
© 2007 IEEE. Personal use of this material is permitted. Permission from IEEE 
must be obtained for all other uses, in any current or future media, including 
reprinting/republishing this material for advertising or promotional 
purposes, creating new collective works, for resale or redistribution to 
servers or lists, or reuse of any copyrighted component of this work in other 
works. 
 
This is an Accepted Manuscript of the following article: A. Zavala-Rio and V. 
Santibanez, "A Natural Saturating Extension of the PD-With-Desired-Gravity-
Compensation Control Law for Robot Manipulators With Bounded Inputs," in 
IEEE Transactions on Robotics, vol. 23, no. 2, pp. 386-391, April 2007. To 
access the final edited and published work is available online at: 
https://doi.org/10.1109/TRO.2007.892224  

https://doi.org/10.1109/TRO.2007.892224


ACCEPTED TO IEEE TRANSACTIONS ON ROBOTICS, NOVEMBER 2006 1

A natural saturating extension of the
PD-with-desired-gravity-compensationcontrol law

for robot manipulators with bounded inputs
Arturo Zavala-Ŕıo and V́ıctor Santib́añez,Associate Member, IEEE

Abstract— This work proposes a natural saturating extension
of the PD with desired gravity compensation(PDdgc) control law
for the global regulation of robot manipulators with bounded
inputs. Compared to other algorithms previously proposed under
the same analytical framework, it proves to be advantageous in
several senses. First, it involves a singlesaturation function at
each joint. Second, it does not need to discriminate the terms
that shall be bounded since these are simply all of them included
within the only saturation involved at every joint. Experimental
results show the effectiveness of the proposed scheme. As far
as the authors are aware, no such type of natural saturating
extension (i.e. involving only one saturation function at each
joint, where all the terms of the controller are embedded) to the
bounded input case had been previously proposed for the PDdgc
scheme. Furthermore, it is shown how the proposed approach
may be conceived within the framework of theenergy shaping
plus damping injectionmethodology.

Index Terms— Robot control, global regulation, bounded in-
puts, saturation functions.

I. I NTRODUCTION

PD controllers have proved to be the simplest algorithms
to achieve the regulation and trajectory tracking of robot
manipulators. In order to guarantee the global stabilization to-
wards the desired position/motion, they are generally designed
including terms that partially (or totally) compensate the sys-
tem dynamics. In the case of global regulation, adding terms
counterbalancing the gravity (generalized) forces suffices to
avoid steady-state errors (at least analytically, under basic
assumptions). Such a scheme gives rise to the so-calledPD
with gravity compensation(PDgc) control law [11]. Moreover,
such a gravity counterweight needs not to be performed
continuously (i.e. updating the gravity compensation terms at
every instant). Adding constant terms accounting for the forces
needed to counterbalance the gravity effects at the desired
steady-state configuration is enough to guarantee the global
regulation objective (under additional tuning conditions); see
for instance [11]. Such a structure is frequently referred as the
PD with desired gravity compensation(PDdgc) control law
[11]. However, the original versions of such schemes were
designed disregarding the inherent power supply limitations of
real-life actuators. As it is well known, such limitations have
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a saturating effect in the signal transfer from the controller
outputs to the manipulator inputs. Under such a constraint,
the above mentioned controllers do not any longer ensure the
achievement of the regulation objective; not at least globally.
Furthermore, they may lead to undesirable effects in the
closed-loop performance, as pointed out in [7], [21], [17], [5].
Thus, synthesis of control algorithms taking into account such
a nonlinear saturating phenomenon turns out to be important.

Several approaches for the regulation and trajectory tracking
of robot manipulators (mechanical or Euler-Lagrange systems)
with bounded inputs have been proposed in the literature under
the consideration of various analytical frameworks: Global
regulation through full-state (position and velocity) feedback
and gravity compensation is treated in [10], [17]. Solutions
released from velocity measurements, but still compensating
the gravity terms, are proposed in [3], [13]. Extensions to
the elastic-joint case, with and without velocity measurements,
are presented in [4]. A full-state feedback solution with adap-
tive gravity compensation is presented in [21]. An approach
including adaptive gravity compensation that is additionally
free of velocity measurements is proposed in [5]. An adaptive
algorithm involving task-space coordinates that additionally
deals with uncertainties on the manipulator kinematic model
is presented in [6]. A semiglobal full-state feedback approach
depending only onpartial knowledge of the system parameters
is developed in [1]. Trajectory tracking has been further treated
in [3], [14], [16], [7], all four proposing schemes free of ve-
locity measurements, and the last one presenting an additional
full-state algorithm with adaptive gravity compensation. Let
us note that the use of special types of saturation functions
—a common characteristic of the control laws proposed in
all the above mentioned works— has proved to be useful to
avoid model (gravity) compensation in the synthesis of PD-
type controllers for the global regulation of robot manipulators
in an unbounded input context; see for instance [8], [18].

