem is then solved for eαβ , which yields the controller expression

eαβ = k1̃iSαβ + vSαβ + φ

where φ = L d
dt

(
i0αβ − i∗Sαβ

)
. Notice that φ represents an unknown periodic disturbance.

Compensation of this type of disturbances has been addressed using different schemes, where
the most appealed are based on the use of the Internal Model Principle [47]. This technique
consists in the introduction of either a bank of resonant filters tuned at the harmonics under
compensation (see [48] and the references therein) or a repetitive scheme (see [49] and [50]
and the references therein) to compensate for such a periodic disturbance. In this case the
following controller for the current tracking loop is proposed

eαβ = k1̃iSαβ + vSαβ +

+
∑

k∈H
diag

{
2γks

s2 + k2ω2
,

2γks

s2 + k2ω2

}
ĩSαβ (5.29)

where γk, ∀k ∈ H, are positive design parameters, and s is the Laplace complex variable.
Basically, the proposed controller cancels vSαβ , adds a damping term of the form k1̃iSαβ

and includes a bank of resonant filters tuned at the harmonics of interest (odd) for harmonic
compensation.

Controllers with this similar structure can be found in the literature as resonant regulator
[37], PIS compensator [38], stationary-frame generalized integrator [39], etc. The details
following an adaptive approach which yields a similar structure con be found in [48].

5.4.2 Regulation loop

To solve the regulation and the balance objectives, it is assumed that the current tracking
objective has been reached (decoupling assumption), that is, iSαβ = i∗Sαβ . Direct substitution
of this in (5.21)-(5.23) and doing some straightforward computations yields the following
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expressions

Cẋ1 = g1v2
Sαβ −

2x1

R
+ ϕ1 (5.30)

Cẋ2 = g2v2
Sαβ −

2x2

R
+ ϕ2 (5.31)

Cẋ3 = g3v2
Sαβ −

2x3

R
+ ϕ3 (5.32)

where ϕ1, ϕ2 and ϕ3 are signals considered as disturbances, which are composed mainly by
higher order harmonics, and , and v2

Sαβ = v2
Sα+v2

Sβ . This can be easily realized by observing
that the symmetric matrices M1, M2 and M3 have the following properties.

M2
1 = M2

2 = M2
3 = I2 [involution]

M2M3 = (M3M2)
>

ξ>αβM2M3ξαβ = O2 , ∀ξαβ [skew-simmetry]

ξ>αβM2ξαβ = ξ2
α − ξ2

β

ξ>αβM3ξαβ = 2ξαξβ

where I2 is the identity matrix and O2 is the zero matrix, both of dimension 2×2. Moreover,
if vector xαβ is purely sinusoidal, then the last two products yields only second harmonics.

The regulation objective is solved by designing g1, g2 and g3 which are required to con-
struct i∗Sαβ . This control loop is formed by a proportional plus integral (PI) scheme operating
on the corresponding error signal x̃1, x̃2 and x̃3 as follows

g1v2
S,RMS = −kp1x̃1 − ki1

∫ t

0

x̃1dt

g2v2
S,RMS = −kp2x̃2 − ki2

∫ t

0

x̃2dt

g3v2
S,RMS = −kp3x̃3 − ki3

∫ t

0

x̃3dt

where kp1, ki1, kp2, ki2, kp3 and ki3 are the proportional and integral gains, and vS,RMS is the
RMS value of the source voltages vector, which is considered a constant.

5.4.3 Voltage balance loop

As in the regulation loop, it is also assumed here that iSαβ = i∗Sαβ , or equivalently,
iS123 = i∗S123. Moreover, it is assumed that the regulation loop has been tuned in such a way
that g1, g2 and g3 reach the equilibrium much faster than the balance loop. Additionally, the
influence of g2 and g3 can be neglected from subsystem (5.24)-(5.26) as they are considerably
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smaller than g1. Thus, after some straightforward computations, the expressions (5.24)-
(5.26) can be rewritten as

Cẏ1 = δ1(g1vS1 − i01)− 2y1

R
(5.33)

Cẏ2 = δ2(g1vS2 − i02)− 2y2

R
(5.34)

Cẏ3 = δ3(g1vS3 − i03)− 2y3

R
(5.35)

For the voltage balance objective, the control inputs δ1, δ2 and δ3 are designed to force
the difference of the squares of the capacitor voltages to zero. It is proposed to build this
control loop as follows

δ1 = ρ1vS1 , δ2 = ρ2vS2 , δ3 = ρ3vS3

where the auxiliary variables ρ1, ρ2 and ρ3 are formed by PI schemes over the corresponding
y1, y2 and y3 as follows

ρ1 = −βp1y1 − βi1

∫ t

0

y1dt

ρ2 = −βp2y1 − βi2

∫ t

0

y2dt

ρ3 = −βp3y3 − βi3

∫ t

0

y3dt

where βp1, βp2, βp3, βi1, βi2 and βi3 are the proportional and integral gains. It is proposed to
computed the input control δ1, δ2 and δ3 as where




i∗S1

i∗S2

i∗S3


 = A

[
i∗Sα

i∗Sβ

]
= Ai∗Sαβ

It is important to remark that, for a proper functioning of the above balance compensator,
the voltage regulation loop should be tuned in such a way that the dynamics of subsystem
(5.21)-(5.23), are faster than the dynamics of subsystem (5.24)-(5.26). I other words, the
regulation task should be faster than the balance task. This allows to consider that g1, g2 and
g3 have practically reached their corresponding values before the balance has been accom-
plished. In fact, g2 and g3 are much smaller compared to g1.

Figure 5.2 depicts a detailed block diagram of the completed proposed controller.
Figure 5.3 depicts how the control signals are combined in order to obtain the duty ratios.

