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In this study, we present a problem that consists in flattening the curvature associated with an affine connection on R?. This
problem involves distributions and symmetric affine connections defined on a differential manifold M. For rank 1 constant
distributions, we characterize the existence of solutions and get sufficient conditions to solve the problem. The general statement

of the problem and some illustrative examples are given.

1. Introduction

The problem referred to as flattening the curvature of an
affine connection (PFCAC) is motivated by a special case of
the curvature prescription problem. The PFCAC arises in
control theory by observing that there are conditions under
which a mechanical system can be locally transformed
(equivalent) to a simpler one and by realizing that the
curvature plays an important role among those conditions.

Writing the equations that describe the dynamics of a
mechanical system, in a specific way, sometimes facilitates
solving problems that arise in control theory (controllability,
stabilization, motion planning, trajectory tracking, and
optimal control), as discussed by Bullo-Lewis [1]. For in-
stance, for a subclass of mechanical control system
(QV,D,{Y,,...,Y,},U), where Q is a smooth n-dimen-
sional manifold (the configuration space of the system), n is
the number of degrees of freedom, V is an affine connection
on Q, D is a regular linear velocity constraint distribution,
having the property that V restricts to D can be defined,
{Y,:a=1,...,m} is a set of vector fields on Q (the control
forces), taking values in D, and U ¢ R™ is the control set. In
this case, the equations of motion can be written as follows:
k

q’l :—F;kvjv +u“Y;, i={1,...,n}k. (1)

These equations are written in a coordinate chart (%, ¢)
of Q with coordinates (g',...,q"). Here, one considers a
collection & = {X,,...,X,} of vector fields as a basis for
T,Q for each g € %, then (v',...,v") are the fiber coor-
dinates for T% in the basis 2. For a control u: I — %,
I CcR that is locally integrable, for i,je{l,...,n}
a/aq ) (a/aqj) is a vector field on u. Thus, V 35, (0/0¢') =
(a/aq ) is a linear combination of the vector fields & on
Q for #® uniquely defined functions I't: % — R,
i, j,k € {1,...,n}. The Ff‘] are called the Chrzstoﬁel symbols
for V in the chart (%, ¢), and one defines the type (1,3)
curvature tensor R whose components can be expressed as
R} ;= (0T%,/0q°) — (oI, /8qd) + (Ie, I, = Ia,.I) for

a,b,c,d € {1,...,n}. More details are prov1ded in references
[1-3].
On T%, system (1) can be written as follows:

v =S +u' Y (v), (2)

where v takes values in D, Y!ift is the vertical lift of Y, in
coordinates Y1t = Y (9/0v'), Y! are the components of Y ,,
and S is the geodesic spray for V in coordinates (g, v) on T%,
and it is expressed as follows:

2 oD
S(v) = vka—qk - Ffj V)V vjﬁ. (3)
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We initially focus on mechanical systems of form (1) that

are locally equivalent (or transformable) to a 3-dimensional

canonical form with 2 inputs u!, u?:

.. 1
X, =u,

%, = u, (4)
%y =u'x,.

This system is sometimes referred to as the extended
chained form (ECF). An interesting point is that equation (4)
is itself a model of controlled mechanical system [4], and
affine control system can be expressed as follows:

2 =5(2) +u' Y (2) + u’Yi (2), (5)

where S is the geodesic spray for V on R®. In coordinates
(x,z) on TR?, it is expressed as follows:
6
0
S(z) =Y 2" —. (6)
k=4 OX

The problem of transforming a system of form (2) into
(5) may be viewed as a problem of equivalence under the
relation defined by regular, static state-feedback (RSSF); that
is, two systems are equivalent under RSSF if one can be
transformed into the other via invertible, static state feed-
back of the form (v,u)— (z,w), where z = ¢ (v) and u =
a(v) + f(v)w represent, respectively, a coordinate trans-
formation of the state variable and a change of control
coordinates, with ¢, a local diffeomorphism; B(v), an in-
vertible matrix for all v € TR?; &, a smooth function. The
new input components are u; = &; (v) + f;; (V)w;, so after the
transformation one gets

v =S() +(a (v) + B (Mw; )Y} (v), (7)

and applying the change of state variables the system
becomes

z=S(2) +<“i (z) + ﬁij (z)w)Y%ift (2). (8)

If we label S(z)=S(z)+a;(2)Yi(z) and Y(z)=
ﬁij (z)Y}ift (z), then equation (8) can be written as ECF:

z=38(z) + wY (2), (9)
where the new geodesic spray is expressed as follows:

0

k

Z—
oz

S(2) = (10)

Comparing geodesic sprays (3) and (10), we note that the
Fk for the ECF are all zero; therefore, for the ECF, the
curvature tensor is identically zero. In addition, one can
observe that, after the transformation, the terms «; (z)Yllft (2)
have been added to the geodesic spray S(x) and those terms
take values in the distribution D (space generated by the
input vector fields with coeflicients u) so new input coef-
ficients are effectlvely defined.

Note that Tk + ok, define new functions, which we de-

note by I i this leads us to consider the existence of a new
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affine connection V, determined by I:ff and expressed in

terms of the original V and the terms «; (z)Y}ift (z), which can

be naturally associated with a type (1,2) tensor F on D.
Curvature may be “flattened” by getting rid of the

quadratic force terms related with the TX, but it is not an

ij>
intrinsic fact because the curvature tensor may be zero even

though the Christoffel symbols are not [4]. Then, by adding

functions ocf‘j, one gets f = Fk +ak. 75 if we require V to be

torsionless, we need to have F = F but since F =Tk one

Jji° ji°
gets ocf»‘j ﬂ, that is, F must be a symmetrzc tensor with
respect to its lower indices. A more “intrinsic” approach
would be to determine which D-valued tensor field F yields a
new connection V Y = V, Y + F (X, Y) with zero curvature,

which we can find out in the following proposition.

