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Highlights 

 An easy to follow and understand model is presented to describe a composting process 

 The model describes temporal and spatial variations 

 The model predicts the observed behavior of composting processes 

 The model allows studying the design of a small-scale bioreactor  

 The model establishes if sanitization conditions can be achieved 

 

 

Abstract 

 

A mathematical model is presented to describe a composting process occurring in a tubular bioreactor. The 

mathematical model is based on heat and mass transfer phenomena under the continuum approximation. The 

bioreactor is divided into two phases: a gas phase and a solid-liquid phase. Between these phases, oxygen and 

heat are interchanged. In the solid-liquid phase, biomass growth occurs causing a change in substrate 

concentration as well as a change in temperature due to heat release from microbial activity. Thus the 

mathematical model is able to describe temperature and oxygen concentration profiles in the gas phase and 

temperature and biomass and substrate concentration profiles in the solid-liquid phase as a function of time 

and axial and radial positions. Useful information obtained from the model solution are the highest 

temperature that can be attained within the bioreactor and the length of high temperature conditions, which 

are important if sludge sanitization is the purpose of the composting process. Also a theoretical calculation of 

the logarithmic decimal reduction of Salmonella is presented. Using the model, a design analysis was 

performed to determine the effect of the main design variables in the temperature of the solid-liquid phase and 

the oxygen concentration in the gas phase.  

 

Keywords  

 

Mathematical model; sanitization bioreactor; bioreactor design; composting process 

 

Nomenclature and units 

 

a Internal wall radius (m) 

C Oxygen concentration in solid-liquid phase (kg m-3) 

Ca Oxygen concentration in gas phase (kg kg-1) 

Ca0 Initial oxygen concentration in gas (kg kg-1) 

cpa Gas phase heat capacity (J kg-1 K-1) 

cpds Dried solid (from sludge) heat capacity (J kg-1 K-1) 

cpg Grass heat capacity (J kg-1 K-1) 

cpw Water heat capacity (J kg-1 K-1) 

cpwc Wood chips heat capacity (J kg-1 K-1) 

DeL Gas phase axial dispersion coefficient (m2 s-1) 

Ea Activation energy for growth (J mol-1) 

Eab Activation energy for death (J mol-1) 

Eas Activation energy for sanitization (J mol-1) 

hLā Volumetric heat transfer coefficient (W m-3 K-1) 

H Axial heat transfer coefficient (W m-2 K-1) 

Hrx Enthalpy of reaction (J kg-1) 

Hcc Henry´s law constant for oxygen (kg m-3) 

kds Dried solid (from sludge) thermal conductivity (W m-1 K-1) 

kez Gas phase axial thermal conductivity (W m-1 K-1) 

ksl Solid-liquid phase thermal conductivity (W m-1 K-1) 

kg Grass thermal conductivity (W m-1 K-1) 

kw Water thermal conductivity (W m-1 K-1) 

kwc Wood chips thermal conductivity (W m-1 K-1) 

k0 Thermal sanitization coefficient (h-1) 

K Oxygen concentration inhibition constant (kg m-3) 
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Kc Half-life kinetic constant (kg kg-1) 

L Reactor length (m) 

n Final viable pathogen population (-) 

n0 Initial viable pathogen population (-) 

r Radial coordinate (m) 

R Ideal gas constant (J mol-1 K-1) 

S Substrate concentration (kg m-3) 

So Initial substrate concentration (kg m-3) 

t Time coordinate (h-1) 

Ta Temperature of the gas phase (°C) 

Tamb Ambient air temperature (°C) 

Th Maximum viable temperature (°C) 

Tm Optimum growth temperature (°C) 

Ts Temperature of the solid-liquid phase (°C) 

Ts,max Maximum temperature of the solid-liquid phase at the center of the bioreactor (°C) 

U Overall radial heat transfer coefficient (W m-2 K-1) 

vi Interstitial gas velocity (m s-1) 

X Biomass concentration (kg m-3) 

Xo Initial biomass concentration (kg m-3) 

YS/X Substrate to biomass yield (kg kg-1) 

YO/S Oxygen to substrate yield (kg kg-1) 

YO/X  Oxygen to biomass yield (kg kg-1) 

z Axial coordinate (m)  

αez Gas phase axial thermal diffusivity (m2 s-1) 

αsl Solid liquid phase thermal diffusivity (m2 s-1) 

εa Gas volumetric fraction (m-3 m-3) 