5.4.4 Design criteria for the controller parameters
The bandwidth of the controller frequency response is limited by the maximum frequency

of sampling/commutation. Usually, the bandwidth of the current loop is desired to be 1/10
of the sampling frequency. Based on this, an approximate procedure is followed to find an
initial setting of the parameters for the current tracking control loop. First, it is proposed
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Figure 5.2: Block diagram of the overall controller including tracking, regulation and balance
control loops.



86 Chapter 5. Modeling and Control of a Three-phase Five-level Cascade H-Bridge Multilevel Converter

v
C11

v
C12

u
12

MUX DEMUX
u
11

e1
1

1

1

1
_

1

2

1

2

δδδδ
1

v
C21

v
C22

u
22

MUX DEMUX
u
21

e2
1

1

1

1
_

1

2

1

2

δδδδ
2

v
C31

v
C32

u
32

MUX DEMUX
u
31

e3
1

1

1

1
_

1

2

1

2

δδδδ
3

Figure 5.3: Block diagrams of the controls combinations to generate the control inputs in the
original coordinates.

to set K1 equal to 2πficL, where fic is the desired current loop bandwidth, in this case,
fic = fsw/10. Second, the remaining transfer function seen by the plurality of resonant
filters is a first order low pass filter having a pole at 2πfic. Disregarding, for simplicity, the
influence of such a pole, the gain γk can be set as γk = Tkγ , where Tkγ is the desired response
time for each harmonic component (evaluated between the 10% and 90% of a step response
of the amplitude of the corresponding sinusoidal perturbation). This relation is exact only
when different band-pass filters give independent contributions. In a general case, however,
this procedure gives a useful estimate of controller parameters given the desired response
time for various harmonic components.

In the first outer loop, corresponding to the regulation of the capacitor voltages, the pa-
rameter selection is guided by conventional techniques given the desired regulation loop
bandwidth and phase margin. Note, however, that due to the ripple on the DC voltage at
twice the supply frequency during unbalanced conditions, the voltage loop bandwidth should
be limited to approximately 10-20 Hz in order to avoid possible amplification of the second
harmonic in the line current reference.

In the second outer loop, corresponding to the balance of the capacitor voltages, the
parameter selection is guided also by conventional techniques. The main consideration in
this outer loop is that the response in frequency of the controllers is limited by the response
in frequency of the first outer loop. The response in frequency in this loop is usually set 1/5
of the response in frequency of the regulation loop.
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5.5 Numerical results
Simulations using PSCAD 4.0 have been carried out. A three phase voltage source of

220Vrms, f0=60Hz (ω0=377rad/s) has been considered. A three-phase diode bridge rectifier
with a resistive load taking values of 20Ω and 100Ω is considered as the nonlinear load. To
create the unbalance, a resistor of 100Ω is connected between two phases. This load produces
an unbalanced distorted current containing odd harmonics of the fundamental frequency
(60Hz). The active filter has been designed with parameters L = 3mH, C = 2200 µF,
R = 2.2 kΩ. The switching frequency for the switching devices is fixed to 20kHz.

Figure 5.4 shows that the compensated source current iS1(t) (second plot) is an almost si-
nusoidal signal in phase with the source voltage vS1 (top plot), despite of the highly distorted
load current i01 (third plot). In the bottom plot the injected current i1 is presented. Figure
5.5 shows the capacitors voltages transient response (on each plot the two voltages on the
same branch are presented) when the load in the diode bridge rectifier is changed from 100
Ω to 20 Ω and back to 100Ω. It is shown that after a relatively small transient, all capacitor
voltages converges towards their common reference 150VDC .

Figure 5.6 shows the scaled apparent conductance g1v
2
S,RMS and extra control inputs

g2v
2
S,RMS and g3v

2
S,RMS during the same transient. Notice that, g1v

2
S,RMS reaches a constant

value proportional to the total dissipated power, while g2v
2
S,RMS and g3v

2
S,RMS reach zero in

average after a relatively short transient.
Finally, Fig.5.7 shows the injected voltage e1 as computed in the control algorithm (in

gray) and the resulting modulated signal using the multicarrier phase-shifted modulation
algorithm.

5.6 Conclusions
In this chapter a model for the cascade H-bridge three-phase multilevel converter was

proposed. A controller exploiting the structure of the system model was also proposed. It
has been highlighted that while the current tracking and regulation problems could be solved
in a quite familiar way, the balancing of the capacitor voltages required a more involved
process. In fact, it was shown that this balancing was possible after the introduction of extra
control inputs that basically distorted the current reference. This distortion was, however,
present during transients only, and vanishes in the steady state. The effectiveness of the
proposed controller open the possibility to apply a similar process to other topologies of
multilevel converters that present the problem of balancing, and whenever the number of
explicitly available control inputs is limited.
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Chapter 6

A Phase-Locked-Loop based on an
adaptive observer

6.1 Introduction
In general, a phase-locked loop (PLL) is a control system that generates an alternating

signal, usually a sinusoidal signal, coming out of an oscillator, which is compared to a refer-
ence signal with the idea of locking both frequency and phase shift. Thus, the scheme must
respond to both the frequency and the phase shift deviations between the generated and the
input signal, and act in such a way that this deviations are minimized. Under this scheme,
a clean version of the input reference is obtained with additional information, such as the
frequency and or the phase angle. In the case of grid connected systems the detection of
the phase, amplitude and frequency of the utility grid are critical information for the control
of distributed generation and storage systems, flexible ac transmission systems (FACTS),
power line conditioners, uninterruptible power supplies (UPS) [55], [56] and other grid-
connected power conditioning equipments. The magnitude and angle of the source voltage
is used for the synchronization of the converter output variables, power flux calculations, or
for the transformation of state variables into rotating reference frames [57][59]. Regardless
of the technique used in the system detection, the amplitude and the phase must be fast and
accurately obtained, even if the utility voltage is distorted.