Proposition 1. Let X be a simple mechanical system that can
be expressed as the ECF via RSSF. Then there exists a tensor
field F € I (D®T*Q®?) such thatV =V + F has associated a
type (1,3) curvature tensor R = 0.

Proof. Since X is transformable to an ECF, there is a local
difeomorphism ¢: Q — R?, such that, for every q € Q
there is a neighborhood % of g such that ¢ (%) is an open
subset of R* and ¢|,,: Z — ¢ (%) is a difeomorphism. So
the tangent mapping Typ: T,Q — T¢(q)R3 is a linear
isomorphism for all g € Q, provided that ¢ (g) = p. Then, for
every X € T'(TQ), there is a unique vector field Y € T'(TR?),
which is ¢ related to X, that 1s, Y,=T go(X ), and the
inverse mapping satisfies (Tq(p) (Yp) =

Since (Q, gq) and (R3, gg) are Rlemanman manifolds,
then the pullback of gy by ¢, denoted by ¢* g, defines a
Riemannian metric over Q, that is, for every v,w € TqQ:

(9" 98)y (v ) = (98) (o) (Ty9 () Ty9 (W)
= (gE)(p(q) (x’ }’)
= (g <p)q< (T,0) (). (T,9) " (y)>

~(a0), 0

(11)

this means that ¢ g = gq; therefore, ¢ is an isometry.
Assuming that V denotes Levi-Civita connection of g,
and Q that of g; and since ¢ is an isometry, ¢ (V) =V.On
the other hand, the difference between V and V defines a
tensor, that is, VY —V Y = F(X,Y), where F is a sym-
metric tensor field of the type (1,2) such that
F € T(TM @ T* M®?) [2]. In particular, if F takes values in D,
thatis, F € [(D®T*M®?), then V = V + F have a curvature
tensor R, which is identically zero, of the type (1,3).
Then, a problem that consists in getting rid of the
curvature arises; that is, determining if there exists a type
(1,2) tensor F(X,Y) in order to get a new connection
VY =VY + F(X,Y) with zero type (1,3) tensor curva-
ture. All the above leads us to think that PFCAC could be
written in a similar way to one kind of curvature pre-
scription. The goal of this work is to state the PFECAC and to



Journal of Mathematics

solve it in dimension 2 by considering constant rank 1
distributions.

The statement, details, and analysis of the PFECAC will be
given in the ensuing sections of this work, and the contents
of which are organized as follows: in Section 2, one recalls a
number of basic concepts and notations to be used in the
sequel. Section 3 gives a formulation of the PFCAC, along
with some examples. The materials and methods for solving
the PFAC are given in Section 4. In Section 5, some results
are presented for dimension 2, along with some illustrative
examples. Finally, concluding remarks and possible future
lines of research are given in Section 6. O

2. Preliminary Notions

This section includes some conventions and notations that
will be used in the sequel. The reader may consult references
[1-3, 5-9] for more information.

We use the Einstein summation convention throughout,
and also we consider all geometric objects are smooth (C),
unless otherwise specified.

2.1. Vector Fields and Distributions. Given a manifold M of
dimension #, we denote a coordinate chart (U, ¢) near a
point x € M, with coordinate functions x = (x!,...,x") on
U corresponding to ¢. I'(T'M) denotes the set of vector fields
on M. If X e T'(TM), X assigns, to each p € M, a tangent
vector X, € T, M, where T ,M denotes the tangent space to
M at p.

T* M denotes the cotangent bundle and I (T* M) denotes
the set of 1-forms. If 0 € I'(T*M), then 0: M — T*M, and
a 1-form o, € T, M is assigned to each p € M, where TyM
denotes the cotangent space to M at p.

A rank k distribution D on M is a mapping D, which
assigns to each p € M, a k-dimensional (vector) subspace
D, of T,M. D is called smooth if, for every point p € M,
there exists a neighborhood U of p and k smooth vector
fields X, ..., X} on U, such that D, = span{X, ..., X} for
all x € U. A vector field X on M is said to take values in D if
X, € D, for all p € M. Sometimes we abuse the notation
and write X € D.

2.2. Riemannian Metric. Let g be a Riemannian metric on
M; g is a type (0,2) symmetric, positive-definite smooth
tensor field. The tensor g, induces an inner producton T',M
for each p € M. The inner product allows one to define the
notions of length and angle between vectors. In coordinates,
g can be expressed as follows:

where g;; are the components of a matrix-valued function
with the following properties:

(i) Symmetry: for peM
g,(X,Y) = g, (Y, X)

(ii) Positive-definite: for pe M and X, Y € TPM,
9p (X, X) >0, whenever X #0

and X, YETPM,

An Euclidian metric g on R" is expressed in coordinates

as follows:
0 0
g T = 81--, 13
g(@rl or’ ) / (13)

where (9/0r'), (3/0r/) are unit vectors on R" and matrix
form g = Id

nxn*

2.3. Affine Connection. A Riemannian metric defines a

unique Levi-Civita affine connection, but not every affine

connection is the Levi-Civita connection of a metric [2].
An affine connection on a manifold M is defined as a

mapping
V: I'(TM) xI'(T'M) — I'(TM),

(X,Y)-V,Y, (1)

where VY is the covariant derivative of the vector field Y in
the direction of the vector field X. The mapping satisfies the
following properties:

(1) Vy(aY, +bY,) =aVY, +bV,Y,,
(D) VixguY = fVx Y +gVy Y,
(B) Vx fY = fVxY + (Xf)Y, for all a,beR and

f,g € C®°(M). Here X (f) is the derivative of f in
the direction of X.

