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Guided by the analogy with the Rayleigh-Plesset dynamics of multielectron bubbles in superfluid
He-4, we consider the cosmological FLRW evolution equation with additional cubic and sixth powers
of the inverse of the scale factor of the universe. For zero cosmological constant along with the
absence of viscous terms, and using the Sundman time as parameter, we present parametric solutions
for the scale factor of the universe in terms of rational expressions of Weierstrass elliptic functions
and special and degenerate cases thereof.

I. INTRODUCTION

Hydrodynamic phenomena have long served as rich-in-wisdom analogies for astrophysics and cosmology. The
Mach shock wave context of the black hole evaporation introduced by Unruh [1] four decades ago is just a famous
example which attracted a lot of attention, but clearly it is not the only case. Superfluid hydrodynamics with its
embodiments as Bose-Einstein condensates and superlight bosons is another notorious example in strong association
with galactic halos and the concept of dark matter [2–4], whereas various other superfluid analogs of quantum field
cosmic phenomena can be found in a review by Volovik [5]. Let us also recall that the idea of a superfluid universe has
been central in the works of the late Professor Kerson Huang who summarized the publications with his collaborators
along many years in an inspiring book on this topic [6].

On the other hand, in the latter case of cosmology, the fluid and classical mechanics analogies start to abound [7–
10]. Among the fluid analogies, a less known, but equally promising one has been recently introduced by Rousseaux
and Mancas [11] that we address here from the superfluid point of view. It is based on the similarities between
the Rayleigh-Plesset (RP) equation [12, 13], which is a reshaped form of the Navier-Stokes equations describing the
dynamical evolution of bubbles in fluids [14], and the cosmological dynamics as introduced by Friedmann, Lemâıtre,
Robertson, and Walker almost one century ago. The modern compelling components of the universe, such as dark
energy and dark matter, may require the addition of supplementary terms to the latter equations. This is what
Banerjee et al [15] have recently done by adding a fourth power term in the inverse of the scale factor as due to
dark energy to enhance the late expansion rate of the universe, while Rousseaux and Mancas [11] speculated on the
possible addition of more viscosity terms in the cosmological evolution, motivated by the case of the RP equation for
which the addition of this kind of terms is a common usage, as revealed by some references cited in [11].

In this paper, motivated by [11], we investigate in an explicit way the addition of polynomial nonlinearities to the
usual FLRW evolution equation. In particular, we are interested not only in the common cubic power of the usual
RP equation, but also in the e↵ects of an additional nonlinear power of order six which occurs in the Rayleigh-Plesset
framework developed in the study of multielectron bubbles (henceforce mebs) in superfluid Helium-4 laboratory physics
[16–18]. Such a term takes into account the repulsive Coulomb interaction of the electrons forming a thin layer at the
surface of the bubbles. By considering such a phenomenological detail in theoretical cosmology, we place ourselves
from the beginning in a particular case of the class of inhomogeneous fluid models of the universe which are widely
discussed in the literature, see e.g. [19] and references therein. However, we believe that the detail that we emphasize
here may be important not only for the laboratory phenomenology, but also in cosmology and astrophysics.

We also remark that the addition of power nonlinearities is well known in other research areas. It is su�cient to
recall that a quintic power is added to the cubic nonlinear Schrödinger equation to handle the rich phenomenology
of soliton propagation in nonlinear waveguides, and the case of laboratory BECs, where the cubic-quintic Ginzburg-
Landau equation has been for several decades the standard equation for modeling the BEC behavior. Di↵erently from
the case of the single cubic nonlinearity which is integrable by the inverse scattering method, the solutions of the cubic
quintic cases can develop blow-ups, finite time singularities where the amplitude of solution reaches infinity in a finite
time [20]. The FLRW cosmology is not far from these areas in the dynamical nonlinear perspective. The standard
FLRW equations with physical content characterized by normal (not ‘super-negative’-dark [21, 22]) forms of equation
of state are integrable, see e.g. [23] and the references to textbooks therein, but adding more power nonlinearities can
generate future-in-time singularities.