In a three-phase system, the utility-voltage information can be easily obtained using a
utility-voltage vector, as the magnitude and angle of the voltage vector indicate the amplitude
and angle of the utility voltage, respectively. However, for a single-phase system, the utility-
voltage information is much more difficult to acquire. Conventionally, the frequency and
phase angle of a single-phase voltage are obtained by detecting the zero-cross point. Yet, this
method cannot provide the utility-voltage information instantaneously and is very sensitive
to noise.

In this chapter a PLL scheme is presented which is aimed to estimate the angular fre-
quency of the utility voltage as well as a cleaned version of the distorted input voltage. The
proposed scheme delivers the estimates of both angular frequency ω and utility voltage vS ,
and the time derivative of the voltage v̇S . These signals are useful in many applications.

The idea behind the design of the proposed PLL consists in:
(i) Propose a model that can accurately reproduce the utility voltage. For this purpose is

91
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considered the model of the input signal as a harmonic oscillator in which it is assumed that
only the parameter vS(t), as a time varying signal, is available.

(ii) Based on the proposed model, a state estimator is designed to reconstruct vS and its
time derivative. The state estimator is built as a copy of the model with additional damping.

(iii) As the estimator expression involves the angular frequency, then an adaptation law
is proposed following the Lyapunov approach.

A prototype has been built and experimental results are presented to asses its perfor-
mance.

6.2 Model of the single phase grid voltage
Consider that the generator or the model that generates the input signal is a harmonic

oscillator of the following form

v̇S = −ω0ϕ
ϕ̇ = ω0vS

(6.1)

where ω0 represents the fundamental frequency, vS is a time varying signal, and ϕ is an
auxiliary signal which is in quadrature with respect to vS .

It is convenient to define ψ = ϕ/ω0, out of which

v̇S = ω0
2ψ

ψ̇ = vS
(6.2)

Defining θ , ω0
2, the model that describes the generator of signal vS can be rewritten as

v̇S = −θψ

ψ̇ = vS
(6.3)

6.3 Description of the proposed PLL
Based on model (6.3), the objective consists in designing an estimator for state variables

vS and ψ, and an adaptive law to reconstruct parameter θ (the square of the fundamental
frequency). Out of this adaptive estimator, a clean version of the grid voltage can be obtained
as well as an estimate for the fundamental frequency.

6.3.1 The single phase grid voltage estimator
The proposed estimator consist in a copy of the system model (6.3) to which a damping

term is added, that is,

˙̂vS = −θ̂ψ̂ + λṽS

˙̂
ψ = v̂S

(6.4)

where it has been defined ṽS , vS − v̂S; v̂S and ψ̂ represent the estimates of vS and ψ,
respectively; θ̂ is the estimate of the parameter θ; and λ is a positive design parameter used
to introduce the required damping.
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6.3.2 Estimation of the fundamental frequency

Following a Lyapunov approach, an adaptive law is proposed to reconstruct θ̂ involved
in (6.4). For this purpose the following quadratic storage function is proposed

V =
ṽ2

S

2
+

ψ̃2

2
+

θ̃2

2γ
(6.5)

where ψ̃ , ψ − ψ̂, θ̃
4
= θ − θ̂, and γ > 0 is the adaptation gain.

Its time derivative along the trajectories of the error model is made negative semidefinite
by proposing the adaptive law

˙̂
θ = −γṽSψ̂ , ω̂0 =

√
θ̂ (6.6)

This yields
V̇ = −λṽS

2 (6.7)

The stability and convergence study of the proposed scheme can be completed using
Barbalat’s arguments, or using the properties of the signals as follows: from the proposed
adaptive law, all error signals are bounded, i.e. ṽS ∈ L∞, ψ̃ ∈ L∞, θ̃ ∈ L∞, equivalently all
estimates are bounded as well, i.e., v̂S ∈ L∞, ψ̂ ∈ L∞, θ̂ ∈ L∞. This implies that the time
derivative of the error is bounded as well, i.e., ˙̃vS ∈ L∞ (or equivalently ˙̂vS ∈ L∞). As ˙̃vS is
continuous and bounded, and based on the fact that ṽS ∈ L2

⋂
L∞, then ṽS → 0 and ˙̃v → 0

as t → ∞. This implies, in their turn, that ˙̃ψ → 0 and θ̃ → 0 as t → ∞ and thus ψ̃ and
θ̃ (or equivalently θ̂) go to constant values. Considering ṽS ≡ 0, then from the error model,
θψ̃ = θ̃ψ̂, however, θ̃ψ̂ is a time varying periodic signal, and thus the only point where θ̃ψ̂
is a constant is at θ̃ψ̂ = 0, and θψ̃ = 0 as well, then ψ̃ = 0 and ψ̂ = ψ, and if ψ 6= 0 then
θ̃ = 0.

Summarizing, the proposed PLL consists of the estimator (6.4) plus the adaptive law
(6.6). A block diagram of the proposed PLL algorithm is depicted in Fig.6.1.
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Figure 6.1: Block diagram of the proposed PLL algorithm.
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6.4 Experimental results

For the experimental results, the proposed PLL algorithm was implemented using ana-
log devices. The implementation involves Operational Amplifiers, multipliers and passive
elements.

Figure 6.2 shows the transient response obtained with the proposed PLL algorithm during
a start-up. Notice that, after a relatively short transient, both signals, the estimated voltage
v̂S and estimated θ̂, reach their desired values. Moreover, it is observed that the response for
the estimated θ̂ (bottom) does not show overshoot.

Figure 6.3 shows the zoom of the transient response obtained with the proposed PLL
algorithm. Notice that the estimated voltage v̂S tracking the measured voltage vS after a
relatively short transient.

Figure 6.4 depicts the response of the proposed PLL when the utility frequency is changed
in steps form 20 to 120 Hz. Notice that the estimated voltage v̂S remains its amplitude at the
desired constant value despite the changes in the frequency.