An affine connection V can be uniquely represented in
terms of an ordered local frame (9/0x"), by the specification
of #’ functions I for 1<i,j,k<n, referred to as the
Christoffel symbols, by the following expression:
0 0

V@ 5 = Fijﬂ, ihj=1,...,n (15)

If X and Y € I'(T'M) are given in terms of a local frame
(0/0x"), then X = X*(9/0x"),Y = Y7 (0/0x7) and VY can be
written in coordinates as follows:

0 ki -k> o
V.Y = —=Y*X'+ X'Y'T}, | —. 16
X (E)x’ 7 ) oxk (16)

Given an affine connection V on a manifold M, one
readily defines two tensor fields M related to V, namely, a
type (1,2) tensor field T: T (TM)xT(TM)— I'(TM)
called torsion, with local expression given by

T(X,Y)=VyY -V, X -[X,Y], (17)
and a type (1,3) tensor field

R: T(TM)xT(TM) xT(TM) — T (TM), called curvature
tensor, and given by

R(X,Y,Z) = Vy (VyZ) = Vy (VxZ) = Vix 1) Z- (18)

An affine connection is called torsion-free (or symmetric),
if T =0, that is, if

VY —Vy X —[X,Y] =0, forallX,Y eT(TM), (19)

where [X,Y] is the Lie bracket of X and Y [2, 3, 10]. In this
case, the Christoffel symbols are said to be symmetric with



respect to their lower indices, that is, l"fj = 1"]]‘-1-. In the sequel,
we shall consider only symmetric affine connections and, for
the sake of simplicity, write 0; instead of (9/0x’) to denote
the partial derivative with respect to a coordinate x’ when
the latter is clear from the context.

3. Problem Statement

Returning to the statement of PFCAC, given a finite di-
mensional manifold M, a distribution D, and a symmetric
affine connection V on M, the main problem to solve is as
follows:

(i) Determine a type (1,2) symmetric tensor field
F e T(D®T*M®?) that takes values on D and such
that V Y = V, Y + F(X,Y) has a curvature tensor R
that is identically zero.

One easily checks that V satisfies conditions (1)-(3) of
the affine connection definition.

Let (0/0x") fori = 1,...,nbe abasis for TM, with (dx/)
its corresponding dual base, and D a distribution such that
D, =span{X;: I = 1,...,m} if F takes values in D, that is,
F e T(D®T*M®?*), then F can be expressed as a type (1,2)
tensor in the coordinate system (U, ¢) as follows:

2 4 .
1 5k
F, =ainlﬂ®dx’®dx]. (20)

Thus, the new affine connection V can be expressed in
coordinates by the following equation:

¢ 0 (v 0 F J0 0 )1
(@/0x) 37 x— (@103 x+ x @@ s (21)

where  (V (50,1) (0/0x7)), = l"ffj (x)(0/0x") and F, ((3/0x"),

(0/0x7)) = a! _X¥ (3/0x*) ® dx" ® dx* ((0/0x"), (9/0x7));

since dx"(0/0x*) =8, one has F, ((0/0x"), (0/0x))) =

al”Xf (x) (a/axk)ajaj., equation (21) is equivalent to
k

5 0 I yky 9
v @/x)5 5 = (rij +a;;X )g

(22)

Hence, V will be determined by the Christoffel symbols
I = l"f?j + aijf for i,j,k=1,...,n, where I are the
Christoffel symbols defining V, X¥ is the k-th component of
the vector field X; that take values in D, and o!; are the
functions to be found. Indeed, the type (1,3) curvature
tensor components Rj_; associated with V are as follows:

=a
Ryeq = Rigq + 0, (g, X7) = 0y, X7

U n a r Ha r n 12 a
+ Fdh“C#Xn + (xderrcy + ‘xdb‘xchrXq (23)
_TH My T a7 I e

Fcb“d/,: Xﬂ (xcer qu Xep (xder Xq’

fora,b,c,d,ju=1,...,nand r,5y = 1,...,m. One sees that R
involves only first order partial derivatives, consequently,
solving the PFCAC consists in determining conditions for
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the integrability of first-order of PDEs; in turn, this con-
ditions determine the existence of the field F. The curvature
tensor R has n* components, of which R, = -R,,, and
R;.; = 0 when ¢ = d; therefore, resulting system of PDEs has
only (n*(n* — 1)/3) independent equations with (m - n(n+
1)/2) unknowns.

For example, in R? there are 16 equations, but 4 are
independent with 3 unknowns a;;, &, = &,; ¥ &, In R?
there are 81 equations, 24 of which are independent, with 12
unknown aln, (xllz = “121) ocl13 = 05131, oclzz, (xlz3 = ocl32 and ocl33 for
I =1,2. Note that the resulting system of PDEs are over-
determined (in that there are more equations than un-
knowns). In the next section, sufficient conditions to solve
the PFCAC are described.

The resulting systems of the problem are solved by al-
gebraic manipulation of the equations involved, in analytical
form. Some characteristics related to I, and R¢ ; in the
solutions are identified and based on tflese, PDE system
integrability conditions are found.

4. Results and Discussions

The following result gives a sufficient condition for solving
the PFCAC for an affine connection V on R”.