From the above cited works, the schemes proposed in [10],
[17] were those developed in the less restrictive analytical
setting where the whole system information (i.e. the entire set
of parameters and states) is considered to be available. Under
such afull-system-informationanalytical framework, a funda-
mental control design methodology for the global regulation
of robot manipulators is the one known asenergy shaping
plus damping injection(see for instance [9]), whose founda-
tions are attributed to [19]. Its application under the simplest
considerations —disregarding input constraints— gives rise
to the PDgc control law (see for instance [9, Rmk. 1]), or
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(under additional tuning constraints) to the PDdgc controller.
Inspired by Arimoto’sSP-D-controller-induced quasi-natural
potentials [2], such a methodology is applied to the bounded-
input case in [10], [17]. As a result, a PDgc-like control law is
proposed, where the P and D parts (at every joint) are, each of
them, explicitly bounded through specific saturation functions.
A continuously differentiable one is used in [10] while the con-
ventional non-smooth one in [17], which constitutes the main
difference among both approaches. Through the satisfaction
of simple inequalities on the saturation function bounds, the
global regulation objective is proved to be achieved avoiding
saturation of the control signal in both works. Furthermore,
in [1, §3.1], an alternative version of the scheme developed
in [17] is proposed, where the gravity compensation term
is suppressed and a constant vector,−τ̄I , is added to the P
part within its saturation function. The authors prove that,
under simple conditions on the control gains (actually, the
typical conditions imposed in the conventional PDdgc control
scheme to ensure global asymptotical stability of the position
error trivial solution; see for instance [11]), there is a globally
asymptotically stable equilibrium position error,q̄∗, directly
defined byτ̄I through a non-linear invertible relationϕ : τ̄I 7→
q̄∗ = ϕ(τ̄I). One can see, from the analysis in [1,§3.1], that
if −τ̄I is equal to the gravity force vector evaluated at the
desired configuration, then̄q∗ = 0 (see [1, Eq. (7)]). Thus,
under the just mentioned consideration, the algorithm proposed
in [1, §3.1] turns out to be an alternative globally stabilizing
saturating extension of the PDdgc scheme.

Nevertheless, the algorithms developed in [10], [17], and
[1, §3.1] are not necessarily the simplest approaches, or those
giving rise to the best closed-loop performance, that may be
conceived under the availability of the full system information.
Consider for instance a PDgc-like or a PDdgc-like control
law that involves, at every joint, a single saturation function
embedding all the terms of the controller,i.e. the P, D,
and (continuous/desired) gravity terms. This would actually
constitute the most direct or natural saturating extension of the
PDgc, respectively PDdgc, control law to the bounded-input
setting. Such (both) approaches result in simpler algorithms in
two senses: first, they involve less saturation functions than the
schemes proposed in [10], [17], and [1,§3.1]; and second, they
do not need to discriminate the terms that shall be bounded
since they are simply all of them included within the only
saturation involved at every joint.

In this work, an alternative approach for the global regu-
lation of robot manipulators with input saturations, under a
full-system-information setting, is proposed. Contrarily to the
previous works developed under the same analytical frame-
work, it consists of a special form of the most direct or natural
saturating extension of the PDdgc (SPDdgc) control law which
involves, at every joint, a single saturation function embedding
all the terms of the controller. The closed-loop performance
resulting from its implementation is experimentally evaluated
and compared to those obtained through the use of the
algorithms developed in [10], [17], and [1,§3.1]. As far as
the authors are aware, global regulation through a saturating
extension of the PDdgc scheme where the whole controller
expression at every joint is completely embedded within a

single saturation function had not been previously proved in
the literature. Such an approach turns out to be important not
only for its simplicity but also because it is the one that best
reproduces what really happens in an actual implementation
of a PDdgc scheme on a real-life manipulator with real-life
actuators.

The work is organized as follows: Section II states the
general n-degree-of-freedom serial rigid robot manipulator
open-loop dynamics and some of its main properties, as
well as considerations, assumptions, definitions, and notations
that are involved throughout the study. In Section III, the
proposed control scheme is presented. Section IV states the
main result, where the stability analysis is developed and the
control objective is proved to be achieved. Experimental results
are presented in Section V. Finally, conclusions are given in
Section VI.