ρa Gas phase density (kg m-3) 

ρds Dried solid (from sludge) density (kg m-3) 

ρg Grass density (kg m-3) 

ρsl Solid-liquid phase density (kg m-3) 

ρwc Wood chips density (kg m-3) 

µa Specific growth rate (s-1) 

µb Specific death rate (s-1) 

 

 

1 Introduction 

 

Composting represents a series of biochemical reactions in which diverse microorganisms biodegrade organic 

substrates in a moist, solid state under the presence of oxygen. Four phases are generally accounted for the 

complete composting process: mesophilic, thermophilic, cooling, and maturation phases. In the mesophilic 

phase the consumption of easily biodegradable compounds occurs resulting in a mild temperate rise. In the 

thermophilic phase biodegradation continues by thermophile microorganisms, temperature raises considerably 

increasing biodegradation of complex substrates with the eventual destruction of most microorganisms. In the 

cooling phase microorganisms able to biodegrade higher polymers such as starch or cellulose appear. In the 

maturation phase non-biodegradable compounds appear and the microorganisms are dominated by fungi 

(Fuchs, 2010; Insam and de Bertoldi, 2007).  

The phases of the composting process involve many complex phenomena arising from physicochemical and 

biological mechanisms. Thus, a proper mathematical description that confidently describes the behavior of the 

composting process is a difficult task. Once the mathematical model is established, it can be used to determine 

if a certain bioreactor configuration will be able to behave as expected; mainly in the achievement of high and 

uniform temperatures. Moreover, it can be used to determine the effect of bioreactor size and process 

conditions; this is the feasibility of the proposed bioreactor.  

In the literature several mathematical models are available to describe a part or the complete composting 

process. Most of these models rely on the assumption of a perfectly mixed system such that the response 

variables (temperature, humidity, oxygen concentration, etc.) are considered to only change in time (Mason, 

2006; Petric and Mustafic, 2015). This is clearly a major simplification to batch composting systems which 
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ends in having lumped parameters that lose physical meaning. Some other models do not rely on this 

simplification and describe the response variables as a function of position and time (Nakayama et al. 2007a; 

Shishido and Seki, 2015). Among these a few models are really hard to follow and understand limiting their 

use (Bongochgetsakul and Ishida, 2008; Zambra et al. 2011).  

Most of the mathematical modeling, with variations in position, has been applied to describe large rectangular 

or trapezoidal composting systems with industrial applications (Nakayama et al. 2007a; Zambra et al. 2011). 

Small-scale bioreactors have been used for composting purposes but their modeling is very limited.  

In this work, the mathematical description of a composting process is presented along with a design analysis 

for a small-scale tubular bioreactor. The model is based on mass and heat transport phenomena along with a 

Contois-type kinetic model as described below.   

 

2 Materials and Methods 

 

2.1 Mathematical model 

 

The mathematical model considers the existence of two phases: a gas phase that supplies the oxygen required 

for the aerobic degradation of organic matter and a solid-liquid phase where the biomass resides and 

biodegradation occurs. Heat and oxygen are interchanged by these two phases that are described under the 

continuum approximation. The bioreactor is isolated to reduce energy losses. Fig. 1 shows a representation of 

the tubular bioreactor depicting these two phases, moist air is continuously fed at the bottom of the bioreactor. 

The mathematical model will be able to describe how the biomass and substrate concentrations and the 

temperature of the solid-liquid phase change in time and positions r and z. It will also be able to describe how 

the oxygen concentration and temperature change in the gas phase. The solid-liquid phase is composed of 

sludge, water, wood chips, and grass.  

 

 

2.2 Model assumptions and considerations 

 

For the sake of simplicity, several assumptions and considerations were established: (1) The bioreactor 

contains a homogeneous mixture of organic material. (2) The thermophysical properties remain constant as 

well as the reactor porosity. (3) The humidity of the material inside the bioreactor is constant; any loss of 

water from the bioreactor is compensated by the moist air fed at the entrance. (4) The reactor is symmetric 

with respect to the angular coordinate. (5) Oxygen consumption is mainly located at the outermost region of 

the solid-liquid phase. (6) Local equilibrium in the oxygen concentration exists between the gas and the solid-

liquid phases. (7) Local equilibrium in temperature exists in the solid-liquid phase. (8) The movement of 

energy in the r-direction is characterized by a constant overall heat transfer coefficient dominated by the 

thermal resistance of the insulation. (9) The thermophysical properties of the gas phase are considered equal 

to those of air.  