Proposition 2. Let p € R" and U C R be a neighborhood of

p-

If C, = span{ (V 3o, (0/0x7)),: i, j=1,...,n}< D, for
each x €U, then exists a type (1,2) tensor field
FeT(D®R™?) such that VY =VyY +F(X,Y) has a
curvature tensor R of type (1,3) identically zero.

Proof. Since U is open and p € U, there exists a neigh-
borhood V of p such that V' ¢ U and there exist vector fields
XX, €I(TV) such that, for all xeV,
D, =span{X, (x),...,X,,(x)}. Then by C,cD,, for each
ZeC,, there are functions a;;(x) such that
Z = a{j(x)X’; (x) (0/0xF), for each i,j=1,...,n, can be
written as a linear combination of X,,...,X,,. In coordi-
nates, Z can be written as (vaia].)x = agv(x)Xf‘ (x) (9/0xF);
on the other hand, we also have (V(a/axi) (0/0x)), =
l“f»‘j (x)(0/0xF),  which implies  that Ff‘j (x) (0/0x*) =
aﬁj(x)Xf(x) (0/0x®). If s =k, then l"f-‘j(x) (9/0xF)— afj (x)
Xj(x) (0/0x*) = 0. Equivalently, l"f.‘]. (%) - aﬁj (0)Xj (x) =0
for all xeU. If F 2F/ (0/0x")®dx'®dx/, one has
F_((0/0x%), (0/0x")) = aitX}j(a/ax’) €D, therefore,
"EC k l S . T~ . .

L =T5 + aij(x)Xl = 0. Therefore, since all [}; are identi-
cally null, the curvature tensor R is identically zero.

It is possible to define the vector field F on all of U using
partitions of the unity, as shown in reference [5]. Note that
Proposition 2 only provides sufficient conditions, as we can
see in the following example. O
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Example 1. Consider the ECF described by equation (4) with
the Riemannian metric g defined on M = {x € R*: |x,| <1},
which determines the geodesic spray S on RS:

1 0 x,
gl,=] 0 1 0 |,
x, 01
Xy
X5
(24)
X6
S(x) =] X5Xg — XpX3Xy
2
x;—1
X4X6
Xy X5 = Xy X5Xg

2
x;—1

S is associated with the affine connection V, defined by the
nonzero Christoffel symbols:

x
[,=0,=0=0)= 2
o 2(x5-1)
1 1 3 3 )
Ipy=Th=T,=15 =~ 2 > (25)
Z(x2 - 1)
1
2, =12 =—
13 31 5
Note that V has a nonzero curvature tensor, because
1 2 2 3 X2
Riz = Rip; =Ry = Ry5 = m’
2
1
2 2 3
Ri;, =R3; = Ry = 2 >
4(x;-1)
26
1 3 x; +1 ( )
Ry, =Ry, = T\
4(x5 - 1)
1 3 )
Ry = Ry = 2 2
Z(x2 - 1)

and their respective skew symmetries R} ; = —Rj,.. In this
case, we have a system of PDEs with 24 equations and 12
unknowns. To flatten the curvature R, we add a symmetric
field tensor of type (1,2) F € T (D ® R*3*?) to the connection
V, here D is a distribution on R’. The new connection V is
determmed by the Christoffel symbols I‘ = Fk + B ]X;‘,
where B are functions to be found and X* are components
of the vector field that takes values in the distribution D.

(1) With the distribution

D, - 9. (<), (27)
x—span a_xl x° a_xz x(

5
One gets
1 0
F.o=B,(x)] 0 [+B,00] 1 |, (28)
0 0
with B (x) = (x5 (2x,55 — X5x3%, + X5X,—
XgX3 — x¢)/x3 - 1) and B, (x) = (2xgx4
x5 = 2x¢x, — 3xEx, — x2x3/2 (x5 - 1)).

(2) With the distribution

D, = span i+xi| i| (29)
x =P ox, ‘ox; ) \ox, )|

One gets
1 0
Fe=p(x)] 0 |+ ()| 1|
x, 0

Jcs(3x1 +16x3x, + 3x1x2 + 2x3x2) + x5(6x6x2 6x6)

(%) = s
A 18(x2—x2+x2— 1)
4 2 2.3
B, (x) = 2XX X, — 2XgXy — 3X5X; — X5X,
: 2(x; - 1)

(30)

(3) With the distribution

D_ = span i| i|+xi| (31)
x = SP axl x? axzx Zax3 x>

it cannot be solved, since the resulting system of EDP is
inconsistent.

Some questions naturally arise, such as why can the
PFCAC be solved for some but not for other distributions?
How much of the geodesic spray can be modified by using
control vector fields that take values in the control distri-
bution, to make the effective curvature vanish? Is there a
smaller-rank distribution D such that F € T'(D) and the new
F are zero? With a view towards answering these questions,
we perform an analysis in dimension 2, locally, around a
point p € R? with a constant rank 1 distribution D and a
symmetric affine connections V. We refer to this problem as
PFCAC2, by the Frobenius integrability theorem [6], for any
constant rank 1 distribution, we can choose a vector field
X eT'(D) defined on a neighborhood of p such that
X (p) #0 and; therefore, there is a coordinate system (U, ¢)
around p such that X]; = (d/0x;), and so,
D, = span{(0/0x,)|,} for all x € U. Henceforth, we assume
that the affine connection V and the distribution D are
expressed in a system of local coordinates (U, x,, x,) on R?.