II. PRELIMINARIES

The generaln-degree-of-freedom serial rigid robot manip-
ulator dynamics without friction is given by

D(q)q̈ + C(q, q̇)q̇ + g(q) = τ (1)

whereq, q̇, q̈ ∈ IRn are, respectively, the position (generalized
coordinates), velocity, and acceleration vectors,D(q) ∈ IRn×n

is the inertia matrix, andC(q, q̇)q̇, g(q), τ ∈ IRn are,
respectively, the vectors of Coriolis and centrifugal, gravity,
and external input generalized forces. The terms of such a
dynamical model satisfy some well-known properties; see for
instance [11, Chap. 4]. Some of them are recalled here.

Property 1: The inertia matrixD(q) is a positive definite
symmetric matrix satisfyingλmI ≤ D(q) ≤ λMI, ∀q ∈ IRn,
whereI denotes then× n identity matrix, for some positive
constantsλm ≤ λM .

Property 2: The matrix N(q, q̇) , 1
2Ḋ(q, q̇) − C(q, q̇)

satisfiesq̇T N(q, q̇)q̇ = 0, ∀(q, q̇) ∈ IRn × IRn.
Property 3: The gravity vector satisfies:

3.1. ‖g(q)‖ ≤ γ, ∀q ∈ IRn, for some positive constantγ,
or equivalently, every element of the gravity vector,i.e.
gi(q), i = 1, . . . , n, satisfies|gi(q)| ≤ γi, ∀q ∈ IRn, for
some positive constantsγi, i = 1, . . . , n;

3.2. there exists a positive constantκ such that:∥∥∥∂g
∂q (q)

∥∥∥ ≤ κ, ∀q ∈ IRn, or equivalently, such

that
∣∣∣ ∂gi

∂qj
(q)

∣∣∣ ≤ κ, ∀i, j ∈ {1, . . . , n}, ∀q ∈ IRn.

Let us suppose that the absolute value of each inputτi (ith

element of the input vectorτ ) is constrained to be smaller than
a given saturation boundTi > 0, i.e. |τi| ≤ Ti, i = 1, . . . , n.
In other words, ifui represents the control signal (controller
output) relative to theith degree of freedom, then

τi = Tisat
(

ui

Ti

)
(2)

i = 1, . . . , n, wheresat(·) is the standard saturation function,
i.e. sat(ς) = sign(ς)min{|ς|, 1}. Let us note from (1) that
Ti ≥ γi (see Property 3.1),∀i ∈ {1, . . . , n}, is a necessary
condition for the manipulator to be stabilizable at any desired
equilibrium configurationqd ∈ IRn. Thus, the following
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assumption turns out to be crucial within the analytical setting
considered in this work:

Assumption 1:Ti > γi, ∀i ∈ {1, . . . , n}.
Furthermore, the control scheme proposed in this work in-
volves a special type of (saturation) functions fitting the
following definition (based on [20, Def. 1]):

Definition 1: Given positive constantsL andM , with L <
M , a function σ : IR → IR : ς 7→ σ(ς) is said to be a
strictly increasing linear saturationfor (L,M) if it is locally
Lipschitz, strictly increasing, and satisfies

(a) σ(ς) = ς when |ς| ≤ L
(b) |σ(ς)| < M for all ς ∈ IR
The following notation will be used throughout the paper:

0n will generically represent the origin ofIRn, and0n×n that
of IRn×n. Theith element of a vectorx ∈ IRn will be denoted
xi. ‖·‖ will represent the standard Euclidean norm,i.e. ‖x‖ =[∑n

i=1 x2
i

]1/2
.

III. T HE PROPOSED CONTROL SCHEME

We propose an SPDdgc control scheme of the form

u = s
(
g(qd)−K1q̇ −K2q̄

)
(3)

where q̄ = q − qd, for any constant (desired equilibrium
position) vectorqd ∈ IRn; K1 and K2 are positive definite
diagonal matrices,K1 = diag{k11, . . . , k1n} and K2 =
diag{k21, . . . , k2n}, with k1i > 0, ∀i ∈ {1, . . . , n}, andk2i,
i = 1, . . . , n, such that

k2m , min
i

{
k2i

}
> κ (4a)

(see Property 3.2); ands(x) =
(
σ1(x1) , . . . , σn(xn)

)T
,

with σi(·), i = 1, . . . , n, being strictly increasing linear
saturation functions for some(Li,Mi) satisfying

γi < Li < Mi ≤ Ti, i = 1, . . . , n (4b)

IV. M AIN RESULT

Proposition 1: Under Assumption 1 and the satisfaction of
inequalities (4), global asymptotic stabilization of the closed-
loop system (1)–(3) towards(q, q̇) = (qd, 0n) is guaranteed
with |τi(t)| = |ui(t)| < Ti, i = 1, . . . , n, ∀t ≥ 0.