 

2.3 Growth kinetics 

 

In any composting system, bacteria and fungi participate in the different stages of the process. Despite this, 

the microorganisms are considered to behave as one and thus their growth kinetics is generally treated as a 

whole (Kiyasudeen et al. 2016). In the growth kinetics two contributions affect the microorganisms 

concentration with time, a growth rate and a death rate; both dependent on their concentration (Eq. 1). 

Expressions similar to Eq. 1 have been used by others to describe the growth kinetics in composting processes 

(Hamelers, 2001; Lashermes et al. 2013; Qin et al. 2007; Tremier et al. 2005; Vasiliadou et al. 2015). Both 

rates are temperature-dependent and the growth rate, in addition, can encompass inhibitory conditions due to 

substrate concentration.  

 

bXX
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           (1) 

 

For the case of the death coefficient, b; the temperature dependence was considered to be Arrhenius-type (Eq. 

2), which is typical for kinetic parameters (Bari et al. 2000; Hamelers, 2004).  
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For the case of substrate inhibition, oxygen and biodegradable substrate concentrations were considered. For 

the oxygen concentration inhibition a Monod-type relation was used while for the biodegradable substrate 

concentration a Contois-type was considered (Eq. 3). The Contois kinetics to describe growth in composting 

process has been used by Qin et al. (2007) and Nakayama et al. (2007b); and, recently, its theoretical 

foundation was described for the degradation of insoluble substrates (Wang and Li, 2014). The Monod-type 

relation to include the effect of oxygen concentration in the growth kinetics is also common (Higgins and 

Walker, 2003; Lin et al. 2008; Petric and Selimbasic, 2008b; Richard et al. 2006). 
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The temperature dependence of the growth rate coefficient, µ, was localized in the α1 coefficient of Eq. 3 

according to Eq. 4 (α1 is set to 0 when Ts > Th) as reported by Qin et al. (2007) and Nakayama et al. (2007b). 

Eq. 3 considers that α1 increases with temperature (which translates into an increase in µ) following an 

Arrhenius-type behavior until reaching a value of 1.0 when Ts = Tm. Further increases in temperature generate 

a linear decrease in the value of α1 (microbial activity is restrained due to high temperature) until reaching Th, 

this behavior has been confirmed with experimental data (Rosso et al. 1993; Tremier et al. 2005).  
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2.4 Substrate consumption kinetics 

 

The velocity of volatile solids consumption was related to the growth kinetics using a constant substrate to 

biomass yield coefficient, YS/X, as presented in Eq. 5.  

  

t
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With constant YS/X, Eq. 5 can be integrated to obtain an algebraic relation between substrate and biomass 

concentration in the solid-liquid phase (Eq. 6). 

 

 00 XXYSS XS              (6) 

 

2.5 Oxygen transport in the gas phase 

 

A microscopic unsteady-state mass balance on the oxygen in the gas phase within the bioreactor yields Eq. 7.  

 

t

SY

z

C
D

z

C
v

t

C

a

SOa
eL

a
i

a





















2

2

          (7) 

 

In Eq. 7, oxygen concentration variations are considered to mainly exist in the z-direction (due to convection 

and dispersion processes) and the oxygen consumption is related to the substrate consumption through the 

oxygen to substrate yield coefficient. Also in Eq. 7, the local equilibrium condition for oxygen dissolution in 

the solid-liquid phase is implicit. Thus, a Henry´s law constant is used to relate oxygen concentrations in the 

gas and solid-liquid phases (Eq. 8). 
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2.6 Energy transport in the gas phase 

 

A microscopic unsteady-state energy balance on the gas phase within the bioreactor yields Eq. 9.  
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In Eq. 9, radial and axial temperature variations are considered. For the r-direction the diffusive heat transfer 

process was included since the biorreactor can lose energy through its lateral surface that will result in 

temperature gradients. Also the convective heat transfer process in the r-direction was neglected since this 

process can be envisioned to mainly occur in the z-direction. The last term on the right-hand side of Eq. 9 

considers the movement of energy between the gas and solid-liquid phases characterized by a constant 

volumetric heat transfer coefficient hLā.  