The rest of the paper is focused on obtaining some representative cosmological scaling factors of this extended
FLRW model for zero cosmological constant which are obtained as solutions of the Weierstrass elliptic equation. In
section II, we establish the nonlinear di↵erential equation corresponding to this generalized FLRW model which by
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a change of variable is turned into a Weierstrass elliptic equation whose standard mathematical setup is recalled.
In section III, we present some sets of scale factors of the universe as parametric solutions of this model expressed
in terms of rational expressions of Weierstrass elliptic } functions including the special and degenerate cases [24].
Finally, section IV contains some further remarks on the results and conclusions.

II. THE FLRW EQUATION WITH SUPERFLUID RAYLEIGH-PLESSET TERMS AND THE ELLIPTIC
EQUATION

The standard RP equation for the time-evolving radius, R(t), of a bubble in a fluid reads
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to which a sixth power term in 1/R should be added in the case of mebs. The symbols in the coe�cients are: ⇢l

– the liquid density, ⌫ – the liquid kinematic viscosity, � – the surface tension, and �P (t) = Pin(t) � Pout(t) – the
relative pressure drop at the bubble with respect to the pressure in the liquid at infinity, and the dot denotes the time
derivative. For this equation without the viscosity parametric solutions in terms of rational expressions of Weierstrass
} functions have been already obtained by Kudryashov and Sinelshchikov [25].

By comparison, Rousseaux and Mancas [11] have proposed a � generalization of the single FLRW equation obtained
from the coupled FLRW ones
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where � = (1 + 3w)/2, w is the parameter entering the barotropic equation of state p = w⇢c
2, ⇢ is the total energy

density with the standard vacuum, radiation, and matter components, k is the spatial curvature index, and ⇤ is the
cosmological constant. The ↵ and � coe�cients are cosmological equivalents of the corresponding Rayleigh-Plesset
coe�cients, and � is the coe�cient of the term generated by the scenario developed in [15]. The equivalence a ⌘ R

serves as the basis of the analogy.

In this article, we study the simplified case when the quartic term is not taken into account and also the viscosity
term is discarded since in the superfluid regime the viscosity is negligible. In addition, we will also assume ⇤ = 0, but
on the other hand, we will include the sixth-power meb term. With these assumptions (2) reads
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We consider the case � = 3/2 which is in direct correspondence with the RP equation and represents the case of
monoatomic gas. Using natural units for the speed of light, c = 1, we write (3) as

aä+
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ȧ
2 = ⌘a

�4 � ↵a
�1 � 3

2
k . (4)

Multiplying (4) by the integrating factor 2a2ȧ and integrating once, we obtain

ȧ
2 = �2⌘a�4 + 4c1a

�3 � ↵a
�1 � k, (5)

where c1 is an arbitrary constant of integration that is found from two initial conditions. For ȧ(0) = 0 and a(0) = a0

then c1 = c1(↵, k, ⌘) ⌘ (2⌘ + ↵a0
3 + ka0

4)/4a0. Notice that a0 is a root of the right hand side of (5) and also of the
polynomial Q(a) in (6) below. We shall use the symbol µ for a0 in the rest of the paper. Most of the solutions that
will be displayed in this paper do not have the big bang initial condition a0 = µ = 0, but the initial Hubble parameter
H(0) = ȧ(0)/µ is zero and also one can tune c1 to get an appropriate µ.