Proof: From (3) and (4b), and the strictly increasing
character ofσi(·), i = 1, . . . , n, one sees that|ui(t)| =∣∣σi

(
gi(qd)− k1iq̇i(t)− k2iq̄i(t)

)∣∣ < Mi ≤ Ti, i = 1, . . . , n,
∀t ≥ 0. From this and (2), it follows that|τi(t)| = |ui(t)| <
Ti, i = 1, . . . , n, ∀t ≥ 0. We now focus on the stability
analysis. The closed-loop dynamics takes the form

D(q)q̈ + C(q, q̇)q̇ + g(q) = s
(
g(qd)−K1q̇ −K2q̄

)
(5)

Let us define the scalar function

V (q̄, q̇) =
1
2
q̇T D(q)q̇ + Ucl(q̄) (6)

with

Ucl(q̄) =
∫ q̄

0n

[
g(r + qd)− s

(
g(qd)−K2r

)]T
dr

=
n∑

i=1

∫ q̄i

0

[
ḡi(ri)− σi

(
gi(qd)− k2iri

)]
dri

(7)

where1

ḡ1(r1) = g1(r1 + qd1, qd2, . . . , qdn)

ḡ2(r2) = g2(q1, r2 + qd2, qd3, . . . , qdn)
...

ḡn(rn) = gn(q1, q2, . . . , qn−1, rn + qdn)

At any q̄ ∈ IRn, Ucl(q̄) is lower-bounded by
W (q̄) =

∑n
i=1 wi(q̄i) (see the Appendix), where

wi(q̄i) ,





kli

2 q̄2
i ∀|q̄i| ≤ q̄∗i

kliq̄
∗
i

(
|q̄i| − q̄∗i

2

)
∀|q̄i| > q̄∗i

with 0 < kli ≤ k2i − κ (see inequality (4a)) and̄q∗i = Li−γi

k2i
.

From this and Property 1, we have that

V (q̄, q̇) ≥ λm‖q̇‖2 + W (q̄)

wherefrom positive definiteness and radial unboundedness of
V (q̄, q̇) are straightforward. The derivative ofV along the
system trajectories is given by

V̇ (q̄, q̇) = q̇T D(q)q̈ +
1
2
q̇T Ḋ(q, q̇)q̇

+ q̇T
[
g(q)− s

(
g(qd)−K2q̄

)]

= q̇T
[
s
(
g(qd)−K1q̇ −K2q̄

)− s
(
g(qd)−K2q̄

)]

=
n∑

i=1

q̇i

[
σi

(
gi(qd)− k2iq̄i − k1iq̇i

)

− σi

(
gi(qd)− k2iq̄i

)]

whereD(q)q̈ has been replaced by its equivalent expression
from the closed-loop dynamics (5), and Property 2 has been
used. Notice, from the strictly increasing character ofσi(·),
i = 1, . . . , n, that the term

σi

(
gi(qd)− k2iq̄i − k1iq̇i

)− σi

(
gi(qd)− k2iq̄i

)

has the sign of−q̇i. Therefore,V̇ (q̄, q̇) is (globally) negative
semidefinite, withV̇ (q̄, q̇) = 0 if and only if q̇ = 0n. Observe
(from (5) and inequalities (4b)) that

q̇(t) ≡ 0n =⇒ q̈(t) ≡ 0n

=⇒ g
(
q̄(t) + qd

) ≡ s
(
g(qd)−K2q̄(t)

)

=⇒ g
(
q̄(t) + qd

) ≡ g(qd)−K2q̄(t)
=⇒ K2q̄(t) + g

(
q̄(t) + qd

)− g(qd) ≡ 0n

1Sinceg(q) is the gradient vector of the potential energy function due to
gravity, Ug(q), i.e. g(q) = ∇qUg(q), then: a) ∂gi

∂qj
≡ ∂gj

∂qi
, ∀i 6= j, and

b) the line integral
R q

qd
gT (r)dr is independent of the path (see for instance

[12, p. 107]). Thus, integrating along the axes, we have
R q

qd
gT (r)dr =R q1

qd1
g1(r1, qd2, . . . , qdn)dr1 +

R q2
qd2

g2(q1, r2, qd3, . . . , qdn)dr2 + · · · +R qn
qdn

gn(q1, q2, . . . , qn−1, rn)drn. Observe that on every axis, the corre-
sponding coordinate varies (according to the specified integral limits) while
the rest of the coordinates remain constant. Further, note that∂