 

2.7 Energy transport in the solid-liquid phase 

 

A microscopic unsteady-state energy balance on the solid-liquid phase within the bioreactor yields Eq. 10.  
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Again, in Eq. 10, temperature variations are considered for both coordinates with a uniform solid-liquid 

thermal diffusivity as well as the movement of energy between phases. Additionally, Eq. 10 shows the energy 

liberated by the microorganisms due to substrate consumption.  

 

2.8 Initial and boundary conditions 

 

The initial conditions for the mathematical model are: 
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The boundary conditions are: 
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Where U, the overall heat transfer coefficient, is considered constant for both phases and mainly controlled by 

the thermal resistance of the insulation. 
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The boundary condition at z = L for Ta considers a convective heat transfer coefficient, h, to describe the 

energy transport beyond the biorreactor as a simplification.   

 



7 

 

2.9 Dimensionless mathematical model 

 

The following dimensionless variables were defined  
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Where the gas phase residence time is used to scale the time coordinate. Using these dimensionless variables 

the mathematical model is as follows: 
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Where several dimensionless numbers appear as parameters of the model, these are defined as: 
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The initial and boundary conditions change to 
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Where 
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2.10 Input data 

 

Table 1 shows the input data for the mathematical model, these values were gathered from the literature, 

calculated, or assumed. For initial calculations the ratio between the length of the reactor, L, and its radius 

was set to 20; with a set to 5 in. For the initial oxygen concentration, air saturated with water at 25°C was 

considered. The heat capacity of the solid-liquid phase was estimated as the average of the heat capacities of 

its four components, the same was performed for the thermal conductivity and density. The axial heat transfer 

coefficient, h, was considered as higher than the value estimated using a correlation for natural convection 

(1.9-3.4 W m-2 K-1) (Sahraoui et al. 1990). The Henry´s law constant is an average of values at 25 and 60°C 

according to Sander (Sander, 2015). The gas phase axial dispersion coefficient was considered as one order of 

magnitude smaller than the oxygen diffusivity in saturated air (2.14×10-5 m2 s-1) (Cornell Waste Management 

Institute, 1996). The gas phase axial thermal conductivity, kez, was considered as equal to the effective 

thermal conductivity of quiescent air at 25°C (0.15 W m-1 K-1) (Krupiczka, 1967) while ker was considered 

slightly smaller. The oxygen concentration inhibition constant was set to 0.0015 kg m-3 which is the same 

order of magnitude of the product Ca0Hcc. The volumetric heat transfer coefficient was set to 400 W m-3 K-1 

since the value of hL was calculated as 2.4 W m-2 K-1 for a particle diameter of 2 cm with specific area of 177 

m2 m-3 (Bergman et al. 2011).  

The substrate to mass yield was set to 2.0 (Hamelers, 2004; Nakayama et al. 2007a; Qin et al. 2007) and the 

half-life kinetic constant, Kc, to 10 since according to Nakayama et al. (2007b) the ratio Kc/YS/X = 4 ̴ 20. For 

the gas phase velocity, a value of 0.4 L min-1 kg-1 was used (Kulcu and Yaldiz, 2004); which results in 

4.13×10-4 m s-1 for the interstitial velocity under the initial input data. A value of 0.7 kg kg-1 was used for the 

oxygen to substrate yield according to Petric and Selimbasic (2008b). The gas phase volumetric fraction was 

an average of values reported by Annan and White (1998). The activation energy for growth was an average 

of values reported by Nakayama et al. (29000 J mol-1) (2007a) and McKinley and Vestal (58600 J mol-1) 

(1984). For the case of the activation energy for death a value of 52000 J mol-1 was used since it has to be 

larger than the value for growth. The specific growth rate was set to 5.5×10-5 s-1 which is an average of values 

reported by Sole-Mauri et al. (3.89×10-5 s-1) (2007) and Hamelers (7.0×10-5 s-1) (2004) for composting 

processes. The specific death rate was selected such that α1µa > b for any temperature, thus µb was assumed as 

1.0×10-5 s-1. Since it is considered that the bioreactor is isolated to reduce energy losses in the r-direction, the 

overall radial heat transfer coefficient was considered as being lower than the heat transfer coefficient for 

natural convection at a surface temperature of 60°C calculated using the correlation of Churchill and Chu (4.3 

W m-1 K-1) (1975).  

 

2.11 Model solution 

 

The dimensionless mathematical model, Eq. 17 to 28, was solved using the method of lines (Davis, 1984). 