Figure 6.5 depicts the XY plot of estimated v̂S versus estimated ψ̂. Notice that the re-
sponse of the proposed PLL correspond to a harmonic oscillator.

Figure 6.2: Response of the proposed PLL scheme (top) estimated v̂S and (bottom) esti-
mated θ̂.

6.5 Conclusions

In this chapter a PLL scheme was presented which was aimed to estimate the fundamental
frequency, and both source voltage and its time derivative. The design process considered
the model of the input signal as a harmonic oscillator in which it was assumed that only the
signal vS(t) was available. Based on the proposed model, a state estimator was designed to
reconstruct a copy of such input signal. The state estimator was built as a copy of the model
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Figure 6.3: Zoom of the transient response of the estimated v̂S and measured vS .

Figure 6.4: Response of the proposed PLL when the utility frequency is changed in steps
from 20 to 120 Hz. (top) Utility voltage vS ,and (bottom) estimated θ.
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Figure 6.5: Depicts the XY plot of estimated v̂S versus estimated ψ̂.

with additional damping. An adaptation law was incorporated to reconstruct the angular
frequency. It was shown that the proposed PLL scheme is robust to frequency changes.



Chapter 7

FRF-PLL

7.1 Introduction
One crucial aspect in the control of three-phase grid-connected power converters is the

detection of the fundamental-frequency positive-sequence component of the utility volt-
age under unbalanced and distorted conditions. Specifically, the detection of the positive-
sequence voltage component at fundamental frequency is essential for the control of dis-
tributed generation and storage systems, flexible ac transmission systems (FACTS), power
line conditioners and uninterruptible power supplies (UPS) [55], [56] and others grid-connected
power conditioning equipments. The magnitude and angle of the source voltage is used for
the synchronization of the converter output variables, power flux calculations, or for the
transformation of state variables into rotating reference frames [57][59]. Regardless of the
technique used in the system detection, the amplitude and the phase must be fast and accu-
rately obtained, even if the utility voltage is distorted.

The most extended technique used for frequency-insensitive positive-sequence detection
is the conventional three-phase PLL based on the synchronous reference frame (SRF-PLL).
In the conventional SRF-PLL, the three-phase voltage vector is translated from the natu-
ral reference frame to the rotating reference frame by using a combination of Clarke’s and
Park’s transformations. The angular position of this reference frame is controlled by a feed-
back loop which regulates the q-component of the positive sequence of the voltage to zero.
Therefore, in steady-state, the detected d-component depicts the voltage vector amplitude,
while its phase angle is determined by the output of the feedback loop. Under ideal util-
ity conditions, i.e., neither harmonic distortion nor unbalance are present, a high bandwidth
feedback loop of the SRF-PLL yields a fast and precise detection of the phase angle and
amplitude of the utility voltage vector. In the case that the utility voltage is distorted with
high-order harmonics, the bandwidth of the SRF-PLL feedback loop can be reduced to reject
and cancel out the effect of the harmonics on the output. However, the PLL bandwidth reduc-
tion is not an acceptable solution. The problem of estimating this fundamental component
gets even more challenging in case of presence of unbalanced grid voltages.

The present chapter presents an algorithm to implement a phase-locked loop (PLL) which
is able to provide an estimation of the angular frequency, and both the positive and negative
sequences of the fundamental component of an unbalanced three-phase signal. These se-
quences are provided in fixed reference frame coordinates, and thus the proposed algorithm

97
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is referred as fixed reference frame PLL (FRF-PLL). In fact, the FRF-PLL does not require
transformation of variables into the synchronous reference frame coordinates as in most PLL
schemes. The detection of the positive sequence component of the source voltage at funda-
mental frequency is essential for the control and synchronization of systems coupled with the
electric network, which are required to run even under grid disturbances such as unbalanced
voltages, voltages sags, harmonic distortion and angular frequency variations. The design of
the FRF-PLL is based on a complete description of the source voltage involving both positive
and negative sequences in stationary coordinates and considering that the angular frequency
is uncertain. Therefore the FRF-PLL is intended to perform properly under unbalanced con-
ditions, and to be robust against angular frequency variations, providing a fast and precise
response. Although not considered in the design, it is shown that the scheme is also robust
against harmonic distortion present in the source voltage signal.

The idea behind the design consists in:
(i) Propose a model that can accurately reproduce the evolution of an unbalanced three-

phase signal. For this purpose both positive and negative sequence components of the three-
phase signal are considered. Most PLLs reported in the literature consider the positive se-
quence only. In other words, they are all based on the model description of the three-phase
line voltage signal v̇αβ = Jωvαβ , which holds for the balanced case only. In contrast, the
present work introduces a new auxiliary variable ϕαβ , which permits to describe an unbal-
anced three-phase line voltage signal completely. To realize this, notice that the voltage
signal can be represented as the sum of both sequences, i.e., vαβ = vp

αβ + vn
αβ , and de-

fine the auxiliary variable as the difference between both sequences, i.e., ϕαβ = vp
αβ − vn

αβ .
Out of this, the three-phase signal vαβ can be fully described by the system v̇αβ = Jωϕαβ ,
ϕ̇αβ = Jωvαβ .

(ii) Based on the proposed model, a state estimator is designed to reconstruct both posi-
tive and negative sequences of the three-phase signal. The state estimator is built as a copy
of the model with additional damping.

(iii)As the estimator expression involves the angular frequency, then an adaptation law is
incorporated to reconstruct the angular frequency as well.

The stability and convergence study of the proposed FRF-PLL scheme follow the Lya-
punov’s approach, without involving any linearization process.