Using the Sundman transformation dt = a
2
d⌧ we obtain the elliptic equation

a⌧
2 = �ka

4 � ↵a
3 + 4c1a� 2⌘ ⌘ Q(a) , (6)

where the ⌧ subindex denotes the ⌧ derivative. This equation can be viewed as an energy conservation equation for
a one degree of freedom classical particle of mass m = 2 if written in the form a⌧

2 + V (a) = E, where the potential
energy is V (a) = a(ka3 + ↵a

2 � 4c1) and the total energy is E(a, ȧ) = �2⌘ = a
4
ȧ
2 � 4c1a+ ↵a

3 + ka
4.
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A. The General Mathematical Setup of Elliptic Equations

It is well known [26–28] that the solutions a(⌧) of
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can be expressed in terms of Weierstrass elliptic functions }(⌧ ; g2, g3), which is a solution to
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0(â)
h
}(⌧ � ⌧0; g2, g3)� 1

24Q
00(â)
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where â is not necessarily a root of Q(a), and g2, g3 are elliptic invariants of }(⌧), which satisfy
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These invariants, with the varying parameter c1(↵, k, ⌘) together with the modular discriminant

⌅ = g2
3 � 27g3

2 (11)

are used to classify the solutions of (6). In particular, choosing µ to be any real root of Q(a), i.e. Q(µ) = 0, then the
general solution (9) takes the much simpler form

a(⌧) = µ+
Qa(µ)

4}(⌧ � ⌧0; g2; g3)� Qaa(µ)
6

. (12)

This solution can be also interpreted as the elliptic modulation, MQ(}; c1, µ), of any solution of the polynomial Q(a)
if we write it in the form

a(⌧) = µ
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and can be generalized using (9) to any point â, ⌧̂ of the plane (a, ⌧).

III. THE PARAMETRIC SOLUTIONS

We are now ready to present a whole wealth of parametric solutions of this extended FLRW model using ⌧ as
parameter. Although all possible cases can be enlisted in a systematic manner, for a superfluid universe or one
containing superfluid bubbles one should consider the simultaneous presence of the Laplace pressure and electrostatic
terms, i.e., both ↵ and ⌘ should not be zero simultaneously. When both of them are chosen to be zero it corresponds
to the standard FLRW cosmology. The case when one of them is zero such as ↵ = 0 and ⌘ 6= 0 are not physical, while
↵ 6= 0 and ⌘ = 0 describes common liquids, and thus will not be of interest here.

A. Curved Space Cases, k 6= 0, ⌅ 6= 0

Substituting Q(µ) and its derivatives, (12) becomes the parametric rational Weierstrass solution

a(⌧) = µ+
4c1 � 4kµ3 � 3↵µ2

4}
�
⌧ � ⌧0; 2k⌘ + ↵c1; kc12 +

1
8↵

2⌘
�
+ 2kµ2 + ↵µ

, ↵ 6= 0, ⌘ 6= 0 . (13)

Next, we choose two particular cases of nondegenerate solutions, one referred as superfluid rational lemniscatic for
g3 = 0, and the other as standard rational equianharmonic for g2 = 0 because it corresponds to the standard FLRW
cosmology for which ↵ = ⌘ = 0.
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i) The lemniscatic case: For c1 = ±↵
4
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, ↵ 6= 0, ⌘ 6= 0, g3 = 0. (14)

Plots of the periodic (closed universe) and non periodic (open universe) lemniscatic cases are displayed in Figs. 1
and 2, respectively. One can see the very interesting feature that the physical solutions of the periodic cases have
contributions from the initially negative solutions.
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FIG. 1: Rational lemniscatic solutions for a superfluid FLRW closed universe from (14).

ii) Standard FLRW cosmology, ↵ = 0 and ⌘ = 0: Let µ be a root of �ka
4 + 4c1a = 0, then (13) becomes the

equianharmonic solution

a(⌧) = µ+
2(c1 � kµ

3)

2} (⌧ � ⌧0; 0; kc12) + kµ2
, ↵ = 0, ⌘ = 0, g2 = 0. (15)

The equianharmonic periodic case corresponding to the closed universe is plotted in Fig. 3, while the non periodic
case of the open universe is displayed in Fig. 4. As can be seen in these figures, the solutions are in the two classes
of either pure positive (physical) or pure negative (nonphysical).
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FIG. 2: The same type of solutions for the superfluid open universe from (14).
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respectively.