∂q̄j

h
gi(q̄ +

qd)− σi(gi(qd)− k2iq̄i)
i

= ∂gi
∂qj

(q̄ + qd) ≡ ∂gj

∂qi
(q̄ + qd) = ∂

∂q̄i

h
gj(q̄ +

qd)−σj(gj(qd)−k2j q̄j)
i
, ∀i 6= j. Therefore, a scalar functionUcl(q̄) such

that∇q̄Ucl(q̄) = g(q̄ + qd) − s
�
g(qd) − K2q̄

�
does exist, and is indeed

obtained as expressed by (7) (see for instance [12, p. 107]).
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Furthermore, notice that, from Property 3.2 and the satisfaction
of (4a), we have that

∂

∂q̄

[
K2q̄ + g(q̄ + qd)− g(qd)

]
= K2 +

∂g

∂q
(q̄ + qd) > 0n×n

∀q̄ ∈ IRn, i.e. K2 + ∂g
∂q (q̄ + qd) is a positive definite matrix at

every q̄. Consequently

K2q̄(t) + g(q̄(t) + qd)− g(qd) ≡ 0n =⇒ q̄(t) ≡ 0n

=⇒ q(t) ≡ qd

Therefore, from La Salle’s invariance principle (see for in-
stance [12, Crll. 3.2]), the proposition follows.

Remark 1:Let us note that the control input expression in
(3) may be rewritten asu = fd(q̄, q̇) + fc(q̄) + g(qd), where
fd(q̄, q̇) = s

(
g(qd)−K1q̇−K2q̄

)− s
(
g(qd)−K2q̄

)
, fc(q̄) =

s
(
g(qd)−K2q̄

)−s
(
g(qd)

)
, and the fact thats

(
g(qd)

) ≡ g(qd)
(in view of (4b) and property (a) of Definition 1) is being con-
sidered. Further, observe (from the strictly increasing character
of σi(·)) that every element offd(q̄, q̇), i.e. σi

(
gi(qd)−k1iq̇i−

k2iq̄i

)−σi

(
gi(qd)−k2iq̄i

)
, i = 1, . . . , n, has the opposite sign

of q̇i, and every element offc(q̄), i.e. σi

(
gi(qd) − k2iq̄i

) −
σi

(
gi(qd)

)
, i = 1, . . . , n, has the opposite sign of̄qi. That is,

the proposed controller is equivalent to the sum of three force
vectors: a dissipative one opposing to motion (at every joint),
fd(q̄, q̇), a conservative one opposing to displacement away
from the desired equilibrium configuration,fc(q̄), and the
(desired) gravity compensation. Actually, the proposed control
law may be conceived within the framework of theenergy
shaping plus damping injectionmethodology. Indeed,u in (3)
may be rewritten as the sum of the negative gradients of a
potential function, Uc(q̄), and adissipation function, Fc(q̄, q̇),
where Uc(q̄) = − ∫ q̄

0n

[
fc(r) + g(qd)

]T
dr (the controller-

induced potential energy) andFc(q̄, q̇) = − ∫ q̇

0n

[
fd(q̄, r)

]T
dr.

Observe that∇q̇Fc(q̄, 0n) = −fd(q̄, 0n) = 0n, ∀q̄ ∈ IRn, and
q̇T∇q̇Fc(q̄, q̇) = −q̇T fd(q̄, q̇) > 0, ∀(q̄, q̇) ∈ IRn×IRn \{0n}
(which was demonstrated in the proof of Proposition 1 to show
that V̇ (q̄, q̇) is negative semidefinite). Thus,u in (3) may be
expressed asu = −∇q̄Uc(q̄) − ∇q̇Fc(q̄, q̇). Moreover, the
Lyapunov function in (6) is actually theclosed-loop energy
function, which can be rewritten asV (q̄, q̇) = K(q̄, q̇)+Ucl(q̄),
whereK(q̄, q̇) = 1

2 q̇T D(q̄ + qd)q̇ is the kinetic energy of the
system,Ucl(q̄) = Ug(q̄) + Uc(q̄) is the closed-loop potential
energy, andUg(q̄) =

∫ q̄

0n
gT (r + qd)dr is the potential energy

due to gravity (taking the origin of thēq-configuration space
as the reference point, such thatUg(0n) = 0). Notice that
through the proof of Proposition 1,Ucl(q̄) is implicitly proved
to be a globally convex function with (unique) minimum at
q̄ = 0n.

Let us note that the proof of Proposition 1 shows that —
through the proposed control law, which keeps the manipulator
inputs within their corresponding actuator physical bounds—
while the robot is moving, the closed-loop energy decreases.
Moreover, the application of LaSalle’s invariance principle
shows that the manipulator remains motionless exclusively if
q(t) ≡ qd. Therefore, we conclude that —for any initial con-
dition different from(q, q̇) = (qd, 0n), where the closed-loop

energy function has its global (unique) minimum— the closed-
loop energy is kept decreasing, forcing the system trajectories
to asymptotically approach the desired configuration.