7.2 Model of the grid voltage in unbalanced condition

In what follows, it is considered that the three-phase voltage signal, originally in three-
phase coordinates v123 = [v1, v2, v3]

>, has been transformed to (fixed frame) αβ-coordinates
using the following Clarke’s transformation.

vαβ =

[
vα

vβ

]
=

2

3

[
1 −1

2
−1

2

0
√

3
2

−
√

3
2

] 


v1

v2

v3




This non-normalized Clarke’s transformation could be preferred since vα = v1, thus
preserving the amplitude and phase angle of vα equal to those of v1. However, the algorithm
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is not restricted to this transformation, and thus the normalized transformation could be used
as well without further changes in the scheme.

Assume that, the source voltage signal is composed only by a fundamental component,
and as the unbalanced operation case is considered, then the three-phase signal is described
as the sum of its positive and negative sequences as follows

vαβ = vp
αβ + vn

αβ = eJθVp
dq + e−JθVn

dq (7.1)

eJθ =

[
cos θ sin θ

− sin θ cos θ

]
, J =

[
0 −1
1 0

]
(7.2)

where Vp
dq =

[
V p

d , V p
q

]> and Vn
dq =

[
V n

d , V n
q

]> are the vectors of coefficients, also re-
ferred as phasors, of the positive and negative sequences, respectively, of the fundamental
component of vαβ .

Based on description (7.1), the following relationship is obtained

v̇αβ = JωeJθVp
dq − Jωe−JθVn

dq

= Jω
(
vp

αβ − vn
αβ

)
(7.3)

where ω represents the true angular frequency, and it has been used the fact that θ̇ = ω. It is
also convenient to define ϕαβ , vp

αβ − vn
αβ , out of which v̇αβ = Jωϕαβ . Notice also that

ϕ̇αβ = JωeJθVp
dq + JωeJθVn

dq = Jω
(
vp

αβ + vn
αβ

)
. Therefore, the model that completely

describes the generator of signal vαβ is given by

v̇αβ = Jωϕαβ

ϕ̇αβ = Jωvαβ
(7.4)

It is important to remark that the introduction of the auxiliary variable ϕαβ allows a
complete description of the generator system in the unbalanced case (7.4).

Remark 7.1 In the balanced case, this description is reduced to v̇αβ = Jωvαβ , which is the
most common expression found in the literature. ¤

In fact, based on definition (7.1) and the definiton of ϕαβ , is possible to establish the
following relationship

[
vαβ

ϕαβ

]
=

[
I2 I2

I2 −I2

] [
vαβ

p

vαβ
n

]
(7.5)

where I2 is the 2x2 identity matrix.
As observed in (7.4), parameter ω appears in both rows of the system. This situation

may difficult the estimation of ω. To overcome this issue, it is proposed to concentrate this
parameter in a single row using the transformation

ψαβ = ϕαβ/ω (7.6)

This yields the following model

v̇αβ = Jσψαβ

ψ̇αβ = Jvαβ
(7.7)

where it has been defined σ , ω2 as the new parameter.
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7.3 Description of the proposed FRF-PLL
Based on model (7.7), the objective consists in designing an estimator for state variables

vαβ and ψαβ , and an adaptive law to reconstruct parameter σ, out of which positive and
negative sequences of the grid voltage can be obtained as well as the angular frequency ω.

7.3.1 The grid voltage estimator
Estimation of the state variables vαβ and ψαβ allows to obtain the positive sequence

component, this according to vp
αβ = 1

2
(vαβ + ϕαβ) and using (7.6). The proposed estimator

consist in a copy of the system model (7.7) to which a damping term is added, that is,

˙̂vαβ = Jσ̂ψ̂αβ + λṽαβ

˙̂
ψαβ = Jv̂αβ

(7.8)

where it has been defined ṽαβ , vαβ− v̂αβ; v̂αβ and ψ̂αβ represent the estimates of vαβ and
ψαβ , respectively; σ̂ is the estimate of the parameter σ; and λ is a positive design parameter
used to introduce the required damping.

7.3.2 Estimation of the angular frequency
Following a Lyapunov approach an adaptive law is proposed to reconstruct σ̂ involved in

(7.8). For this purpose the following quadratic storage function is proposed

W =
ṽ>αβṽαβ

2
+

σψ̃
>
αβψ̃αβ

2
+

σ̃2

2γ
(7.9)

where ψ̃αβ , ψαβ − ψ̂αβ , σ̃
4
= σ − σ̂, and γ > 0 is the adaptation gain. Its time derivative

along the trajectories of the error model is made negative semidefinite by proposing the
adaptive law

˙̂σ = γṽ>αβJψ̂αβ , ω̂ =
√

σ̂ (7.10)

This yields
Ẇ = −λṽ>αβṽαβ (7.11)

The stability and convergence study of the proposed scheme can be completed using
Lasalle’s arguments, or using the properties of the signals as follows. From the proposed
adaptive law, all error signals are bounded, i.e. ṽαβ ∈ L∞, ψ̃αβ ∈ L∞, σ̃αβ ∈ L∞, equiva-
lently all estimates are bounded as well, i.e., v̂αβ ∈ L∞, ψ̂αβ ∈ L∞, σ̂αβ ∈ L∞. This implies
that the time derivative of the error is bounded as well, i.e., ˙̃vαβ ∈ L∞ (or equivalently
˙̂vαβ ∈ L∞). As ˙̃vαβ is continuous and bounded, and based on the fact that ṽαβ ∈ L2

⋂
L∞,

then ṽαβ → 0 and ˙̃vαβ → 0 as t → ∞. This implies, in their turn, that ˙̃ψαβ → 0 and
σ̃ → 0 as t →∞ and thus ψ̃αβ and σ̃ (or equivalently σ̂) go to constant values. Considering
ṽαβ ≡ 0, then from the error model, σψ̃αβ = σ̃ψ̂αβ , however, σ̃ψ̂αβ is a rotating vector while
simultaneously the product σψ̃αβ is a constant, hence, the only possibility is that σ̃ → 0 and
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ψ̃αβ → 0 as well. As no linearization process has been involved at all, both stability and
convergence might be stated globally. This is however, not fully true, as the operative region
is bounded due to physical construction limitations.