FIG. 3: Rational equianharmonic solutions for a standard FLRW (↵ = 0, ⌘ = 0) closed universe from (15).

B. Degenerate Modular Cases, k 6= 0, ⌅ = 0

We now study the degenerate cases when ⌅ = 0 by finding numerically the coe�cient c1 by solving ⌅ = 0. In this
case }(⌘, g2, g3) degenerates into hyperbolic, trigonometric functions, or rational functions, and (13) can be simplified
further as follows:
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FIG. 4: Same type of solutions for a standard FLRW (↵ = 0, ⌘ = 0) open universe from (15).

i) Let g2 = 12ê2 > 0 and g3 = �8ê3 < 0; the Weierstrass } function is simplified to

}(⌧ ; 12ê2,�8ê3) = ê

h
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p
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i
. (16)

Using this in (13) we obtain the rational hyperbolic solutions
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2 3
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, g2 > 0, g3 < 0. (17)

As shown in Fig. 5, these are solutions reaching quickly plateau regions for both types of curved spaces.
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FIG. 5: Rational degenerate hyperbolic solutions for superfluid closed and open universe from (17), left and right, respectively.

ii) Let g2 = 12ẽ2 > 0 and g3 = 8ẽ3 > 0; the Weierstrass } function is simplified to

}(⌧ ; 12ẽ2, 8ẽ3) = ẽ

h
�1 + 3 csc2(

p
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i
. (18)

Thus, we obtain the rational trigonometric solutions
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, g2 > 0, g3 > 0. (19)

As shown in the plots of Fig. 6, the closed universe case can have contributions from the initially unphysical trigono-
metric solution.
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FIG. 6: Rational degenerate trigonometric solutions for superfluid closed and open universe from (19).

iii) When both germs are zero then }(⌧, 0, 0) = 1
⌧2 , and we have the rational solution
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Qa(µ)⌘2

4� Qaa(µ)
6 ⌘2

, (20)

which simplifies to

a(⌧) = µ+
(4c1 � 4kµ3 � 3↵µ2)⌧2

4 + (2kµ2 + ↵µ)⌧2
, g2 = g3 = 0 . (21)

Moreover, this case leads to c1 = ↵3

16k2 , and ⌘ = � ↵4

32k3 , thus the quartic polynomial has four real zeros inferred from
Q(µ) = 1

16k3 (↵� 2kµ)(↵+ 2kµ)3, so the graph of (21) becomes the Agnesi curve [29]

a(⌧) =
↵

2
� ↵

3
⌧
2

4 + ↵2⌧2
=

↵

2

✓
1� ↵⌧

2 d

d⌧
arctan(↵⌧/2)

◆
, k = 1, g2 = g3 = 0 ,

a(⌧) = �↵

2
� ↵

3
⌧
2

4� ↵2⌧2
= �↵

2

✓
1 + ↵⌧

2 d

d⌧
arctanh(↵⌧/2)

◆
, k = �1, g2 = g3 = 0 .

(22)

The degenerate Agnesi solutions in curved spaces are presented in Fig. 7, and again one can see that it is possible
that the initially negative solution can become the physical solution after some time in the case of closed universes.

��� ��� ��� ��� ��� ���
�(�)

-���

-���

���

���

	(�)
�=�� �=- �

��

�=�� ��= �
��
� �= �

�

�=-�� ��=- �
��
� �=- �

�

(a) a(⌧) = ± 1
2

⇣
1± ⌧2 d

d⌧ arctan(
⌧
2 )

⌘
.

��� ��� ��� ���
�(�)

-�
-�
-�

�
�
�
�(�)

�=-�� �= �
��

�=�� ��= �
��
� �=- �

�

�=-�� ��=- �
��
� �= �

�

(b) a(⌧) = ± 1
2

⇣
1 + ⌧2 d

d⌧ arctanh(
⌧
2 )

⌘
.

FIG. 7: Degenerate Agnesi solutions for superfluid closed and open universe from (22), left and right, respectively.