In general, solving the PCAC2 is equivalent to solving
the following system of PDEs:
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(0,811 = 0,B1)d" = Ry, + B1,0,d" — 1,0, +(Fimﬁ12 - r;mﬁu)dm
+ (T3 Bim — rrlr;ﬁzm)dl + (BimPar — ﬁzmﬁu)dldm’
(0211 = alﬁlZ)dz = Rfu + ﬁlzaldz - /31182612 +(Ffmﬁ12 - Fgmﬁu)dm
+ (051 Bim — rrlr;ﬁZm)dz + (BimPBar — ﬁzmﬁu)dzdm’ (32)
(02B12 - alﬁzz)dl = R;u +B5,0,d" — B1,0,d" +(F}mﬁ22 - Fémﬁlz)dm
+ (T Bim = 1"'1"2/32,,,)(11 + (BimPBa — ﬁmﬁlz)dldm’
(0281, = 0\B2)d” = By, + y0,d° = B1,0,d° +(rfmﬁ22 - rimﬂlz)dm
+ (TB1m — Fﬁﬁm)dz + (BimPo — ﬁzmﬁlz)dzdm’
where d™ is the m-th component of the vector field that 0=T2T. +T20% —T2T' 12712 +T2 8. — T2
generates the distribution D for m = 1,2. ;1 fl Lo =T =Tl + T = by,
In order to find integrability conditions of the PDEs (32), 0=T3T5 — 5T, + T3 By — Thfs
we start with a simple case, that is, when the Christoffel (39)
symbols Fffj are constant for all 4, j,k=1,2, we get the
following result. If B, = -T1, and B,, = -T},, then equation (36) is sat-

Proposition 3. IfV is determined by Christoffel symbols I'; k
such that in the coordinate system (U, ¢) all the Fk are
constant, then the PFCAC2 admits a solution.

Proof. Since I}, is constant for all x € U, let us first consider
the case where I'2, # 0. Then, equation (32) is reduced to the
following first-order PDE system:

02B11 — 01 Py = R}IZ + Ffzﬁu -

02B12 = 01Pa = R;u +/’)11(ﬁ22 + réz) +(1“§2

Bpy (33

}2 - ﬁlz)ﬁu

1 2
+(r11 - rlz)ﬁzza
(34)
2 2 2
0= Ry, + 1118 —ThAn (35)
2 2 2
0=Ry, + 178 — ThBn (36)

Under the stated assumptions, the curvature tensor R
associated with V has components as follows:

Ry, =T 10 -5, T, forab,c,d=1,2. (37)

In addition, we know that R} ; =0 when ¢ =d and
Rj ; = —R; ;. ; therefore, the nonzero components of R are as
follows:

1 2
R112 l_‘121_‘21 I‘22I‘11’

1 2 1l 1 2
R212 = Furzz + rlzrzz - I‘21I‘12 - F22F12, (38)

2

1 2
Ruz = F F +F F I‘21I‘11 -0

2

Ry, == r11r22 - r21r12'

Plugging R}, and R, into equations (35) and (36), we
get, respectively, as follows:

isfied, replacing f3,, and f3,, in equation (35), and when
I%,#0, one gets 8, = (1/T5,) (I}, (T}, —T},) — I3,T1,); now,
we just need to verify that equations (33) and (34) are
satisfied. Substituting Rjj,, Rjj, and given that f;; are
constant functions by assumption on I'* ;> then equatlons (33)
and (34) are reduced to

1
0:1"121"21 T T +r1zﬁ12 11ﬂ22’

0= rhrzz + r12r22 — T, Ty, — Ty, T, + ﬁll(ﬁzz + réz) (40)
+(F ﬁlz)ﬁlz ( 1n- 12)/522>

in fact, 8,5, B12; Ba1> and f,, satisfy these two equations and,

therefore,
1
1 2 2 2
rll)_rzzrn) 0 X3

1 1

1 1 2

- I‘12< > (%34 + X4%3) = r22< >x4.
0 0

Now considering the case where I'}, |;; = 0, system (32) is
reduced to

1 2 (2
F,= rT(rlz(ru -
21
(41)

0B = 0Bir = Ripy = Tifony (42)

P12 — 01y = R;m + /311([322 + Féz)

(43)
2 1 1
+(F22 -2Iy, - ﬁlz)ﬁlz + 11 B5s
2 2
0= Ry, +T11B1s (44)
2 2
0= Ry, + 1118 (45)

and the nonzero components of the curvature tensor are as
follows:



Journal of Mathematics

an rzzrrp
1 12 1l
Ry, = r11r22 +T,1%, - T I,

R

S (46)
12 = F F -0

R212 r11r22’

by replacing R}, and R3,, in equations (44) and (45), one
gets

2 Al 2 12 2
0=T7T, - I, + 11

=T2TL +1I? 7
0=T7T5 + I8

hence, 8, = -T1, + I, and fB,, = -T},. Substituting R},
R},»» Bip» and B,, then equation (19) is satisfied and from
equation (42), one gets

3,8y, = 0. (48)

Therefore, f3;; = f(x,) for an arbitrary function

f € CH(U). Thus, By, = f(x)), 1, = -T1, + T3, and f,, =
—1"%2 is a solution for systems (42)-(45), thus

Fo= s ) ) )= -2 Jom e xim)

(49)

In the following case, the affine connections considered
are determined by their Christoffel symbols l“izj such that at
the least one is zero and 1"1-1» are all zero. In this case, sufficient
conditions are obtained in the following result. |

Proposition 4. Let an affine connection V determined by I izj’
and suppose there is a pair (i, j) € {1,2} such that in the
coordinate system (U, ), I['%|, = 0, and a distribution D, =
span{ (0/0x,)|,} for all x € U, and the following identities are
satisfied:

(1) R%12|U =

(2) If %], #0 and (0,R2,/T2 )y =0

(3) If I%,|; #0 and (0,R3,,/T%)|y =0, then the PFAC2
admzts a solution

Proof. Let D, = span{(9/0x,)|,} and V be determined by I’
in the coordinate (U, ¢), then system (32) is reduced as
follows:

0,$11 =011z = r?z/jlz - r%lﬁZZ’

0,812 = 01822 = BuiBaz =~ Bia + T2:B1z2 ~ TPz
0=Rj,, + 7B, ~ ThBus
0 =Ry, + 17,85 — T

(50)

(i) If p € R?, then exists a neighborhood V of p with
VeZ(p) and VU such that, for the pair

(1,1) € {1,2}2, Ffl (x) =0 for all x € U, then PDE
system (50) is reduced to

0,B11 — 0Py = r?zﬁrz’ (51)
0,812 = 912 = PP _ﬁiz + F%ZBIZ - F%zﬂzz: (52)

0= 112 12ﬁ11’ (53)

0= 212 12ﬁ12’ (54)

by Assumption 1 and equations (53) and (54), one
gets, respectively,

0= (Rﬁz - r%zﬁll)'U’

: (55)
0= (r12ﬂ12)|u>

from these two equations, the following cases are

derived:

(a) If I“fz (x)IU;EO for all x e U, then ,, =0 and
Bi1 = (R?,/T%,), and for identity (2), equation
(51) is satisfied and by equation (52), one gets
—0,B,, = (0,1%,/T%,)B,,, an ordinary equation,
whose primitive is f3,, = cyexp (- | (9,I2,/
I%,)dx,), where c, is an integration constant,

and
F.=p ! x2+(3 ! X 56
x = 11(0) 3 22(0) 4 (56)

(b) If I'}, |, = 0, then R, = 0; therefore, equations
(51)-(54) admit a trivial solution, namely, ﬁij =
0foralli,j=1,2and F, =0.

(ii) Considering the pair (2,2) € {1,2}, I%, (x) = 0 for

all x € U, then PDE system (50) is reduced to

azﬂu - al/grz = r?zﬁlz - r?rﬁzz’ (57)
aZﬁlZ - alﬁzz = [311/322 - ﬁfz - rfzﬁzz’

(58)
2 2 2

0 =R, + I8~ Ifus (59)
2 2 2

0 =Ry, + 1785 — oPios (60)

by Assumption 1 and equations (57) and (58), one
gets, respectively,

2 2 2
0= (R112 + 17181 - r12[511)|U’
0= (rflﬁZZ - rfzﬁlz)b

Given these two equations, we have the following
cases:

(61)



(a) If I, and T'}, are nowhere zero on U, then f;, =
By, =0 and By, = (R3,/T1,) satisfy equations
(56)-(58) and by Assumption 2, equation (55) is
satisfied and one gets

1

R2

F,=—12 ;. (62)
I \o

(b) If %, |y = 0 and T3, (x)|; #0 for all x € U, then
By, =0 and B, = —(R?,/T},) satisfy equations
(56)-(58) and from equation (55), one gets

9,f1; = 0, (R3,/T%)), an ordinary equatlon,
whose  primitive is S, = j(a (R},,/
I%,))dx, + ¢, where ¢; is an integration con-
stant, then

1 1
F,= ﬁll( 0 )x§ - ﬁu( 0 ) (33%4 + X43). (63)

(c) Ifl“f1 |y = 0, then R|;, = 0, and therefore systems
(55)-(58) admit a trivial solution, namely, ﬁij =
0fori,j=1,2and F, =0.

(iii) For the pair (1,2) = (2,1) € {1,2}’, T2, | ; = 0 and
equation (50) is reduced to

3,81, = 01B1 = ~T11Bons (64)

3,815 = 01825 = BiiBar = Bry + TPz (65)
0=Rj), + T}, By (66)

0= R§12 + r%l/jzp (67)

From Assumption 1 and equations (66) and (67),
one gets, respectively,

0= (Rfu + r%lﬁlZ)lU’

(68)
0 =<r?1/322)|U>

and the following cases are derived:

(@) If TI%|,#0, then with f,,=0 and
Bi, = —(R3,/T3)), equations (65)-(67) are sat-
isfied and from equation (64), one gets an or-
dinary equation 0,f,; =0, (R3,/T3,) with
primitive B =-— f (8, (R?,/T%,))dx, +c,
where c is an integration constant, so

1 1
F, = ﬁn( 0 )xﬁ - ﬁn( 0 ) (33%4 + X43). (69)

(b) If I3,ly =0, then R|,=0; hence, systems
(64)-(67) admit a trivial solution, this is, ﬁi]- =0
fori,j=1,2and F, =0.

The following case is motivated by the previous one but
considering this time that the Christoffel symbols l"l-zj in the
coordinate system (U, x,, x,) are given by smooth arbitrary
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tunctions that depend on x, and x, for all i, j = 1, 2. In this
case, there are only some combinations of the Ffj, for which
the PFCAC2 admits a solution, and these are mentioned in
the following result: O

Proposition 5. Let D be a distribution and V be an affine
connection on an open subset of R%, and assuming that, for a
coordinate chart (U, ¢), one has Ff-IU = f(x,,x,), where
f € CY(R?) and D, = span{0/0x,} for all x € U. Then, the
PFCAC2 admits solutions in the following cases:

Cl. If T3,|y = constant 0, Il = f,(x)), I'%ly =
fr(x,) and

(i) If2 satzisﬁed R§12|U =0 and
Ri},0, FZl)lU =
. C2. If Izl IU—x andFUIU— x;jfori# jand
(ii) Rypoly = C o Ty = 0,151y,
C3. IfF =% for k=1, 2and
(iii) R112|U 212|U and a (R} /TH)ly = 0, (Ryy/
Il + (R /T3y =
2 IfI3ly —1;, lu = x; andFlle
(ii) Ryp5ly =0 an BFHIU =0, Ll
C3. IfFJIU—xkfork—l Zand
(iii) R2112|U R212|U X and 0, (Ri,/TT)ly = 0, (RY,/
. Iy + (RIIZ/FIZ) ly = 0. X
(ii) Rypyly = 0 and 9,12, = 0; I hlu
C3. IfFZJU—xkfork— 1, Zand
(iii) R2112|U R212|U X and a (R112/F%2)|U 0, (R},,/
Iy + (R /Ty =
C3. IfFJIU—xkfork—l 2 and
(iii) R112|U 212|U , and 0, (Ri,/TT)ly — 0, (R},/
12)|U + (RIIZ/FIZ) ly = 0.
(iii) R112|U = 212|U and a (R112/F%2)|U -
Il + (R, /T z) ly =

(FfzazR%lz_

x;jfori+ jand

9, (Rfy/

Proof. The PDE system resulting for this case is expressed as
follows:

2 2
azﬁn - alﬁlz = r12ﬁ12 - ruﬁzz’
2 2
aZﬁlZ - alﬁZZ = /311ﬂ22 - /312 + rzzﬁu -
2 2 2
0 =Ry, + 17,81, — TP

2 2 2
0=Ry, + 17182 — I'fre

28,,
12ﬁ22 (70)

Cl. If Ty =constant#0, T, =f,(x;) and
F§2|U = f,(x;), then the associated curvature tensor
has components R} ,;=R3,=0 for b,c,d=1,2,
R3,=0,f,(x)) = f3(x,) —af, (x,)and system (70) is
reduced to

0,811 = 01B12 = f2(%1)Bia = f1(%1)Bas (71)
9,12 = 1B = PP - ﬂ%z +aPi, — f2(x1)Bs (72)
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0=0,f,(x) _fg(xl) —af;(x)
+ f1(x0)Bia = f2(%1)Buis

0= f1(x1)Brn = f2(x1)B1s (74)

(73)

From equations (73) and (74), one gets [, =
(011> (xl) fz (x1) —afy (x)/ fr(x))+ (f (x1)/

12 (x1)) By and By, = (f, (x1)/f5(x1))By, then if
By =0, one gets S, =0 and f;; = (9,f,(x)-
f3(x))—af,(x))/f,(x,)). Note that equations (71)
and (72) are also satisfied. Therefore, 8, = 5, = 0 and
By = (R%,/T,) are solutions for systems (71)-(74),

thus
1
R
F,=—12 X5 (75)
I, 0

C2.IfIZ|, = 1“2 jlu = x;and I ily = x;jfori# j, then the
curvature tensor assoc1ated w1th V has components
R, ;=R5,=0 for bc,d=1,2 and R}, = x] X7
Thus, system (70) is reduced as follows:

0,B11 = 01P1y = xP1, — xifas (76)

P12 = 01By = PP - /5?2 +x;frn - xjﬁzp (77)

_ 2 2
0=x;-x +xif1 —

x> (78)

0 =x;B5 — %P, (79)

From this, it follows that f,; = ,, = x; and f;, = x
satistfy equations (78) and (79) and by ii equations (76)
and (77) also are met, thus

1y , 1 1y,
F,=x; 0 X3 — X; 0 (%324 +2x4%3) = X; 0 X

(80)

C3. If F | v = X}, then V has curvature tensor asso-
ciated with components R} ;=0 and R}, =R},.
Thus, system (70) is reduced as follows:

0811 = 0B = X (Biz — Baa)s (81)
0B = 01Bor = PusPor — Biz + xi (Bra — Bra)r  (82)
0=R,+x.(Br—Bi1)s (83)
0=R}, +x. (B — Pra) (84)

If x; is not zero on U for k = 1, 2, then by equations (83)
and (84), one gets the following equation:

2
R112

Bui = + P

(85)
R

Bir = 112 + B

replacing f3,, and f,, in equations (81) and (82), one gets,
respectively, as follows:

R’ R’
025, — 01 = Rflz +0 ( xl,iz) 20 ( 112))

Xk

R*,\° R
b) — 112 ) 112 .
2B =01 = 112 ( X, 2 X

The system has a solution if the following equation is
true:

R? R? R\ R?
R%mal(l—“)—zaz(—m)=R%n—<ﬂ> —o,( ),
Xk Xk Xk Xk

(87)

86)

but by identity (3)), it is satisfied; therefore, systems
(81)-(84) have a solution and depend on k, that is,

(i) If k = 1, then R?|, = R3, = 1 and if x; #0, then one
gets

1
0By —01fpn=1-—; (88)
X1

from which it can be deduced that if
By = x5 — (1/x,), then B, = (1/x,) + x, and f, =
x, are solutions for the system and

1 1 , 1
F.=—+x, X5+ X, (%3%,4 + x4%3)
*1 0 0

(89)

(i) Ifk = 2,then R?, = R%,, =
gets

—1landif x, #0, then one

2
02y =01y =-1+—, (90)

X1

from which one can deduced that if 8,, = x, — (2/x3), then
Bi1 = x5 Biz = x; + (1/x,) and, therefore, the system has a
solution, thus

1 s 1 1
F,=x, x5+ X +— (%3%, + x4%3)
0 *2/\ 0

(91)
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Note that in Propositions 4 and 5, l"ileU = 0; however, if
these are nonzero on (U, ¢) and if we also consider the
previous cases of I'?, the PECAC2 has a solution. Then, also
for a connection V defined by I}, arbitrary and I} as in
Propositions 4 and 5, the PFCAC2 admits a solution as
follows:. d

Proposition 6. Let D be a distribution and V be an affine
connection on R?. If in the coordinate system (U,¢), Vis
determined by I’} ilu = fij(x1,x;) and F]|U (Propositions 4
and 5) for i, j= 1 2, and also D, = span{(0/0x,)|,} for all
x € U, then, the PFCAC2 admzts a solution.