7.3.3 Estimation of positive and negative sequences of the grid voltage

Out of estimator (7.8) and adaptation (7.10), the positive and negative sequences of the
grid voltage can now be reconstructed as follows

v̂p
αβ =

1

2
(v̂αβ + ω̂ψ̂αβ)

v̂n
αβ =

1

2
(v̂αβ − ω̂ψ̂αβ) (7.12)

Summarizing, the proposed FRF-PLL consists of the estimator (7.8) and adaptive law
(7.10), where both positive and negative sequence are computed according to (7.12).

A block diagram of the proposed FRF-PLL algorithm is depicted in Fig.7.2. The pro-
posed FRF-PLL is connected to the grid according to Fig.7.1.
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Figure 7.1: Connection of the proposed FRF-PLL to the electric utility.

7.4 Tuning of the FRF-PLL algorithm

For a first approximation of tuning of parameters λ and γ consider that the system is in
balanced operation, that is, ψαβ

∼= vαβ , out of which, ϕαβ
∼= ψαβ/ω, and thus it can also

be assumed that ϕ̂αβ
∼= ψ̂αβ/ω. Moreover, consider that ψ̂ ∼= ωω̂. This yields the following

system

˙̂vαβ = Jω̂v̂αβ + λv̂αβ (7.13)
˙̂ω =

γ

ω2
v>αβJv̂αβ (7.14)

which represents, in fact, the balanced version of the proposed estimator.
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Figure 7.2: Block diagram of the proposed FRF-PLL algorithm.

Then, consider the coordinate transformation x1 = v>αβJv̂αβ , x2 = v>αβv̂αβ and x3 =
ω − ω̂, which yields the system

ẋ1 = −x3x2 − λx1 (7.15)
ẋ2 = x3x1 − λx2 + λ|vαβ|2 (7.16)

ẋ3 =
γ

ω2
x1 (7.17)

where |vαβ| is a constant representing the amplitude of the source voltage signal.
Linearization of system (7.15)-(7.17) around the equilibrium point

[x1, x2, x3, ] = [0, |vαβ|2, 0] yields the following LTI system

ẋ1 = −|vαβ|2x3 − λx1 (7.18)
˙̃x2 = −λx̃2 (7.19)

ẋ3 =
γ

ω2
x1 (7.20)

Notice that (7.19) is a stable first order subsystem decoupled from a second order system
composed by (7.18) and (7.20). Thus, a first approximation for the tuning of parameters λ
and γ is based on the desired bandwidth frequency ωBW of the frequency response of such a
second order system. To facilitate the design, a damping ratio of 1/

√
2 is considered, out of

which the bandwidth equals the natural oscillation frequency of the second order system. As
the algorithm involves the computation of projections between vectors of sinusoidal signals
producing mainly a second order harmonic, then the bandwidth of the algorithm should be
smaller than 2ω0, where ω0 is the nominal value of the angular frequency of the source volt-
age. It is common in practice to select the bandwidth between 1/2 to 1/10 of such frequency,
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that is, ω0/5 . ωBW . ω0/2. Based on this consideration, the parameters can be tuned
according to the following expressions

λ ∼=
√

2ωBW

γ ∼=
(

ω0ωBW

|vαβ|
)2

(7.21)

7.5 Numerical results

In the numerical results the following parameters have been selected λ = 300 and
λ = 2.2x105, which correspond approximately to a bandwidth of 24Hz (ωBW =150 rad/s),
considering a nominal frequency of 50Hz (ω0=314.16 rad/s). For the numerical results the
following cases have been considered for the utility voltage source:

(i) Balanced condition. The voltage source is formed only by a positive sequence of 100
V of amplitude and angular frequency of 50 Hz (314.16 rad/s), with a zero phase shift.

(ii) Unbalanced condition. The voltage source includes both a positive and a negative
sequence components. The positive sequence has 100 V of amplitude at 50Hz (314.16 rad/s)
and zero phase shift. For the negative sequence an amplitude of 30 V and zero phase shift
are considered.

(iii) Utility frequency changes. Harmonics 3rd and 5th are added to the previous unbal-
anced signal to create a periodic distortion. Both harmonics have also a negative sequence
to allow unbalance. Both the positive and the negative sequence have 10 V of amplitude and
zero phase shift.

Figure 7.3 shows the transient response obtained with the proposed FRF-PLL algorithm
when the utility voltage goes from a balanced to an unbalanced operation condition at time
t = 3s. Notice that, after a relatively short transient, all signals return to their desired values.
For instance, it is observed that the estimated phase angle (solid line) follows perfectly well
the true phase angle (dashed line) after an almost imperceptible transient. The estimated
frequency (solid line) is also maintained in its reference fixed to 316.14rad/s (dotted line)
after a small transient. Moreover, the estimated positive-sequence voltages have an almost
imperceptible variation.

Figure 7.4 presents the transient response of the proposed FRF-PLL to an unbalanced
and distorted utility voltage and during a start-up operation. It is shown that after a relatively
small transient the estimated phase angle (solid line) is synchronized to the true phase angle
(dashed line). Similarly, the estimated angular frequency reaches, after a small transient, its
reference (dotted line), which has been fixed to 316.14rad/s. The bottom plot shows that the
estimated positive-sequence voltages reach their final amplitude of 100 V after a few cycles.