The axial and radial coordinates were discretized using 2nd order finite differences while ODE15s from 

Matlab® was used for integration in time of the system of ordinary differential equations. 21 nodes were used 

in the r-direction while 49 were used in the z-direction. The number of nodes was previously determined to be 

sufficient to obtain non-oscillating, non-changing solutions.  

 

2.12 Sanitization 

 

Once the mathematical model is solved, the temperature profile of the solid-liquid phase, where the 

microorganisms exist; will be known and a theoretical analysis can be performed for the desired sanitization. 

For this a classical first order decay model was considered with Salmonella as the model pathogen, the 

logarithmic decimal reduction was estimated using Eq. 29 (Haug, 1993). 
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This logarithmic decimal reduction was calculated for each point (discretization node) within the bioreactor. 

Afterwards, the percentage of nodes where the reduction stayed below 10 was estimated. For calculations the 

values reported by Gea et al. (2007) were used, k0 = 5.058×1068 h-1 and Eas = 430115 J mol-1. 

 

3 Results and Discussion 

 

3.1 Model simulation results 

 

The mathematical model is able to predict concentration profiles for biomass, substrate, and oxygen 

concentrations in the solid-liquid phase as well as temperature profiles for both phases. Fig. 2 shows 

temperature profiles for the solid-liquid phase as a function of time. This temperature profile is the most 

important prediction of the model since it establishes the maximum temperature that can be attained in the 

bioreactor as well as the length of high temperature conditions. This information is critical if sludge 

sanitization is pursued.  

 

 

According to Fig. 2, the temperature of the solid-liquid phase rapidly increases resulting in the development 

of a highest temperature region close to the bioreactor entrance; the highest temperature reached within the 

reactor was 65.6°C at 17 h localized at the center of the bioreactor and 0.5 m in the z-direction. Analyzing this 

high temperature point within the reactor, the length of high temperature (LHT) conditions (temperature 

above 50°C) lasts for 144 h. It is interesting to compare experimental data from the literature for composting 

processes. Table 2 shows the highest temperature achieved within the bioreactor, from literature, as well as 

the length of high temperature conditions. From the data shown in Table 2, it is clear that the proposed 

mathematical model behaves as expected with respect to the temperature within the bioreactor when 

composting processes are occurring.  

Fig. 3 shows the average temperature (for the whole bioreactor) of the solid-liquid phase. This average 

temperature is higher than 50°C for a period of 110 h and the highest standard deviation for the same period is 

in the 6.2-7.5°C range. Temperature uniformity within the bioreactor is a desired condition to avoid low 

temperature regions where pathogens could continue to grow avoiding a proper sanitization of the material in 

the bioreactor.  

The temperature profile behavior shown in Fig 3 is representative for each point within the bioreactor; the 

temperature in the solid-liquid phase rapidly increases at the beginning of the simulation reaching average 

temperatures greater than 60°C after 17 h. After this time, the temperature increases slightly since the 

optimum growth temperature was fixed at 60°C; this promotes a decrease in the maximum growth rate of the 

microorganisms. When the temperature decreases below 60°C, the growth is once again favored. The 

temperature will continue decreasing since the amount of heat released by the microorganisms is less than the 

amount lost to the ambient air. The behavior shown in Fig. 3 is typical for composting processes.  

 

 

Fig. 4 shows the predicted oxygen concentration profiles in the gas phase within the bioreactor. Since oxygen 

is being fed at z = 0, the highest oxygen concentration always exists close to this position. At the beginning of 

the simulation (t < 10 h), the oxygen concentration is being reduced with a higher consumption close to z = L. 

Once the temperature rises above 60 °C, the oxygen concentration profiles notably change since the biomass 

growth is reduced. Within the bioreactor, regions where the temperature has not reached 60°C show higher 

oxygen consumption. When the temperature reaches values below 60°C oxygen consumption continues but at 

slower rates. Fig. 5 shows the oxygen concentration profiles in the gas phase at the center of the bioreactor. 

Here, it is more evident that at the beginning of the simulation, higher biomass growth rate occurs resulting in 

a rapid drop of oxygen concentration. Afterwards the oxygen concentration starts to increase when 

temperatures above 60°C are reached, when the bioreactor cools below 60°C; the biomass growth rate 

increases again dropping once again the oxygen concentration but at a slower rate. When the biomass growth 

rate decreases due to substrate availability, the oxygen concentration starts to rise. The behavior shown in Fig. 