For all cases, the comoving time in parametric form is obtained from dt = a
2
d⌧ which gives then

t(⌧) =

Z ⌧

⌧0

a
2(⇠)d⇠ . (23)
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C. Flat Space Cases, k = 0, ⌅ 6= 0

In this case, (6) simplifies to the elliptic equation

a⌧
2 = �↵a

3 + 4c1a� 2⌘ (24)

which can be reduced to the Weierstrass elliptic equation (8) by the scale transformation a(⌧) = � 4
↵}(⌧ � ⌧0; g2, g3),

where

g2 = c1↵,

g3 =
1

8
↵
2
⌘

⌅ = (c1↵)
3 � 27

64
(↵2

⌘)2

(25)

and so, the parametric Weierstrass solutions for k = 0 are

a(⌧) = � 4

↵
}

✓
⌧ � ⌧0; c1↵,

1

8
↵
2
⌘

◆
, ↵ 6= 0, ⌘ 6= 0

t(⌧) =

Z ⌧

⌧0

a
2(⇠)d⇠ =

4

3↵2


c1↵(⌧ � ⌧0) + ĉ1 + 2}0

✓
⌧ ; c1↵,

1

8
↵
2
⌘

◆�
, ⌧0 6= 0 ,

(26)

where ĉ1 = 2}0 �
⌧0; c1↵,

1
8↵

2
⌘
�
. We will consider only the simpler equianharmonic subcase c1 = 0, but still describing

a superfluid FLRW (flat) universe.

i) c1 = 0: one obtains the reduced elliptic equation

a⌧
2 = �↵a

3 � 2⌘ . (27)

The solutions can be obtained directly from (26) to give

a(⌧) = � 4

↵
}

✓
⌧ � ⌧0; 0,

1

8
↵
2
⌘

◆
, ↵ 6= 0, ⌘ 6= 0, c1 = 0,

t(⌧) =

Z ⌧

⌧0

a
2(⇠)d⇠ =

8

3↵2


ĉ1 + }

0
✓
⌧ ; 0,

1

8
↵
2
⌘

◆�
, ⌧0 6= 0,

(28)

where ĉ1 = }
0 �
⌧0; 0,

1
8↵

2
⌘
�
. For this reduced equainharmonic case it is also possible to have physical contributions

from the initially negative solution as seen in Fig. 8.

� �� �� �� ��
�(�)

-��

-�

�

��

�(�)
�=�� ��=�

�=�� �=� �=-�� �=�

(a) a(⌧) = ±4}(⌧ � 1; 0; 1
8 ).

� � � � �� �� ��
�(�)

-�

-�

-�

�

�

�

�
�(�)

�=�� ��=�

�=�� �=-� �=-�� �=-�

(b) a(⌧) = ±4}(⌧ � 1; 0;� 1
8 ).

FIG. 8: Reduced equianharmonic solutions for a superfluid FLRW flat space from (28) for ⌧0 = 1 which avoids the singularity
of }0 at the origin.

D. Degenerate Modular Cases, k = 0, ⌅ = 0

These cases are obtained for c
⇤
1 = 3

4
3
p
↵⌘2 which leads to hyperbolic or trigonometric solutions, or when ↵ = 0

which is physical as standard FLRW only when ⌘ = 0.
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i) Let g2 = 12ê2 = 3
4↵

4/3
⌘
2/3

> 0 and g3 = �8ê3 = 1
8↵

2
⌘ < 0. These values of the germs lead to the hyperbolic

solutions

a(⌧) = � 2

↵

3
p
�g3

"
1 + 3csch2

 p
6

2
6
p
�g3(⌧ � ⌧0)

!#
, g2 > 0, g3 < 0 . (29)

ii) Let g2 = 12ẽ2 = 3
4↵

4/3
⌘
2/3

> 0 and g3 = 8ẽ3 = 1
8↵

2
⌘ > 0. For these germs, one obtains the trigonometric

solutions

a(⌧) = � 2

↵

3
p
g3

"
�1 + 3csc2

 p
6

2
6
p
g3(⌧ � ⌧0)

!#
, g2 > 0, g3 > 0. (30)

iii) ↵ = 0 and ⌘ = 0: then (24) becomes

a⌧
2 = 4c1a (31)

with parametric polynomial solutions

a(⌧) = ±2
p
c1(⌧ � ⌧0) , ↵ = 0, ⌘ = 0

t(⌧) =
4

3
c1⌧(⌧

2 � 3⌧⌧0 + 3⌧0
2) .