V. EXPERIMENTAL RESULTS

With the end of verifying the effectiveness of the proposed
controller, an extensive number of real-time control experi-
ments on a well identified direct-drive manipulator was carried
out. The experimental device is a two-axis robot moving on
a vertical plane, built at CICESE Research Center [15]. The
actuators are direct-drive brushless motors operated in torque
mode, so they act as torque sources and accept an analog
voltage as a reference of torque signal. The control algo-
rithm is executed at a2.5 msec sampling period in a control
board (based on a DSP 32-bit floating point microprocessor)
mounted on a PC host computer.

The entries of the dynamics of this two degree-of-freedom
direct-drive robotic arm are given by [15]

D(q) =

[
2.351 + 0.168 cos q2 0.102 + 0.084 cos q2

0.102 + 0.084 cos q2 0.102

]

C(q, q̇) =

[
−0.084q̇2 sin q2 −0.084(q̇1 + q̇2) sin q2

0.084q̇1 sin q2 0

]

g(q) = 9.81

[
3.921 sin q1 + 0.186 sin(q1 + q2)

0.186 sin(q1 + q2)

]

Under such parametric values, Properties 3.1 and 3.2 are
satisfied withγ1 = 40.289 Nm, γ2 = 1.827 Nm, and κ =
1.406 Nm/deg. According to their manufacturer, the direct-
drive motors are able to supply torques within the following
bounds:|τ1| ≤ T1 = 150 Nm, |τ2| ≤ T2 = 15 Nm. It is worth
mentioning that, although present in the robot joints, we have
decided to consider friction as unmodelled dynamics.

Experiments were run considering the proposed algorithm,
(3), and those developed in [10], [17], and [1,§3.1]. That in
[10] may be expressed as

u = g(q)−K1s1(q̇)−K2s2(q̄) (8)

where sj(x) =
(
tanh(λj1x1) , . . . , tanh(λjnxn)

)T
, j =

1, 2, for positive constantsλji and control gains such that
k1i + k2i ≤ Ti − γi; that in [17] by

u = g(q)− s3(K1q̇)− s4(K2q̄) (9)

where sj(x) =
(
δj1sat

(
x1
δj1

)
, . . . , δjnsat

(
xn

δjn

))T

, j =
3, 4, for positive constantsδji such thatδ3i + δ4i < Ti − γi;
and that in [1,§3.1] (with −τ̄I = g(qd)) by

u = −s5(K1q̇)− s6

(
K2q̄ − g(qd)

)
(10)

where sj(x) =
(
δj1sat

(
x1
δj1

)
, . . . , δjnsat

(
xn

δjn

))T

, j =
5, 6, for positive constantsδji such thatγi < δ6i < Ti and
δ5i + δ6i < Ti.

In order to achieve a fair experimental comparison, the same
desired positions were used for all controllers; namelyqd1 =
45◦ andqd2 = 90◦. Initial conditions in all cases wereq1(0) =
q2(0) = q̇1(0) = q̇2(0) = 0. Special attention was paid in all
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TABLE I

CONTROL PARAMETER SELECTED VALUES

controller control gains
(3) k11 = 2.5, k12 = 0.5 [Nm sec/deg]

k21 = 35, k22 = 4 [Nm/deg]
(8) λ11 = 0.016, λ12 = 0.066 [sec/deg]

λ21 = 0.7, λ22 = 0.666 [1/deg]
(9) k11 = 0.8, k12 = 0.04 [Nm sec/deg]

k21 = 35, k22 = 4 [Nm/deg]
(10) k11 = 0.8, k12 = 0.04 [Nm sec/deg]

k21 = 35, k22 = 4 [Nm/deg]

controller additional parameters
(3) L1 = 99, M1 = 100, L2 = 9.5, M2 = 10 [Nm]
(8) k11 = 50, k12 = 6, k21 = 50, k22 = 6 [Nm]
(9) δ31 = 50, δ32 = 6, δ41 = 50, δ42 = 6 [Nm]
(10) δ51 = 50, δ52 = 6, δ61 = 70, δ62 = 8 [Nm]

cases to avoid torque saturation, that is, we took into account
the actuator torque limits provided by the manufacturer. The
saturation functions in (3) were defined as

σi(ς) =





−Li + (Mi − Li) tanh
(

ς+Li

Mi−Li

)
if ς < −Li

ς if |ς| ≤ Li

Li + (Mi − Li) tanh
(

ς−Li

Mi−Li

)
if ς > Li

The control parameters were adjusted as indicated in Table I.2

It can be easily verified that fori = 1, 2: Ti > γi + k1i + k2i

in (8); Ti > γi +δ3i +δ4i in (9); Ti > δ5i +δ6i, Ti > δ6i > γi,
andk2m > κ in (10); andTi > Mi andk2m > κ in (3).