5, in which two regions of dropping oxygen concentrations appear, has been previously reported by 

VanderGheynst et al. (1997) and Mohee et al. (1998). Shishido and Seki (2015) also show oxygen 

concentration profiles with analogous behavior and their proposed mathematical model also behaves 

similarly.  
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3.2 The design process 

 

The main aspect of any mathematical model intended to describe a phenomenon is helping the design process. 

For the case of the bioreactor a study can be performed using the simulation results to determine the behavior, 

mainly of the solid-liquid phase temperature profile, when the design variables are changed. For a fixed 

reactor length it is desirable to know how changes in the bioreactor radius or the air velocity affect the 

temperature profiles. Moreover the model allows changing the initial substrate and biomass concentrations 

predicting their importance in the sanitization process.  

Fig. 6 shows temperature profiles of the solid-liquid phase as a function of the bioreactor radius for a fixed air 

volumetric flow rate (75 L h-1). According to Fig. 6, high temperature conditions are favored if the radius 

increases. Since the air volumetric flow rate entering the bioreactor is fixed, an increase in the bioreactor 

radius will decrease the air interstitial velocity. The changes in the temperature profiles of the solid-liquid 

phase are mainly promoted by an increase in the Dag number that will favor the growth of the microorganisms 

releasing a higher amount of heat from biochemical reactions, despite the fact that increasing the bioreactor 

radius increases the area for heat transfer to the ambient air. Moreover the Pesr number remains unchanged 

since the product a2vi is constant. The simulation run using data from Table 1 estimated that 4.5% of the 

nodes used to discretize the mathematical model had a logarithm decimal reduction below 10, this percentage 

increased to 100% for a smaller bioreactor and decreased to 2.7% for the larger one. The coldest nodes, 

without considering the nodes located at the entrance of the bioreactor, are localized near the bioreactor 

surface.  

 

 

Changes in the length of the bioreactor did not modify the solid-liquid phase temperature profiles since Pesz 

>> Pesr > 1.0, moreover the balance between growth and death is unchanged since Dag/Dad is constant and 

equal to 5.5. This also implies that the oxygen concentration in the solid-liquid phase is not a limiting factor. 

Under the studied conditions, changes in vi also did not modify the solid-liquid phase temperature profiles 

since the changes in the model are equivalent to changes induced by the variation in L. When the oxygen 

concentration in the solid-liquid phase becomes a limiting factor, changes in the solid-liquid phase 

temperature profiles will be expected.   

When loading the material into a bioreactor for composting process, it is possible to change the initial amount 

of sludge and the initial amount of substrate for biodegradation. Thus the behavior of the model was analyzed 

for variations in S0 and X0. Fig. 7 and 8 show the predicted solid-liquid phase temperature profiles for changes 

in S0 and X0, respectively. An increase in the initial substrate concentration favors the highest temperature 

than can be reached and the length of high temperature conditions since more substrate is available for 

biodegradation. From Fig. 7, it is clear that the model prediction is highly sensitive to the initial substrate 

concentration. Increasing the initial substrate concentration increases the g number and reduces the d number; 

the latter will promote higher changes in biomass concentration while the former, in conjunction with the 

latter, will promote higher changes in the solid-liquid phase temperature. According to Eq. 29, 100% of the 

nodes within the bioreactor showed logarithm decimal reduction below 10 for the lowest initial concentration 

of substrate while significant reduction (2.0%) was achieved for the highest initial substrate concentration.  

 

 

For the case of changes in the initial biomass concentration, Fig. 8 shows that increasing this concentration 

results in lower maximum temperatures and shorter periods of high temperature conditions. Since for this 

simulation the initial substrate concentration is fixed to 18 kg m-3, an increase in initial biomass concentration 

will not favor the composting process if the substrate concentration is limiting the development of the 

sanitization. This is the case for the studied conditions, thus the ratio S0/X0 is important for design 

considerations. If the purpose of the bioreactor is to sanitize sludge, a compromise emerges since it is 

desirable to treat as much sludge as possible but without obtaining low temperature conditions. With respect 

to sanitization, even though; for the case of X0 = 3 kg m-3, the temperature at the center of the reached 50°C; 

the logarithmic decimal reduction was below 10 for 98% of the discretization nodes. This value decreased to 

2.0% when the smallest initial concentration of biomass was considered. 