Proof. Based on the assumptions of the statement, system
(32) is reduced to the following PDE system:

1 2 2
0,B11 = 01P12 = Ry + TP — I Baas (92)

0,12 = 01, = R;IZ +/511(/322 + réz) +(1“§2 21"}2 _ﬁlz)ﬁn

1 2
+(F11 - rlz)ﬁzza
(93)
2 2 2
0= Ry, + 1118 — ThAus (94)
2 2 2
0= Ry, + 71182 — TP (95)

From Proposition 2, f;; = 1"1 is one solution for the
case, where V is determmed by the only nonzero Christoftel
symbols F , with a distribution D = span{(9/0x,)|,.}. In this
case, we have 1"2] as in Propositions 4 and 5, then we know ﬁl j
is a solution, from which one can infer that one solution for
systems (92)-(95) is B;; = B;; — 11]) and this is verified by
substituting in each equation. By assumption, we know that
the components of the curvature tensor are as follows:

1 1 1 1 2 1 2
R112 = alrlz -0 r11 + r12r21 - rzzrw

1 1 12
Ry = 81F22 o r12 + F11F22 + r12r22 F21F12 -1,

2 1 2 2
Ry, = alr21 o I‘11 + FIIFZI + 1“121“21 r21r -0

2
R212 = alrzz - azrlz + rurzz - l“211"12’
(96)
and when replacing in equations (92)-(95), one gets
- _ . .
azﬁn —01f1; = rlzﬁlz - rllﬁZZ’ (97)
~ ~ ~ ~ ~2 ) > 2
P12 = 91P2 = PuiPar — Piz + IaPiz — TPors (98)
2 2 2 2
0=0,I3, — 0,1, +I},I5 (99)
2 2 25 25
=00 + 1B = TBus
2 25 25
0=0,T5, - 0,1, + I, By, — TPy, (100)

Given that 1"2] are defined as in Propositions 4 and 5 and
B;: j is one solution, thus systems (97)-(100) can be solved and
one gets
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1 o
Fx = ﬁl]( 0 )x’x].

The following examples single out some systems of PDEs
that cannot be solved. This is made clear by exposing in-
consistencies among the equations.

(101)

Example 2. If V is defined by I3,|, = x, and F2 =0 for
(i, j) = (2,2) on U, then the curvature tensor assoc1ated has

only one nonzero component, namely, R3, =1. Then,
system (32) is reduced to
01y =01y
2
012 = 0y + 1Py = By + X1 P12 (102)
0=1,

in this case, the inconsistency is immediately evident;
therefore, the system has no solution.

Example 3. If V is determined by I? |, = a, with a € R,
I2,ly = x; and all other Christoffel symbols identically zero
on U, then the curvature tensor has nonzero components. If
a+0,R}, |, = —ax, and R, |, = 1, butifa = 0, we have the
previous case. Then, assuming that a#0, the resulting
system is

0,811 — 0112 = —afy,, (103)
3,12 = 01822 = BriBrz — Bz + %1 (104)
0 = —ax, +aPy, (105)
0=1+ap,,, (106)

by equations (105) and (106), one gets 3,, = x;, B, = —(1/a)
and when replacing in equation (103), we obtain f3;; = 2x,.
Nevertheless, equation (104) is not satisfied because we have
0 = —2x,, so the system is inconsistent and therefore has no
solution.

The following example shows a particular type of in-
consistency because the solvability of the system depends on
a constant.

Example 4. 1f V is determined by I'},|; = a, I3, = b, for
a,b € R and TZ|; = x,, then the curvature tensor has a
nonzero component R?, =b*-ax, and one gets the
system:

0,811 — 0112 = bB1, — apsy,, (107)
0,81 = 01852 = BuiBrz — Bia + X2z — by (108)
0="b"—ax, +ap, - bp,,, (109)
0 = apf,, — bBy,, (110)

from equations (109) and (110), it follows that if b # 0, then
By = (b* —ax,/b) + (a*/b*)f,, and f,, = (a/b)B,, but
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when replacing in equations (107) and (108), one gets the
following equation:

(111)

If a = 0, systems (107)-(110) have solution f3;, = b and
P12 = B2, = 0 (Proposition 4, i(a); otherwise the system is
inconsistent. If b = 0 and a # 0, by Proposition 4, the system
is inconsistent as it does not satisty the identity (3). On the
other hand, with a = b = 0, V has associated a zero curvature
tensor and therefore the system admits trivial solution

ﬁij =0.

5. Conclusions and Further Research

Although the PECAC is easy to state, solving it represents an
interesting challenge, as we can see in the PFCAC2. In this
study, we have studied the PFCAC2 and we realized that one
of the difficult parts is to characterize or study the set of
solutions of the resulting PDE system. In addition, PFCAC2
could only be solved for a few cases, with constant rank 1
distributions. The main results give only sufficient condi-
tions for existence of F; at this point, we are unable to
determine necessary conditions.

As further research, it is intended to make a more
geometric interpretation, consider more general distribu-
tions, look for necessary conditions, and solve the flattening
problem for higher dimensions.
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