This is how the control gains in Table I were tuned:
following a trial-and-error procedure, numerous simulations
were run using a PDdgc control law, under the consideration of
unbounded inputs, with various control gain combinations. A
control gain combination,k(PDdgc)

ij , leading to considerably fast
and free-of-overshoot responses was kept. Then, experiments
with controller (3), using the control gain combination found
in the above mentioned simulation case,i.e. k(3)

ij = k(PDdgc)
ij ,

were performed. Next, experiments with controller (8), ad-
justing λ2j such thatk(8)

2j λ2j = k(3)
2j , were carried out; the

parametersλ1j were adjusted so as to have as quick responses
as possible with negligible overshoots. Next, experiments with
controller (9) were performed keeping the same proportional
(P) gains adopted by controller (3); the derivative (D) gains
were adjusted as in the case of (8),i.e. so as to have as
fast responses as possible with negligible overshoots. Finally,
experiments with controller (10) were performed keeping the
same P and D gains used in the scheme (9).

Figures 1 and 2 show the transient of the closed-loop
position errors for the shoulder (q̄1) and elbow (̄q2) joints
with each of the implemented controllers; those obtained in
simulation with the PDdgc control law on an unbounded-
input setting are included using dashed-lines. Observe that the
stabilization objective is achieved. Further, note that among all

2Notice that, in the control algorithm expressed by (8),k2i and k1i, i =
1 . . . , n, are actually the bounds on the (nonlinearly modulated) P and D parts
of the control equation (at every link), respectively, while the valuesλ1i and
λ2i, i = 1, . . . , n, are gains directly acting on the position and velocity error
variables, respectively. For this reason, the latter parameters are presented
in Table I as control gains while the former ones are treated as additional
(bounding) parameters.
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Fig. 1. Graphs of−q̄1(t) (for each controller)
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Fig. 2. Graphs of−q̄2(t) (for each controller)

the closed-loop responses obtained through the experimental
set-up, those corresponding to controller (3) are the closest to
the ones obtained in simulation with the PDdgc control law.
Figures 3 and 4 show the applied control inputs,τ1 and τ2

respectively. It can be seen that all the experimentally tested
controllers clearly satisfy the torque restrictions given by the
manufacturer.

Observe that, among all the control schemes that were
experimentally tested, the control signals corresponding to (3)
are those that make the most of the restricted range of the
control variables (according to the saturation function bounds
that were defined). This explains why the system responses
obtained with (3) are those that best approach the ones gotten
with an unbounded PDdgc control signal, and is actually a
natural feature that distinguishes (3) from the rest of the
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Fig. 3. Applied torquesτ1 (for each controller)
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Fig. 4. Applied torquesτ2 (for each controller)

considered controllers (under the same or equivalent tuning).
Indeed, observe from Figures 1 and 2 that during an initial
time interval, the position error is large enough to generate
PDdgc values greater than the saturation function bounds in (3)
(i.e. |gi(qd)− k1iq̇i − k2iq̄i| > Mi and consequently|ui| ≈
Mi). On the contrary, in the rest of the tested controllers,
only the saturation functions where the position errors are
involved get (during the same initial time interval) their max-
imum possible value (i.e. | − k2i tanh(λ2iq̄i)| ≈ k2i in (8),∣∣−δ4isat

(
k2iq̄i

δ4i

)∣∣ = δ4i in (9), and
∣∣−δ6isat

(k2iq̄i−gi(qd)
δ6i

)∣∣ =
δ6i in (10)), and the other terms (those corresponding to the
velocity error and/or the desired gravity compensation terms,
i.e.−k1i tanh(λ1iq̇i) + gi(qd) in (8), −δ3isat

(
k1iq̇i

δ3i

)
+ gi(qd)

in (9), and−δ5isat
(

k1iq̇i

δ5i

)
in (10)) do not contribute large

enough values to make the most of the control effort permitted
by the respective algorithm, as was the case of (3). In this
direction, notice that in order for (8), (9), and (10) to produce
important control efforts, large enough position and velocity
errors are required to take place simultaneously —and that
even the desired positionqd may play an important role in
this sense— which is not the case of controller (3). Thus,
by considering the inclusion of the whole PDdgc expression
within a single saturation function, as done in (3), unnecessary
saturation of its individual terms is avoided and consequently
more appropriate control efforts are generated.