(32)

Examples of the degenerate hyperbolic, trigonometric, and the last class of polynomial solutions in flat space are
illustrated in Fig. 9 without showing contributions from the initially negative solutions for the employed parameters.

� � � � ��
�(�)

-�

-�

�

�

�

�(�)
�=�� �=�� �=-�

�=�� ��= �
�

�=-�� ��=- �
�
�

(a) Degenerate hyperbolic solutions in
flat space

a(⌧) = ±
⇣
1 + 3csch2

⇣ p
3

6p
25

⌧
⌘⌘

from

(29).

� � � � ��
�(�)

-�

-�

�

�

�

�(�)
�=�� �=�� �=�

�=�� ��= �
�

�=-�� ��=- �
�
�

(b) Degenerate trigonometric solutions
in flat space

a(⌧) = ±
⇣
�1 + 3csc2

⇣ p
3

6p
25

⌧
⌘⌘

from

(30).

��� ��� ��� ��� ���
�(�)

-�

-�

�

�

�
	(�)

�=�� �=�� �=�� �=�

��=�� �(�)>� ��=�� �(�)<�

(c) Degenerate polynomial solutions in
flat space a(⌧) = ±2⌧ from (32).

FIG. 9: Modular degenerate solutions of hyperbolic, trigonometric, and polynomial type corresponding to the superfluid
FLRW flat space.

IV. DISCUSSION AND CONCLUSION

We have introduced and analyzed in some detail a nonlinear di↵erential equation for a modified FLRW cosmology
for zero cosmological constant, which is based on an analogy with a Rayleigh-Plesset equation encountered in the area
of multielectron bubbles in superfluid He-4, a well studied laboratory phenomenon. At the speculative level, one can
assume the existence of equivalents of such bubbles even at astrophysical scales, as a kind of microcavities hovering
in the galactic halos where they could be generated due to some unknown astrophysical mechanism.

We have presented parametric analytical solutions which are mainly in rational forms containing elliptic Weierstrass
} functions in terms of a variable that we call Sundman time whose di↵erential is a2 times smaller than the di↵erential
of the comoving time. For standard FLRW cosmology, some results in the comoving time involving the Weierstrass
} function goes back to Lemâıtre himself [30], while Coquereaux [31] obtained an equianharmonic (nonrational) }

solution in conformal time when the radiative contribution is neglected. The reduction to the standard FLRW case
of our superfluid RP-modified FLRW cosmology provides the rational equianharmonic solution a(⌧) = c1/}(⌧ ; 0, kc21)
for µ = 0 which exists only if c1 6= 0 , see equation (15) and Figs 3(a) and 4(a). A similar result in conformal time can
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be found in the work of Steiner [24], but with } not strictly equianharmonic. However, this author claims a correction
of sign in the main formula of the first Biermann-Weierstrass theorem in [27] that we do not confirm.

For some particular values of the parameters, we have displayed periodic (cyclic) solutions specific to rational
expressions of Weierstrass functions. The interesting feature of physical contributions from an initially nonphysical
(negative) solution has been revealed, mainly but not only, for the closed universe cases. In the case in which some of
these superfluid-modified scale factors will be taken into account for possible cosmological scenarios or for astrophysical
phenomena, then the parameters should be fitted to more realistic values according to the sets of observational data.
Furthermore, at the terrestrial laboratory level, some of the flat space solutions that have been obtained here can be
also useful in the data analyses of superfluid bubble experiments.
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