 

 

3.3 Sensitivity analysis 
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Aside from the design variables, several parameters exist in the model and a sensitivity analysis was carried 

out to determine the magnitude of their effect in the temperature of the solid-liquid phase and the oxygen 

concentration of the gas phase. For this, each parameter was independently changed by +50% and -50% of its 

original value (except for Ea and Eab that were changed ±20% to avoid a situation in which death prevails over 

growth) and an F-test was performed on the profiles at the center of the bioreactor. The results are shown in 

Table 3 with Fcrit = 3.0, additionally Fig. 9 shows the maximum temperatures (Ts,max) and the duration length 

of temperatures above 50°C (LHT). For the simulation using the original values for the parameters (Table 1), 

Ts,max is equal to 65.6°C while LHT is equal to 144.4 h.  

 

 

Both the solid-liquid phase temperature and the oxygen concentration in the gas phase resulted insensitive to 

changes in h and hLā. Both are coefficients associated to heat transfer processes, the first is used to estimate 

the energy transport at the end of the bioreactor while the second is used to estimate the energy transport 

between the solid-liquid and gas phases. The value of h affects the Bisz and St numbers, nonetheless their 

values are always greater than 10; which implies that the temperature rapidly decreases approaching Tamb at 

the exit of the bioreactor.  

Also the temperature of the solid-liquid phase was insensitive to changes in YO/S. In most of the changes in 

value of the studied parameters, Ts,max remains at values higher than 60°C; nonetheless the duration length of 

high temperature conditions is greatly modified.  

From all the parameters than influence the mathematical model response, the parameter K affects the less. 

This situation can be associated to the oxygen concentration profiles that imply that the oxygen concentration 

in the solid-liquid phase does not fall considerably upon oxygen consumption by the biomass. Thus high 

aeration conditions exist under the studied conditions.  

A change in the value of Kc greatly influences the value of LHT. A reduction in its value increases the value 

of LHT, this can be associated to the relation between Kc and the substrate. According to Wang and Li (2014) 

Kc is related to how much the substrate surface is covered by microorganisms. A high coverage represents a 

smaller value of Kc and thus an increase in LHT is produced.  

The case of the overall radial heat transfer coefficient, U, needs to be considered as a design variable related 

to the isolation used for the bioreactor. Its value will be dominated by the thermal resistance of the material 

used for the isolation, thus an increase in U will be related to a decrease in the isolation thickness. According 

to Fig. 9 a change in its value did not change, significantly, the maximum temperature attained but this not 

holds true for the value of LHT, which significantly increases with a reduction in the value of U. This 

behavior can also be associated to the value of Bir and Bisr that for any studied change remained close to 1.0. 

The specific growth and death rates greatly influence the temperature profile. The observed results are 

expected, a high value of µa with a small value of µb favored biomass growth increasing the value of LHT. 

The activation energies for growth, Ea, and death, Eab, also changed the model output as expected. A small 

value of Ea combined with a large value of Eab favored biomass growth.  

 

4 Conclusions 

 

A mathematical model based in the continuum approximation to describe heat and mass transport phenomena 

occurring in a tubular bioreactor during a composting process was developed. As constitutive equation, a 

Contois-type kinetic model was used to simulate the biomass growth considering a Monod-type relation to 

include the effect of oxygen concentration. The model considered the description of: temperature and oxygen 

concentration profiles in the gas phase and temperature and oxygen, biomass, and substrate concentration 

profiles in the solid-liquid phase. These profiles were described as a function of time considering also radial 

and axial variations.  

The model predictions were in accordance with results reported in the literature for composting processes. 

The model was used to determine the effect of the design variables with the next general results: use a wide 

bioreactor, the initial substrate concentration has to be enough for biomass growth and the initial biomass 

concentration should be small for a fixed initial substrate concentration, the bioreactor insulation is critical, 

and the length of the bioreactor as well as the interstitial velocity of the fed air are not significant under the 

studied conditions. This holds true if a high value of logarithmic decimal reduction is pursued.  