Let us finally note, from (3) and Figures 3 and 4, that
even though the manipulator inputs are guaranteed to vary
within their corresponding actuator physical bounds, they
could still get saturated at their corresponding strictly increas-
ing linear saturation function boundMi. Consequently, one
cannot expect to get closed-loop trajectories that are as fast
as those that take place with a conventional PDdgc controller
in an unbounded input context. Nevertheless, provided that all
the conditions required by Proposition 1 are satisfied, global
stabilization towards(q, q̇) = (qd, 0n) is guaranteed.

VI. CONCLUSIONS

In this work, a natural saturating extension of thePD with
desired gravity compensation(PDdgc) control law for the
global regulation of robot manipulators with bounded inputs

was proposed. Through the satisfaction of simple inequalities
on the parameters of thesaturation functionsthat are involved,
the global position stabilization goal was proved to be achieved
avoiding saturation of the control signals. Compared to other
algorithms previously proposed under the same analytical
framework, the scheme developed in this work proves to be
simpler. Moreover, control signals producing more appropri-
ate control efforts were experimentally observed. Interesting
enough, the proposed approach was proved to be conceivable
within the framework of theenergy shaping plus damping
injection methodology.

APPENDIX

Let q̄∗i , Li−γi

k2i
, %i(q̄i) , ḡi(q̄i) − σi

(
gi(qd) − k2iq̄i

)
,

ρi(q̄i) , ḡi(q̄i) − gi(qd) + k2iq̄i, S∗i , {q̄i ∈ IR | |q̄i| ≤ q̄∗i },
Si ,

{
q̄i ∈ IR | gi(qd)−Li

k2i
≤ q̄i ≤ gi(qd)+Li

k2i

}
, and

wi(q̄i) ,





kli

2 q̄2
i ∀|q̄i| ≤ q̄∗i

kliq̄
∗
i

(
|q̄i| − q̄∗i

2

)
∀|q̄i| > q̄∗i

wherekli is a constant satisfying0 < kli ≤ k2i − κ.
Claim 1: ρi(q̄i) is a strictly increasing function satisfying

|ρi(q̄i)| ≥ kli|q̄i|, ∀q̄i ∈ IR.
Proof: Observe thatρi(0) = 0 = [kliq̄i]q̄i=0, and notice,

from Property 3.2, thatdρi

dq̄i
(q̄i) = k2i + dḡi

dq̄i
(q̄i) ≥ k2i − κ ≥

d[kliq̄i]
dq̄i

= kli > 0, ∀q̄i ∈ IR, wherefrom the claim follows.

Claim 2: |%i(q̄i)| ≥
∣∣∣kliq̄

∗
i sat

(
q̄i

q̄∗i

)∣∣∣, ∀q̄i ∈ IR.
Proof: First, note from item (a) of Definition 1 that

σi

(
gi(qd) − k2iq̄i

) ≡ gi(qd) − k2iq̄i, ∀q̄i ∈ Si. Furthermore,
observe thatS∗i ⊂ Si. Consequently,|%i(q̄i)| = |ρi(q̄i)| ≥
kli|q̄i| =

∣∣∣kliq̄
∗
i sat

(
q̄i

q̄∗i

)∣∣∣, ∀q̄i ∈ S∗i (where Claim 1 has
been considered). On the other hand, from the strictly increas-
ing character ofρi(q̄i) (according to Claim 1), notice that

|%i(q̄i)| = |ρi(q̄i)| ≥ kliq̄
∗
i =

∣∣∣kliq̄
∗
i sat

(
q̄i

q̄∗i

)∣∣∣, ∀|q̄i| ∈ Si \ S∗i .

Finally, observe, from the definition of%(q̄i), that onIR \ Si,
we have that|%i(q̄i)| ≥ Li − γi = k2iq̄

∗
i > (k2i − κ)q̄∗i ≥

kliq̄
∗
i =

∣∣∣kliq̄
∗
i sat

(
q̄i

q̄∗i

)∣∣∣, ∀q̄i ∈ IR \ Si.

Claim 3:
∫ q̄i

0
%i(ri)dri ≥ wi(q̄i), ∀q̄i ∈ IR.

Proof: The proof follows directly from Claim 2 by
noting that %i(0) = 0 =

[
kliq̄

∗
i sat

(
q̄i

q̄∗i

)]
q̄i=0

, q̄i%i(q̄i) >

0 and q̄isat
(

q̄i

q̄∗i

)
> 0, ∀q̄i 6= 0, and that wi(q̄i) =

∫ q̄i

0
kliq̄

∗
i sat

(
ri

q̄∗i

)
dri.
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