Figure 7.5 shows the transient response of the proposed FRF-PLL to a step change in
the angular frequency of the source voltage going from 50Hz to 35Hz. It is shown that after
a short transient the estimated phase angle follows perfectly well the true phase angle. It is
shown that the estimated angular frequency, starting at a reference of 314.16rad/s, reaches its
new reference fixed to 219.9rad/s in a relatively short time. The bottom plot shows that the
estimated positive-sequence voltages maintain their amplitude after an almost imperceptible
transient.
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Figure 7.6 depicts the transient response of the proposed FRF-PLL to a step change in
the angular frequency of the source voltage going from 35Hz to 50Hz. As in Fig. 7.5, the
estimated phase angle follows perfectly well the true phase angle after a short transient. It is
shown that the estimated angular frequency, starting at a reference of 219.9rad/s, reaches its
new reference fixed to 314.16rad/s in a relatively short time. The bottom plot shows that the
estimated positive-sequence voltages maintain their amplitude after an almost imperceptible
transient.
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Figure 7.3: Depicts the transient response of the proposed FRF-PLL when the utility voltage
goes from a balanced to an unbalanced condition. (from top to bottom) Utility voltage v123,
estimated phase angle θ̂, estimated angular frequency ω̂, and estimated positive-sequence
voltage in the synchronous reference frame ˆv123

p.

7.6 Experimental results
For the experimental results, the proposed FRF-PLL algorithm was programmed in a

fixed-point DSP TMS320LF2407A. The following parameters have been selected: a band-
width of 24 Hz (ωBW = 150 rad/s), considering a nominal frequency of 50 Hz (ω0 = 314.16
rad/s). It is considered that the input signals, are in (fixed frame) αβ-coordinates.

The following conditions have been considered for the utility voltage source:
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Figure 7.4: Depicts the response of the proposed FRF-PLL to an unbalanced distorted utility
voltage during start-up. (from top to bottom) Utility voltage v123, estimated phase angle θ̂,
estimated angular frequency ω̂, and estimated positive-sequence voltage in the synchronous
reference frame ˆv123

p.
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Figure 7.5: Depicts the transient response of the proposed FRF-PLL to a utility frequency
change from 50 Hz to 35 Hz. (from top to bottom) Utility voltage v123, estimated phase
angle θ̂, estimated angular frequency ω̂, and estimated positive-sequence voltage in the syn-
chronous reference frame v̂p

123.
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Figure 7.6: Depicts the transient response of the proposed FRF-PLL to a utility frequency
change from 35 Hz to 50 Hz. (from top to bottom) Utility voltage v123, estimated phase
angle θ̂, estimated angular frequency ω̂, and estimated positive-sequence voltage in the syn-
chronous reference frame v̂p

123.
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(i) Balanced condition. The voltage source is formed only by a positive sequence and
angular frequency of 50 Hz (314.16 rad/s), with a zero phase shift.

(ii) Unbalanced condition. The voltage source includes both a positive and a negative
sequence components. For this purpose the input signals are considered as

√
3vα = vβ with

a phase angle of 150 degrees between them.
(iii) Utility frequency changes. Utility frequency chances from 40 Hz to 70 Hz and 70 Hz

to 40 Hz.
Figure 7.7 depicts the response of the proposed FRF-PLL when the utility voltage has

an unbalanced condition. Notice that both estimated positive-sequence voltages in the fixed
reference frame, v̂p

α and v̂p
β , have equal amplitude.

Figure 7.8 depicts the response of the proposed FRF-PLL to an unbalanced highly dis-
torted utility voltage. As in Fig.7.7, both estimated positive-sequence voltages have equal
amplitude, and the response of the estimated angular frequency ω̂ does not show any distor-
tion.

Figure 7.9 depicts the transient response of the proposed FRF-PLL when the utility volt-
age goes from a balanced to an unbalanced condition. Notice that both estimated positive-
sequence voltages in the fixed reference frame, v̂p

α and v̂p
β , have equal amplitude, and as

expected, the amplitude of both signals are reduced in the unbalanced case.
Figure 7.10 and Fig.7.11 depicts the transient response of the proposed FRF-PLL to a

step change in the angular frequency of the source voltage going from 40Hz to 70Hz, and
from 70Hz to 40Hz. In both figures, the estimated phase angle reach its desired value after
a short transient. Notice also that, the estimated positive-sequence voltages maintain their
amplitude after an almost imperceptible transient.

Figure 7.7: Depicts the response of the proposed FRF-PLL when the utility voltage has an
unbalanced condition. (from top to bottom) Utility voltage vαβ , estimated positive-sequence
voltage in the fixed reference frame v̂p

αβ and estimated angular frequency ω̂.
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Figure 7.8: Depicts the response of the proposed FRF-PLL to an unbalanced highly distorted
utility voltage. (from top to bottom) Utility voltage vαβ , estimated positive-sequence voltage
in the fixed reference frame v̂p

αβ and estimated angular frequency ω̂.

Figure 7.9: Depicts the transient response of the proposed FRF-PLL when the utility voltage
goes from a balanced to an unbalanced condition. (top) Utility voltage vαβ ,and (bottom)
estimated positive-sequence voltage in the fixed reference frame v̂p

αβ .
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Figure 7.10: Depicts the transient response of the proposed FRF-PLL to a utility frequency
change from 40 Hz to 70 Hz. (from top to bottom) Positive-sequence voltage vα, positive-
sequence voltage vβ , and estimated angular frequency ω̂.

Figure 7.11: Depicts the transient response of the proposed FRF-PLL to a utility frequency
change from 70 Hz to 40 Hz. (from top to bottom) Positive-sequence voltage vα, positive-
sequence voltage vβ , and estimated angular frequency ω̂.