A sensitivity analysis allows determining the parameters that influence the most the predicted concentration 

and temperature profiles, especially in the maximum temperature that can be attained in the solid-liquid phase 

and the length of high temperature conditions.  
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Fig. 1 Studied bioreactor showing the gas and solid-liquid phases 
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Fig. 2 Solid-liquid phase temperature profiles for different periods. A) 2.5 h, B) 5 h, C) 10 h, D) 20 h, E) 40 h, 

F) 80 h, G) 140 h, H) 250 h 
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Fig. 3 Solid-liquid phase average temperature 
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Fig. 4 Gas phase dimensionless oxygen concentration profiles for different periods. A) 2.5 h, B) 5 h, C) 10 h, 

D) 20 h, E) 40 h, F) 80 h, G) 140 h, H) 250 h 
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Fig. 5 Dimensionless oxygen concentration in the gas phase at the center of the bioreactor 
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Fig. 6 Solid-liquid phase temperature at the center of the bioreactor as a function of changes in a 
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Fig. 7 Solid-liquid phase temperature at the center of the bioreactor as a function of S0 
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Fig. 8 Solid-liquid phase temperature at the center of the bioreactor as a function of X0 
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Fig. 9 Effect of the mathematical model parameters on Ts,max and LHT 
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Fig 10 
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Table 1 Input data for the mathematical model 

Parameter Value Units Reference 

a 0.127 m  

Ca0
 

0.2275 kg kg-1 Calculated 

cpa 1007 J kg-1 K-1  

cpds 1020 J kg-1 K-1 Ahn et al. 2009 

cpg 1520 J kg-1 K-1 Ahn et al. 2009 

cpsl

 
2122 J kg-1 K-1 Calculated 

cpw 4188 J kg-1 K-1  

cpwc 1760 J kg-1 K-1 Ahn et al. 2009 

DeL 2.14×10-6 m2 s-1 Assumed 

Ea 41250 J mol-1 Calculated 

Eab 52000 J mol-1 Assumed 

h 5 W m-2 K-1 Assumed 

hLā 400 W m-3 K-1 Calculated 

Hrx 1.99×107 J kg-1 Weppen, 2001 

Hcc 0.029 kg m-3 Sander, 2015 

kds 0.12 W m-1 K-1 Ahn et al. 2009 

kez 0.15 W m-1 K-1 Calculated 

kez 0.13 W m-1 K-1 Assumed 

ksl 0.21 W m-1 K-1 Calculated 

kg 0.05 W m-1 K-1 Ahn et al. 2009 

kw 0.6 W m-1 K-1  

kwc 0.06 W m-1 K-1 Ahn et al. 2009 

K 0.0015 kg m-3 Assumed 

Kc 10 - Nakayama et al. 2007b 

L 2.54 m  

R 8.314 J mol-1 K-1  

So 18 kg m-3 Assumed 

Tamb 25 °C  

Th 80 °C Nakayama et al. 2007b 

Tm 60 °C Nakayama et al. 2007b 

U 2.2 W m-2 K-1 Assumed 

vi 4.13×10-4 m s-1 Kulcu and Yaldiz, 2004 

Xo 2 kg m-3 Assumed 

YS/X 2 kg kg-1 Hamelers, 2004 

YO/S 0.7 kg kg-1 Petric and Selimbasic, 2008b 

YO/X YS/XYO/X   

αez kez/ρacpa m2 s-1  

αsl ksl/ρslcpsl m2 s-1  

εa 0.41 - Calculated 

ρa 1.2 kg m-3  

ρds 749.6 kg m-3 Ahn et al. 2009 

ρg 216 kg m-3 Ahn et al. 2009 

ρsl 526 kg m-3 Calculated 

ρwc 150 kg m-3 Ahn et al. 2009 

µa 5.5×10-5 s-1 Calculated 

µb 1.0×10-5 s-1 Assumed 
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Table 2 Maximum temperature and length of high temperature conditions  

Ts.max [°C] LHT [h] Reference 

66 145 Shishido and Seki, 2015 

65 130 Qin et al. 2007 

60 120 Bari et al. 2000 

65 89 Lin et al. 2008 

64 96 Petric and Selimbasic, 2008b 

67 170 Sole-Mauri et al. 2007 

64 156 Briski et al. 2003 

68 132 Ge et al. 2015 

63 86 Petric and Selimbasic, 2008a 

59 170 VanderGheynst et al. 1997 

66 144 This work 
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Table 3 F-test for the sensitivity analysis 

Parameter F 

Ts Ca 

Ea 70.1 76.1 

Eab 282.2 212.2 

h 0.0 0.0 

hLā 0.0 0.0 

K 18.4 13.1 

Kc 897.5 211.3 

U 182.3 5.7 

YO/S 0.0 289.6 

YS/X 271.2 144.5 

µa 871.2 433.3 

µb 454.2 212.4 

 

 

 