7.7 Conclusions
In this chapter a PLL scheme was presented which is aimed to estimate the fundamental

frequency, and both positive and negative sequences of the fundamental component of an
unbalanced three-phase signal. The design process involved the proposal of a model that
accurately reproduced the evolution of an unbalanced three-phase signal. For this purpose
both positive and negative sequence components of the three-phase signal were considered.
Based on the proposed model, a state estimator was designed to reconstruct both positive
and negative sequences of the three-phase signal. The state estimator was built as a copy of
the model with additional damping. An adaptation law was incorporated to reconstruct the
angular frequency as well, which was involved in the state estimator. The proposed scheme
delivers the estimates of both sequences in fixed frame coordinates, and does not require
the transformation of variables to the synchronous reference frame as in most conventional
PLLs. The proposed PLL was referred as fixed reference frame PLL (FRF-PLL), and was
designed to properly operate under severe unbalanced conditions. It was shown that the
proposed scheme was robust against angular frequency changes in the three-phase source
voltage signal. Although not considered in the design, it was shown that the scheme was
also robust against harmonic distortion present in the source voltage signal. For the stability
and convergence study of the proposed FRF-PLL scheme, the Lyapunovs approach was fol-
lowed without involving any linearization process. Also it was proposed an algorithm to tune
the proposed FRF-PLL, which was based on the desired bandwidth frequency ωBW of the
frequency response of the linearized version of the proposed scheme. Numerical results and
experimental results were presented and compared with the conventional SRF-PLL scheme
to exhibit the benefits of the proposed FRF-PLL scheme over the conventional scheme, spe-
cially in the unbalanced case response.
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Chapter 8

Conclusions, future research and
scientific production

This thesis presented the mathematical models and the control laws of two main topolo-
gies of multilevel converters, namely, the diode clamped multilevel converter (NPC) and cas-
caded H-bridge multilevel converter (HB). It was found, regardless of the topology studied,
that a natural way to write the model is considering as variables the sum and the difference
of the capacitors voltages, besides the inductor currents. The key to solve the problem of bal-
ancing the capacitor voltages is precisely to consider variables that represent this difference
in order to deal with it.

In comparison with other works in this area, this thesis is the only one that presents
control laws based in mathematical models. It is true that in previous works [42], [43], [41],
[70] are presented some mathematical models, but the control proposed in that works were
not based in the mathematical models, and the most important thing, the model presented in
that works not show how the control inputs deals directly with the balancing of the capacitor
voltages.

Even when in that works were proposed Passivity-based controllers, energy-based con-
trollers, control using Resultant Theory and others, the main contribution of this thesis is
controllers that exploit the structure of the systems. All the controllers proposed in the the-
sis are designed to solve the problem of balancing the capacitor voltages, regardless of the
application of rectifier or active filter.

It was also observed that in the single phase case, the mathematical models shows control
inputs that affect directly to the balancing of the capacitor voltages, but in the three-phase
cases, was not clear this input, with the exception of the three-level NPC converter, where
the proposed model stressed the existence of a third degree of freedom (DOF) offered by the
control input, and referred here as the γ-component. In Chapter 5 it has been highlighted
that while the current tracking and regulation problems could be solved in a quite familiar
way, the balancing of the capacitor voltages required a more involved process. In fact, it
was shown that this balancing was possible after the introduction of extra control inputs
that basically distorted the current reference. This distortion was, however, present during
transients only, and vanishes in the steady state. The effectiveness of the proposed controller
open the possibility to apply a similar process to other topologies of multilevel converters that
present the problem of balancing, and whenever the number of explicitly available control
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inputs is limited.
It is also presented in this thesis two new schemes of PLL for single phase and three

phase systems. The proposed algorithms were designed based on the mathematical models
of the input signals and were developed without involving any linearization process as in
most conventional PLL schemes. It was show that with a complete description of the input
signal, it is possible to design an algorithm to properly operate under severe unbalanced
conditions (in the three-phase case) and also robust against harmonic distortion in the source
voltage signal.

In the Chapter 7 a new PLL scheme was presented which is aimed to estimate the funda-
mental frequency, and both positive and negative sequences of the fundamental component
of an unbalanced three-phase signal. The main contribution is that the proposed scheme
delivers the estimates of both sequences in fixed frame coordinates, and does not require
the transformation of variables to the synchronous reference frame as in most conventional
PLLs. The proposed PLL was referred as fixed reference frame PLL (FRF-PLL).

Future research
This thesis work, opens a series of investigations in the field of multilevel converters,

so it is necessary to set the points to follow in the future to allow an optimal use of this
technology. In what follows there are some works to be done to follow up on this research
topic.

. Based on the controller proposed for the cascade H-bridge three-phase multilevel con-
verter, apply the same ideas to design a controller for the three-phase five-level NPC
multilevel converter, which present also the issue of capacitor voltages balancing. The
main reason to apply these technique to this topology is because the five-level NPC
multilevel converter was already studied during the the thesis, and it was found that
without an extra DOF, it is impossible to balance the capacitor voltages. The results
for the three-phase HB multilevel converter opens the possibility to introduce an ex-
tra DOF using the structure of the system, and with already a mathematical model
for the three-phase five-level NPC multilevel converter, is less difficult to explore this
possibility.

. For the cascaded H-bridge multilevel converter there is a prototype almost ready for
the programming of the proposed control laws. For this reason it is proposed to con-
tinue the study of this topology and obtain experimental results with the prototype
mentioned.

. None of the proposed controllers in this thesis includes an scheme for the synchro-
nization to the grid. The power electronics contributes to the efficient use of renewable
energy and part of its application is linked to the development of new investigations
within this field of electronics. For this reason it is proposed to include in the appli-
cations the PLL schemes designed in this thesis, in order to obtain a more efficient
controller.

Even if the effectiveness of the FRF-PLL scheme in the unbalanced case has been put in
evidence, its performance under harmonic distortion can still be improved. To follow up this,
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it could be proposed to design an scheme based on a more complete model that in addition
to the unbalance, it may also consider and reproduce the evolution of a distorted three-phase
signal. To cope with the distortion in the signal, the scheme could include a better filtering
of the harmonics, or include adaptation to cancel out such a distortion. It is very likely that
such a harmonic mechanism relays in schemes such as a bank of resonant filters or simply a
repetitive control. Similar ideas can be followed for the proposed single phase PLL, to cope
with the harmonic distortion.
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